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Preface to the English Edition 


This book gives a systematic presentation of the fundamentals of 
Euclidean geometry, non-Euclidean geometry of Lobachevsky and 
Riemann, projective geometry and the geometrical aspects of spe- 
cial relativity theory. It also gives a ‘general idea about constant 
curvature geometries. The subject matter has been shaped by the 
needs of the students and by my own experience. 

The translation was done from the sixth Russian edition, which 
appeared in 1977. Extensive changes and additions were made in 
the 32 years that passed since the first Russian edition (1945). 
For instance, the chapter devoted to the Minkowski space and the 
special theory of relativity appeared in the fourth edition (1961). 
Also, I should like to point out the change in the formulation of 
Cantor’s axiom. The first edition contained a somewhat stronger 
formulation of this axiom than is common. While preserving this 
formulation, the second edition contained an example of non-Ar- 
chimedian geometry where Cantor’s axiom is valid. However, this 
example is based only on the usual formulation of Cantor’s axiom. 
This defect was pointed out to me by A. D. Aleksandrov. A number 
of other defects in the exposition has been corrected thanks to the 
review of my book by P. K. Rashevsky. 

A few words on the use of the book as a textbook in a course of the 
foundations of geometry are in order. The subject matter is distribut- 
ed over the first two parts. It is presented systematically throughout 
the book and practically does not omit any of the details of the ar- 
guments (except for the proofs of certain theorems of elementary 
geometry). It is evident that in lectures such a detailed presentation 
would be unprofitable (even if many hours were assigned to this 
course). The most difficult portion is Chapter 2 in the first part of the 
book; I feel that in lectures one should discuss from this chapter the 
formulations of the axioms and present examples of rigorous proofs 
of certain theorems; moreover, the most important aspects, for exam- 
ple, the measurement of length, the equivalence of Archimedes’ 
and Cantor’s axioms to Dedekind’s axiom and the significance of 
these axioms for the substantiation of analytic geometry, should be 
discussed in detail. The proof of the majority of the initial theorems 
of elementary geometry should be left for self-study. 
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Chapter 3 (Lobachevskian geometry) can be lectured on with 
ease, and usually the students take an interest in the material. But 
here also many auxiliary theorems can be given without proof. 
In contrast, I feel that the logical consistency of Lobachevskian geo- 
metry must be studied in great detail as one of the most fundamental 
questions of the course (here one should use precise formulations of 
the axioms). As regards Chapter 4, one can be satisfied with a general 
review; it is enough to illustrate the concept of an incomplete axioma- 
tic system by giving an example of axioms of the first group realized 
on a tetrahedron. If Chapter 4 is to be presented in some detail, I 
would recommend discussing non-Archimedian systems (with a short 
review of the main points of the Cartesian realization of all the axi- 
oms). In a course on foundations of geometry projective concepts 
must naturally play a secondary role. Accordingly, I feel that from 
Chapter 5 it is enough to take the introduction of projective coor- 
dinates on a line and on a plane (omitting the proof of the continuity 
of harmonic correspondence). I would recommend discussing Chapter 
6 completely. The subject matter of the third part can be used at 
seminars. 

Every new edition has benefited from questions, suggestions, com- 
ments and criticism from many students, colleagues and strangers. 
Among those to whom I owe some specific debt of gratitude are 
A. D. Aleksandrov, Nguyén-Ca’hn-Toan (Vietnam), P. K. Rashev- 
sky, I. A. Vainshtein and A. M. Zamorzaevy. 


Moscow, February 1980 N. V. Efimov 


Part 1 


The Foundations 
of Geometry 


Chapter / 


A Short Review of Investigations 
into the Foundations of Geometry 


1.4. Euclid’s definitions, postulates and axioms 


§ 1. The origin of geometrical ideas can be traced back to distant 
past. The ancient cultures of Babylon and Egypt are usually credi- 
ted with the first attempts at shaping them. 

The period of development of geometry by the works of Greek 
scholars began in the seventh century B.c. Many basic facts pertain- 
ing to geometry were obtained in the sixth and fifth centuries 
B.c. and apparently the concept of the proof of a theorem had al- 
ready been formulated by this time. 

In the third century B.c. the Greeks already had a deep know- 
ledge of geometry; not only had they accumulated a large number of 
geometric facts but they were also acquainted with the methods of 
geometric proofs. Therefore it was natural that in this period there 
were attempts to collect all these results together and put them in a 
logical order. 

The task of describing the development of geometry was under- 
taken by many Greek authors, but their works have not survived to 
the present day. Apparently, all of them were forgotten after the 
appearance of Euclid’s famous Elements. 

§ 2. One of the greatest geometers of antiquity, Euclid lived about 
300 B.c. His work Elements is divided into thirteen books, of which 
the fifth, seventh, eighth, ninth and tenth are devoted to the theory 
of proportion and to arithmetic (set forth in geometric form), 
while the remaining books are geometry proper. 

The first book contains conditions for the equality of triangles, re- 
lationships between sides and angles of a triangle, the theory of pa- 
rallel lines and conditions for triangles and polygons to be equal. The 
second book deals with the transformation of a polygon into square of 
equal area. The third book is devoted to circles, while the fourth 
studies inscribed and circumscribed polygons. The sixth book dis- 
cusses the similarity of polygons. Foundations of solid geometry are 
set forth in the last three books. 

Thus the Elements contain essentially elementary geometry. 
Much of that was already known in Euclid’s time (e.g. the theory of 
conic sections) is not included there. 

Euclid begins each of his books with definitions of those concepts 
that are required for the book in question. 
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The first book opens with twenty-three definitions. We cite here 
the first eight of them. 


Definitions. 

(1) A point is that which has no part. 

(2) A line is breadthless length. [The word line means curve.] 

(3) The extremities of a line are points. 

(4) A straight line is a line which lies evenly with the points on 
itself. 

(5) A surface is that which has length and breadth only. 

(6) The extremities of a surface are lines. 

(7) A plane surface is a surface which lies evenly with the straight 
lines on itself. © 

(8) A plane angle is the inclination to ‘one another of two lines in a 
plane which meet one another and do not lie in a straight line. 


After these definitions Euclid lists postulates and axioms, that is, 
assertions which are accepted without proof.* 


Postulates. Let the following be postulated: 

(1) To draw a straight line from any point to any point. 

(2) To produce a finite straight line continuously in a straight 
line. | 

(3) To describe a circle with any centre and radius. 

(4) That all right angles are equal. 

(5) That, if a straight line falling on two straight lines make the 
interior angles on the same side less than two right angles, the two 
straight lines, if produced indefinitely, meet on that side on which 
the angles are less than the two right angles. 


Axioms. 

(1) Things which are equal to the same thing are also equal to one 
another. 

(2) If equals be added to: equals, the wholes are equal. 

(3) If equals be subtracted from equals, the remainders are equal. 

(4) If equals be added to unequals, the wholes are not equal. 

(5) If equals be doubled, the results are equal. 

(6) If equals be halved, the results are equal. 

(7) Things which coincide with one another are equal to one an- 
other. | 

(8) The whole is greater than the part. 

(9) Two straight lines cannot enclose any space. 


The origin of some of these axioms (4, 5, 6 and 9) is subject to some 
doubt. In some editions of the Elements the fourth and fifth postu- 
lates are treated as axioms; therefore the fifth postulate is sometimes 


* The list of definitions, postulates and axioms is not identical in different 
editions of the Elements. The list given here is one which is widely used. 
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referred to as the eleventh axiom. It is not at all clear by what prin- 
ciples statements were classified as either postulates or axioms. 

Following on from the axioms, Euclid sets forth theorems of geo- 
metry, arranging them in a logical order so that each proposition is 
proved using the previous propositions, postulates and axioms. 

§ 3. The enumeration of definitions and axioms sufficient for the 
logical proof of all the following theorems is called (axiomatic) 
substantiation of geometry. 

The problem of substantiation of geometry was posed by Euclid 
clearly in his Elements and was solved by him as accurately as was 
possible in his time. What is more, for many centuries the rigorous 
proofs of Euclid were something of a model to be imitated. 

But if the exposition of the Elements is examined from the view- 
point of modern mathematics, it will be found that it is unsatis- 
factory in many respects. 

First, let us examine Euclid’s definitions, some of which have 
been mentioned above. 

These definitions have been formulated in terms of concepts which 
themselves need to be defined, for example, “extremity”, “length”, 
etc. None of the Definitions 1-8 is used in the proof of any theorem; 
thus being unconnected with the remaining material of the Elements, 
they are essentially of no use and could .be dropped altogether 
without any harm being done to the discussions which follow. These 
definitions are in fact only very naive descriptions of geometrical 
shapes. 

As for the postulates and axioms, they are on the whole important; 
in the proof of many geometrical propositions one has to take into 
account the fact, for example, that a straight line is determined by 
two of its points, that a circle of arbitrary radius exists, etc. But 
here another feature must be pointed out: even a casual analysis 
shows that the list of basic statements, accepted by Euclid without 
proof, is so poor that it can hardly form a basis for a strictly logical 
development of geometry. To clarify this, let us cite some examples. 

In geometrical arguments we frequently use concepts which we are 
accustomed to express in such phrases as “the given point of a line 


9 = 


lies between two other points on the line”, “two points lie on one side 
of the line”, “two points lie on opposite sides of the line”, “a point lies 
within a polygon”, etc. Euclid’s postulates do not give us any in- 
formation with which to substantiate these concepts. When we use 
these statements to prove a theorem of some kind and we have only 
Euclid’s postulates to help us, we are forced to rely on some visual 
evidence. But in a strictly logical construction any proposition not 
included in the axioms must be proved, no matter how evident it 
may seem to be. 

It should be further noted that according to Axiom 7 the equali- 
ty of geometrical quantities and figures is determined with the aid 
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of motion. But Euclid failed to define the concept of motion itself 
und the properties of motion are not mentioned in any of the axioms. 
l‘inally, whenever he considers two circles one of which passes 
(lhrough two points, one situated internally and one externally with re- 
spect to another circle, Euclid unreservedly assumes that these cir- 
cles intersect; similarly, whenever he considers a line passing through 
ii point situated within a circle, he takes it for granted that this line 
and the circle intersect at two points. Notwithstanding the fact that 
these results are self-evident, they must be proved. But there is no 
statement among the postulates and axioms of Euclid which might 
serve as a basis for such proofs. 

Because of these facts, in many cases the convincing nature of 
I;uclid’s logic is corroborated by our habitual conception of space. 
This means that the Elements do not contain an unassailable logi- 
cal substantiation of geometry. 

§ 4. Some of the defects in Euclid’s Elements were noted by the 
scholars of antiquity. In particular, the list of geometrical postu- 
lates was extended by Archimedes, who brought Euclid’s exposition 
regarding the theory of lengths, areas and volumes to near comple- 
tion. Whereas Euclid only established ratios of lengths, areas and 
volumes showing, for example, that the area of a circle is proportio- 
nal to the square of its radius and the volume of a sphere is propor- 
tional to the cube of the radius,‘ Archimedes obtained expressions 
that enable us to compute these quantities. To substantiate metric 
reometry, Archimedes introduces the following five postulates: 


(1) Of all the curves having common end points, the straight line 
is the shortest. 

(2) Two curves with common end points which are situated in the 
same plane are not equal if both of them are convex and one of them 
is enclosed by the other curve and by the straight line joining the 
end points; this holds true also if the curves have a common part 
and the remaining part is enclosed, the enclosed curve being smaller 
than the enclosing curve. 

(3) Similarly, of all the surfaces having the same plane perime- 
ter, the plane is the smallest. 

(4) Two surfaces having a common plane perimeter are not equal 
if both of them are convex and one of them (or a part thereof) is 
enclosed by the other surface and by the plane having the same peri- 
meter, the enclosed surface being smaller than the enclosing surface. 

(5) What is more, of two unequal curves, surfaces or bodies the 
larger of the two can become smaller than the quantity obtained by 
i suitable number of repetition of the smaller. 


The first four propositions of Archimedes are unacceptable as postu- 
lates for the logical substantiation of metric geometry. They 
deal with the length of a curve, area of a surface and volume of a 
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body, but these concepts must be defined in terms of other simpler 
geometrical concepts. If these definitions are set forth in a proper 
form, the propositions of Archimedes can be proved. Therefore it is 
unnecessary to treat them as postulates. 

On the other hand, the last assertion, which is sometimes simply 
referred to as Archimedes’ postulate, is of great importance. It can 
be formulated in short as follows: for any two quantities a and b, 
a <b, there is an integer n such that na >). This postulate is fun- 
damental to the measurement of geometrical quantities, as will be 
shown in detail in Chapter 2, § 20. 

After Archimedes, attempts to make the basic structure of geo- 
metry precise went on. But for many centuries nothing substantial 
in this connection was added to that had already been done by Eu- 
clid. Up until the nineteenth century the rigour of Euclid’s proofs 
was generally thought to be sufficient. It was only at the end of the 
nineteenth century that the idea of a strictly logical construction of 
geometry was finally conceived and a complete system of axioms 
found from which all the theorems could be derived, without any 
recourse to our usual conception of space. 

Very few geometers realized the necessity of extending Euclid’s 
postulates; on the other hand, most of the scientists dealing with 
Euclid’s Elements set themselves the task of reducing the number of 
statements accepted without proof. This expressed the natural de- 
sire to see with what minimum number of postulates and axioms geo- 
metry could be logically developed. 

One result obtained in this direction without much difficulty was 
that Euclid’s fourth postulate was seen to be superfluous, since the 
equality of right angles, like many other propositions, can be rigor- 
ously proved. 

The majority of works on the foundations of geometry were an 
attempt to drop Euclid’s fifth postulate from the list of basic assump- 
tions because it appeared to be too complicated to be included as 
a postulate. 

Investigations devoted to the fifth postulate are as old as Euclid’s 
Elements. They were completed only towards the end of the nine- 
teenth century and led to very important discoveries. 

We shall now turn to the history of the fifth postulate; this will 
help to understand the contemporary problems of substantiating 
geometry. 


1.2. The fifth postulate 


§ 5. Every student of elementary geometry knows the fundamen- 
tal role played by the fifth postulate: it forms the basis of the theory 
of parallel lines and all those problems connected with it, such as 
the similarity of figures and trigonometry. 
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Figure 1 


Let us refresh our memories by going over the sequence of initial 
propositions of plane geometry so as to demonstrate where the fifth 
postulate appears first. 

School textbooks usually begin with the,-comparison of geometrical 
figures: segments, angles and triangles are considered equal if they 
can be made coincident through motion; a segment (angle) is greater 
than another segment (angle) if the latter can be made to covera 
part of the former. But the concept of motion itself remains essen- 
tially undefined. 

Next, some basic theorems are usually established. Among these 
are the theorems on the equality of triangles and on perpendicular 
and inclined lines and also the following theorems. 

Theorem. Jn an isosceles triangle the angles at the base are 
equal, 

Theorem. An exterior angle of a triangle is greater than either re- 
mote interior angles. 

Theorem. /n a triangle the largest angle lies opposite the largest side 
(and conversely). 

Theorem. Each side of a triangle is less than the sum of the other tuo 
sides. 

Of special interest to us is the theorem concerning interior and 
exterior angles of a triangle to which we shall frequently refer later. 
We present a proof of this theorem. Consider the triangle ABC 
(Fig. 1); we have to show that each of its exterior angles is greater 
than either remote interior angles. Let us try to establish this for 
the exterior angle at C and the interior angle at B. 

Let O be the midpoint of the side BC. Join A and O and on the 
extension of AO take a point A’ such that AO = OA’. Join A’ and 
C and consider the two triangles AOB and A’OC. These two tri- 
angles are equal, since they contain equal angles subtended by two 
equal sides. From the equality of the two triangles it follows that 
Z. ABC = 4 BCA’. The proof of the theorem in completed, since 
/. BCA’ is a part of the exterior angle at C. 

The last step of the proof requires caution. The fact that “. BCA’ 
is a part of 4 BCC’ or that point A’ lies within . BCC’ (C’ is 
any point on the extension of AC) is essentially proved simply by 
20779 
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looking at the figure. As noted earlier, Euclid’s axioms do not allow 
us to establish precisely the concepts “between”, “within”, etc. 

What is more, the concept of equality of triangles which has been 
used above is not substantiated since Euclid does not define motion. 

Thus the above arguments depend heavily on the visual evidence. 
Of course, similar remarks apply to the derivation of almost all 
geometric theorems. What is most important to note, however, is 
that the fifth postulate need be used to prove neither the theorem on 
interior and exterior angles of a triangle nor the abovementioned 
theorems. 

Having established these propositions we give the definition of 
parallel lines: two lines are parallel if they do not have any point in 
common.* 

For this definition to make sense the existence of parallel lines 
must be established. This can be done by means of a well-known theo- 
rem, which states that two lines perpendicular to a third line are 
parallel, the theorem being a direct consequence of the proposition 
regarding interior and exterior angles of a triangle. 

Indeed, let two lines a and b make right angles with another line 
c at points A and B (Fig. 2). Assume that a and b are not parallel 
and let C be their point of intersection. Then the exterior angle of 
triangle ABC at A must be greater than the interior angle at B, 
which contradicts the assumptions made regarding these angles. This 
completes the proof of the theorem. 

This readily implies that through any point M a line may be drawn 
parallel to a given line wu not passing through this point (Fig. 3). 
To do this, we simply draw a perpendicular MN from M to wu and 
draw a line uw’ perpendicular to MN at M. From our previous ex- 
ample we may conclude that w’ will be parallel to uw. 

Having established the existence of parallel lines and having shown 
that through any point a line may be drawn parallel to a given 


* We would like to remind our reader that we are now considering plane 
geometry. 
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line, we are left with one more question to be settled; namely, as 
(o whether through a given point in the plane there passes only one 
line parallel to the given line or if there are many such lines. 

In the theory of parallel lines it is proved that through any point 
nol lying on a given line there passes only one line parallel to the given 
line. We present a proof of this fact (Fig. 3). 

Let u be any line and M a point not on this line, and let MN be 
perpendicular to u. Denote by wu’ the line perpendicular to MN at 
M. We already know that wu’ is parallel to u. We draw through M 
another line w” that does not coincide with wu’ and then show that 
uw" cannot be parallel to u. Since wu” does not coincide with wu’, it 
forms an acute angle with MN on one of the sides. Thus wu and u” 
by intersecting MN form interior angles on the same side, the sum 
of the angles being less than two right angles. By the fifth postu- 
late this implies that u and w” intersect. 

We find that in the above proof of the uniqueness of parallel lines 
considerable use has been made of the fifth postulate. It is easy to 
see that conversely the fifth postulate can be proved as a theorem if 
itis assumed that through every point not on a given line there 
passes only one line parallel to the given line. 

Indeed, let lines a and b (Fig. 4) form interior angles, whose sum 
is less than 2d, on the same (given) side of a transversal c. We have 
to show that on this side of ¢ lines a and b have a common point. 


Let 1 and b form angles @ and B withc and let, in accordance with 
the above condition, 


a+ Bp < 2d (+) 


Assume further that y is the angle adjacent to a. Through the point 
of intersection of a and c draw a line a’ forming angle y’ = £ with 
c. Then a’ and 0 are parallel. Indeed, assuming that a’ and b meet, 
we contradict the theorem on interior and exterior angles of a tri- 
ungle. Taking the uniqueness of a parallel line as a postulate, we 


Figure 4 
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conclude that line a (not coinciding with a’) is not parallel to b. 
It remains only to be proved that a and b meet on the side where 
angles a and 6 are situated. To do this note that a + y = 2d; this 
together with (*) implies that y >> 8. Therefore a and b cannot meet 
on the side where y lies, since otherwise y would be an interior and 
6 an exterior angle of the resulting triangle and the inequality 
» >f would be violated. 

Thus the fifth postulate is equivalent to the assertion that there 
exists only one line passing through a given point and parallel to 
a given line; the entire Euclidean geometry is based on this fact. 
This implies, in particular, that two parallel lines form equal cor- 
responding angles when they intersect a third line, that the sum of 
the interior angles of a triangle equals two right angles, and many 
other theorems. Thus the fifth postulate or, as it is also known, the 
parallel postulate forms the basis for the majority of the important 
propositions of elementary geometry. 

§ 6. It is probable that Euclid tried to prove the parallel postu- 
late. As evidence of this, we find that the first twenty-eight proposi- 
tions of the Elements do not use the fifth postulate, as if Euclid tried 
to avoid using it as long as possible. 

From the time of Euclid until the end of the nineteenth century 
the problem of the fifth postulate was one of the most popular prob- 
lems of geometry. During this period several proofs of this postu- 
late were put forward but all turned out to be erroneous. Usually the 
authors of these proofs used some geometrical assertion which was so 
obvious that it slipped into the proof unnoticed. At the same time 
attempts to establish any such assertion without using the fifth 
postulate proved to be unsuccessful. 

Of course, such investigations did not attain their goals, since the 
problem consisted in freeing the Euclidean parallel theory from this 
special postulate. Hence the task here was not so much to replace the 
fifth postulate by some other assertion, even a very obvious one, but 
to prove this postulate using the remaining postulates of geometry.* 

It should be noted, however, that despite their futility many 
attempts to prove the fifth postulate led to some very valuable re- 
sults. It was only due to these attempts that the logical interdepen- 
dence of various geometrical statements was discovered; in particu- 
lar, several statements equivalent to the Euclidean parallel postulate 
were found (i.e. statements accepted without proof that make it 
possible to prove the fifth postulate with the aid of the other basic 
facts of Euclidean geometry). 

The following are examples of propositions equivalent to the fifth 


postulate. 


* This problem will be dealt with more precisely below. 
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(1) Through any point not lying on a given line there passes only 
one line parallel to the given line. 

(2) If a line cuts two parallel lines, the corresponding angles are 
equal. 

(3) The sum of the interior angles of a triangle is equal to two right 
angles, 

(4) Points lying at equal distances from a line on the same side 
of the line form a straight line. 

(5) The distances between the points on one of two parallel lines 
and those On the second are totally bounded. 

(6) There are triangles with arbitrarily large areas. 

(7) There are similar triangles. 


Any of these propositions can be taken as the base of the theory of 
parallel lines, that is, assuming any one of them to be obviously true, 
one can prove the fifth postulate by precise argument and then, fol- 
lowing Euclid, from it derive all other theorems. That the fifth pos- 
tulate is equivalent to the abovementioned as well as to some other 
propositions will be proved later. 

§ 7. From among a large number of works devoted to the fifth pos- 
tulate particular mention must be made of those of the Jesuit 
priest and Italian mathematician Girolamo Saccheri (1667-1733) 
and the Swiss-German writer on a wide variety of mathematical and 
nonmathematical themes Johann Heinrich Lambert (1728-1777). 
oth made a considerable contribution to the task of substantiating 
the theory of parallel lines. 

In the very year in which Saccheri died, he published a book enti- 
tled Euclides ab omni naevo vindicatus (Euclid Cleared of Every Flaw). 
In this book Saccheri tries to prove the fifth postulate by the method 
of reductio ad absurdum. 

Saccheri begins by considering a quadrilateral AA’B'B (Fig. 5) 
with two right angles at the base AB and two equal lateral sides AA’ 
ind BB’. From the symmetry of the ‘figure about the perpendicular 
1H’ to the midpoint of AB it follows that the angles at the vertices 
A’ and B’ are equal. If the fifth postulate is assumed to be true, and 
hence the Euclidean parallel theory, then it can readily be shown that 
angles A’ and B’ are right angles and AA’B’B is a rectangle. Con- 
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versely, as shown by Saccheri, if even in one such quadrilateral the 
summit angles are right angles, Euclid’s parallel postulate will 
hold. In order to prove this postulate, Saccheri proposes three possi- 
bilities: angles A’ and B’ are either right or obtuse or acute. He calls 
these three assumptions the right, the obtuse and the acute angle 
hypothesis, respectively. Since the right angle hypothesis is equi- 
valent to the fifth postulate, to prove that postulate the remaining 
two possibilities must be shown to be unacceptable. Through precise 
argument Saccheri first of all shows that the obtuse angle hypothe- 
sis leads to a contradiction. Next, assuming the acute angle hypothe- 
sis to hold, he obtains important results, but arrives at two contradic- 
tory statements. Developing these results further, Saccheri con- 
structs a complicated geometrical system some of whose propositions 
stand in such blatant contradiction to our own clear conception of 
how lines are located in a plane that they could be considered absurd. 
For example, in the geometrical system resulting from the acute angle 
hypothesis two parallel lines have either only one common per- 
pendicular on either side of which they diverge limitlessly, or else 
they do not have any common perpendicular and, while converging 
asymptotically in one direction, they diverge limitlessly in the other. 

Justifiably, Saccheri does not regard these propositions as logi- 
cally inadmissible solely because they contradict our usual concep- 
tion of space. Nevertheless, after a number of precise arguments 
Saccheri asserts the incorrectness of the acute angle hypothesis on 
the basis that two lines which become closer asymptotically must 
have a common perpendicular at the point of infinity, which is 
“contrary to the nature of a line”. Thus supposing that the obtuse 
angle and the acute angle hypothesis lead to a contradiction, Sacche- 
ri concludes that the right angle hypothesis is correct and the proof 
of the fifth postulate is complete. Evidently Saccheri feels that he 
has not fully succeeded in showing that the acute angle hypothesis 
leads to a logical contradiction and he returns to it in order to prove 
that “this [hypothesis] contradicts itself”. To this end, he calculates 
the length of a certain line in two ways and obtains different an- 
swers. This would have proved conclusively the desired contradiction 
had Saccheri not obtained his result by making a computational 
error. 

The ideas developed by Lambert in his Die Theorie der Parallelli- 
nien (Theory of Parallel Lines) (1766) are similar to those of Sac- 
cheri. 

Lambert begins by considering a quadrilateral ABCD with three 
right angles at A, B and C (Fig. 6). Regarding the fourth angle there 
can be three alternatives: this angle is acute, right or obtuse. Here 
again we have three hypotheses. Having established that the right 
angle hypothesis is equivalent to the fifth postulate and shown that 
the obtuse angle hypothesis leads to a contradiction, Lambert, like 
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saccheri, is forced to direct most of his attention to the acute angle 
hypothesis. Here again this hypothesis leads to a complicated geo- 
metrical system. However, in spite of the fact that this system was 
developed to a great extent by him, Lambert;.was not able to find 
any logical contradiction. The paradox concerning the location of 
lines in a system based on the acute angle hypothesis, which was 
noted above in connection with Saccheri’s works, is also found in 
the works of Lambert. Like Saccheri, Lambert did not conclude the 
inadmissibility of the acute angle hypothesis solely on the basis 
that it contradicts the known properties of lines. But unlike Sac- 
cheri, Lambert did not commit any error by which he might consid- 
er the acute angle hypothesis rejected and hence the fifth postulate 
proved. Nowhere in his works does Lambert assert that he has proved 
the fifth postulate and he makes the firm conclusion that all other 
efforts to find a proof have come to nought: 


Proofs of the Euclidean postulate can be developed to such 
an extent that apparently a mere trifle remains. But 
careful analysis shows that in this seeming trifle lies 
the crux of the matter; usually it contains either the 
proposition that is being proved or a postulate equi- 
valent to it. 


What is more, in the process of developing the system resulting 
from the aeute angle hypothesis, Lambert discovers an analogy with 
spherical geometry and in this sees the possibility of the hypothesis 
being actually true: 


J am even inclined to think that the third hypothesis 
is valid on some imaginary sphere. There must be some 
reason why itis difficult to reject it for the plane, ascan be 
easily done with the second hypothesis. 


As we shall see later, Lambert had a remarkable presentiment con- 
cerning the solution of the fifth postulate problem. In all events, 
not one of his predecessors made as much progress toward a correct 
solution as did Lambert. 
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§ 8.*We shall now examine the researches of the French mathe- 
matician Adrien Marie Legendre (1752-1833), who is well known for 
his works in analysis and mechanics and who also made an important 
contribution to geometry. 

Over a long period of time, Legendre tried ta prove the fifth pos- 
tulate and published several versions of the “proof”. Although none 
of the versions proved to be correct, Legendre’s researches are of 
interest, for they explain the connection between the fifth postulate 
and the proposition on the sum of the interior angles of a triangle. 

In Euclidean geometry the proof of the theorem that the sum of 
the interior angles of a triangle is equal to two right angles is widely 
known to be based on the fifth postulate. 

Legendre begins by showing that, conversely, if the statement 
that the sum of the interior angles of a triangle equals two right 
angles is accepted without proof, the fifth postulate can be proved as 
a theorem. 

Next, in order to prove the fifth postulate without introducing new 
postulates, Legendre examines three mutually exclusive possibili- 
ties: 

(1) The sum of the angles of a triangle is greater than two right 
angles. 

(2) The sum of the angles of a triangle is two right angles. 

(3) The sum of the angles of a triangle is less than two right an- 
gles. 


By way of precise argument, Legendre shows that the first possi- 
bility leads to a contradiction. If he were successful in showing that 
the third possibility also leads to a contradiction without using the 
fifth postulate, he would have established that the sum of the an- 
gles is two right angles and hence also the fifth postulate. But in 
trying to show that the third possibility does indeed leads to a con- 
tradiction, he unknowingly uses an equivalent version of the fifth 
postulate. 

Positive results obtained by Legendre are contained in the follow- 
ing propositions. 

Proposition 1. If the sum of the angles of any triangle is two right 
angles, the fifth postulate holds. 

To prove this let us consider a line a and a point A not situated 
on it (Fig. 7). 

Let AB be a perpendicular drawn from A to a. We know that a 
line a’ passing through A and perpendicular to AB does not inter- 
sect a. We must show that any other line passing through A inter- 
sects a. According to the assumption made, we can use the fact that 
the sum of the angles of any triangle is two right angles. 

Let b be any other line passing through A and 6 the acute angle 
that this line makes with AB. Let us show that b intersects a on the 
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side of the acute angle. To do this, we take a point B, on a on the 
side of the acute angle so that the length BB, is equal to the length 
AB. On the same side as B, take another point B, so that B,B, equals 
AB, and so on. Finally, take a point B, so that B,_,B, equals 
AB,-1. . 

Consider triangles ABB,, AB,B,,..., ABn_,B,. Since the sum of 
the angles in each of the triangles is equal to two right angles, in 
the isosceles triangle ABB, the interior angles at A and B, are each 
m/4. 

Further, the interior angle at B, in triangle ABB, is exterior to 
triangle AB,B,, and since the latter triangle is also isosceles, its 
two interior angles remote to B, are equal. From our hypothesis 
about the sum of angles of a triangle it follows that an exterior angle 
of a triangle is equal to the sum of the two remote interior angles. 
Therefore each of the interior angles in triangle AB,B, at A and B, 
is 2/8. Continuing in this way, we find that the interior angle at 
B, in triangle AB,_,B, is 


1 
ar 2 
This implies that 
7 10a 
i a a ae 


Since B is acute, we may put 
dU 


with ¢ >0. Choosing n so large that 


1 $s 
on SE 
we have B < 4 BAB,. 
In this case line b passes between the sides AB and AB,, of jtri- 
angle BAB, and consequently must intersect a’at a point {that lies 


between B and B,.*m ** 


* A rigorous proof of this result can be given with the aid of Pasch’s axiom 
(see § 13). 
** Halmos’ §§ is used to indicate the conclusion of a proof. 
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We shall now examine the question of possible values of the 
sum of the interior angles of a triangle. For convenience, we let 
S (A) denote the sum of the interior angles of triangle ‘A and by 
D(A) the difference between two right angles and the sum of the 
interior angles so that 


D(A) =a —S (A) 


(this difference is called the defect of a triangle). 
Proposition 2. In every triangle 


S(A)<n 


The proof depends upon the following two lemmas. 

Lemma 1. Jn every triangle the sum of two interior angles is less 
than two right angles. 

Lemma 2. For any given triangle another triangle can be construc- 
ted in which the sum of the angles is the same as that in the given tri- 
angle and in which one of the angles is at least half of any preassigned 
angle of the given triangle. 

We shall prove these lemmas. 

The first lemma is a direct consequence of the proposition regard- 
ing interior and exterior angles of a triangle. Indeed, let a and 6 
be interior angles of the given triangle and let a’ be the exterior angle 
adjacent to a. Then 

ato =n 


But the exterior angle of a triangle is greater than the interior angle 
not adjacent to it. (The reader perhaps remembers that this propo- 
sition was proved without using the fifth postulate.) Therefore 
a’ >B 
and consequently 
a+p<n 


To prove the second result, we consider any triangle ABC and 
show that another triangle can be constructed in which the sum of 
the angles is the same as in the given triangle and in which one angle 


is at least half of, for example, the angle at A in the given triangle 
(Fig. 8). 
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Denoting the midpoint of BC by O, we join A with O and extend 
AO to A’ so that AO = OA’. Then AAA’C will have the required 
properties. In fact, using the notation of Fig. 8, we have 


S (ABC) =a,+a,+B+ 7% 
S (AA'C)=a,4+0' +7142 


Since triangles ABO and COA’ are evidently equal, 
=A, Yo=P 


This implies first of all that the sum of the angles in the two tri- 
angles ABC and AA’C is equal. . 

Next, the sum of the interior angles at’'A and A’ in the second tri- 
angle is equal to the interior angle at A in the first triangle. There- 
fore one of them is at least half of the angle A in the triangle ABC, 
as required. 

We shall now prove the main proposition of the lemma. This will 
be done by contradiction. 

Assume that in some triangle A the sum of the angles is greater 
than two right angles so that S (A) =x +e, where « >0. 

Let a denote one of the interior angles of A. By Lemma 2, we can 
construct another triangle A, one of whose interior angles a, will 
be at least half| of @ and S (A,) = S (A). We construct another 
triangle A., in which one of the interior angles a, will be at least 
half of a, and S (A,) = S (A,). Continuing in this manner, we con- 
struct a triangle A, in which one of the interior angles a, will be 
at least half of a,_, and S (A,) = S (An-}). Thus 


StAn)=a+te and a,<a/2”" 


Choosing n so large that a/2"< « we find that a, < e. but then 
the sum of the remaining two interior angles will be greater than n, 
which contradicts Lemma 1. @ 

Thus, without using the fifth postulate, it can be asserted that the 
sum of the interior angles in a triangle does not exceed two right 
angles. 

This feature will prove to be of immense importance later. 

Following Legendre, we shall now show, without using the fifth 
postulate, that if there is at least one triangle in which the sum of 
the interior angles is assumed to equal two right angles, then the 
same is the case with any other triangle. But first let us establish 
the following lemmas. 

Lemma 3. If a transversal BP divides a triangle ABC into two tri- 
angles then the defect of ABC is equal to the sum of defects of triangles 
ABP and BPC. 
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The proof can be perceived immediately. Indeed, following the 
notation of Fig. 9, 


D (ABP) =x — (a + B, + 4) 
_ D (BPC) = x — (B, + 6, + ¥) 
giving 
D (ABP) + D (BCP) = 2n — (a + B, + B, + 6, + 6, + y) 
=n — (a + By + Bp + y) = D (ABC) 


Lemma 4. Suppose that two triangles ABC and AB,C, are given 
in which A is the common vertex and vertices B,, C, of the second trian- 
gle lie respectively on the sides AB and AC of the first. Then the defect 
of the second triangle does not exceed the defect of the first (Fig. 10). 

The proof is an immediate consequence of Proposition 2 and Lem- 
ma 3. Indeed, joining points B and C,, by the Lemma 3 we obtain 


D (ABC) = D (AB,C,) + D (B,BC,) + D (BC,C) 


But by Proposition 2, the defect of any triangle is either a positive 
number or zero. This together with the above equation yields 


D (AB,C,) < D (ABC) 


Lemma 5. Let two right angled triangles ABC and A’B'C’ be 
given, where the legs AC and BC of AABC are, respectively, greater 
than the legs A’C' and B'C' of AA'B'C’. Then, if the sum of the inte- 
rior angles of AABC is two right angles, the same is the 'case with 
AA'B'C’. 

To prove this lemma, we move AA’B'C’ so that vertex C’ coin- 
cides with C while legs A’C’, B’C’ coincide with AC and BC, respec- 
tively. Then, by Lemma 4, 


D (A'B'C’) < D (ABC) 
But D (ABC) = 0 by hypothesis and D (A’B'C’) > 0 according to 


Proposition 2, therefore the previous inequality implies immedi- 
ately that D (A’B’C’) = 0. 


B 


Figure 10 
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Lemma 6. If the sum of the interior angles of a right triangle is 
equal to two right angles, then so is the sum of the angles of any other 
right triangle. 

Consider two right triangles ABC and A’B’C’. Suppose that the 
sum of the angles of AABC is equal to two right angles. We have to 
show that the sum of the angles of AA’B’C’ is also equal to two right 
angles. If the legs AC and BC of the first triangle are respectively 
longer than the legs A’C’ and B'C’ of the second triangle, then the 
assertion of the lemma is implied by Lemma 5. But if at least one 
of the legs of AABC is shorter than any leg of triangle A’B'C’, 
then to prove the lemma we shall show that another right triangle 
can be constructed whose sum of the angles, as in AABC, will be 
equal to two right angles and whose legs will be as large as desir- 
able. To prove this, we join with AABC an equal triangle so that its 
hypotenuse coincides with that of AABC and such that in the result- 
ing quadrilateral the equal sides are opposite to each other. By 
D we denote the vertex of the joined triangle where the correspond- 
ing angle is right (Fig. 11). Since the sum of the interior angles in 
each of the right triangles ABC and ABD is equal to two right 
angles, it is evident that the interior angles of quadrilateral ACBD 
are right angles. Shifting ABCD, we can “pave” the plane by equal 
rectangles as shown in Fig. 11. 

It is evident that the part of the plane surface shown in the figure 
is a rectangle. Dividing this rectangle by a diagonal, we obtain 
two equal right triangles with angle-sums equal to two right angles. 
The legs of these right triangles can obviously be made as large as 
desirable. * 

We see that it is indeed possible to construct a right triangle the 
sum of whose angles is equal to two right angles and whose legs are 
greater than the legs of the right angled triangle A’B’C’. This to- 


*?Here Archimedes’ axiom has been used (see § 4). 
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gether with Lemma 95 implies that the sum of the angles of (an arbi- 
trarily chosen) right triangle A’B’C’ is equal to two right angles. 

With the help of this lemma we can now prove the proposition 
mentioned earlier. 

Proposition 3. If the sum of the interior angles of at least one tri- 
angle is equal to two right angles, then so is the sum of the angles of any 
other triangle. 

Let two triangles ABC and A’B’C’ be given and assume that the 
sum of the angles of AASC is two right angles. We shall show that 
the sum of the angles of AA’B’C’ is also two right angles. 

Let us construct the altitudes of the two triangles. Each of them 
will have at least one vertex such that the foot of the altitude from 
this vertex will lie inside the opposite side. Without loss of gener- 
ality, we may assume that A and A’ are such vertices of ABC and 
A’B’'C’, respectively (this can be always achieved by relabeling the 
vertices). 

Let P denote the foot of the altitude drawn from A in AABC 
and P’ denote that drawn from A’ in AA‘B’C’. According to Lem- 
ma 4 


D (ABP) < D (ABC) 


By hypothesis, D (ABC) = 0, and since D (ABP) > 0 by Proposi- 
tion 2, we conclude that D (ABP) = 0. 

Thus the sum of the angles of right triangle ABP is equal to two 
right angles. Then, by Lemma 6, for every right triangle the sum 
of the angles is two right angles. But, by Lemma 3, 


D (A'B'C’) = D (A'B'P’) + D (B'P'C’) 


Since AA’B’P’ and B’P'C’ are right triangles, it follows from what 
has been proved just now that D (A’B’P’) = O and D(B'P'C’) = 0. 

Hence D (A’B’'C’) = 0; consequently, the sum of the interior 
angles of AA’B'C’ is equal to two right angles. 

Having established Propositions 1-3, we can prove that there exists 
at least one triangle the sum of whose interior angles is equal to two 
right angles. Had we been really successful in proving this, then, by 
Proposition 3, in every triangle the sum of the interior angles would 
be equal to two right angles, and then, by Proposition 1, the fifth 
postulate would have been proved. 

Here we cite one example of false proof. 

Let there be given an arbitrary acute angle with vertex at O 
(Fig. 12). On one of its sides we take a point B and from it draw the 
perpendicular BA to the other side. By Proposition 2, the sum of 
the angles of AOAB does not exceed two right angles: D (OAB) > 0. 

For our purpose it is enough to show that D(OAB) >0 is impos- 
sible. 
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Assuming the contrary, we put D (OAB) = e >0. On the side 
OA of the given angle take a point A, such that OA = AA. Join 
B with A, and erect a perpendicular to OA at A,. Let B, be the point 
of intersection of this perpendicular with OB. According to Lemma 3, 


D (OA,B,) = D (OAB) + D (BAA)) + D (BA,B;) 
But evidently the triangles OQ AB and BAA, are equal and therefore 
D(OAB) = D (BAA,) = 
This and the previous equality yield 
D (OA,B,) > 2e 


Now on the side OA of the given angle take a point A, such that 
OA, = A,A,. Erect a perpendicular to OA at A, and by B, denote 
the point of intersection of this perpendicular with OB. Similar argu- 


ments yield 
D(OA,B ») > 4 


Continuing this process, we construct a triangle OA,B, whose de- 
fect satisfies D (OA,B,) > 2"e. Choosing n large enough, the in- 
equality 2"e > can be satisfied. But by definition, the defect of 
a triangle cannot exceed x. 

Thus the assumption e > 0 leads to a contradiction. By the same 
token we have established that the defect of the triangle OAB is 
zero, that is, for this triangle the sum of the angles is equal to two 
right angles. This also establishes the fifth postulate. 

It is easy to discover the weak point of the argument. Namely, 
the argument would have been totally justified if we had shown that 
the perpendiculars to OA erected at A,, A.,..., etc. intersect OB. 
However, we used the points B,, B,, etc. believing them to be obvi- 
ous without establishing their existence. A precise analysis shows that 
the existence of points B,, B.,, etc. cannot be proved without using 
the fifth postulate (this will be explained in detail later). 
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Thus, the above argument gives only another new equivalent of 
the fifth postulate. This result will be of importance for our later 
work; we therefore formulate it as a separate proposition. 

Proposition 4. [f there is an acute angle such that the perpendicular 
erected at any point on one of its sides intersects the second side, then 
the fifth postulate holds. 

It is easy to discover the close connection between the arguments of 
Legendre and those of Saccheri and Lambert. In fact, the three as- 
sumptions made by Legendre regarding the sum of the angles of a 
triangle correspond to the obtuse, right and acute angle hypotheses 
of Saccheri. If we assume the obtuse angle hypothesis for a Sacche- 
ri’s quadrilateral, then by dividing this quadrilateral by a diagonal 
we obtain two triangles in at least one of which the sum of the angles 
will be greater than two right angles. Conversely, if we assume that 
the sum of the angles of a triangle is greater than two right angles, 
then this leads to Saccheri’s obtuse angle hypothesis. Proposition 
2 thus expresses the contradictoriness of the obtuse angle hypothe- 
sis. 

If we assume that the sum of the angles in a triangle is less than 
two right angles, then obviously for every Saccheri’s quadrilateral 
we shall have to accept the acute angle hypothesis. Conversely, if 
the acute angle hypothesis is assumed to be true for any Saccheri’s 
quadrilateral, then dividing this quadrilateral by a diagonal into 
two triangles we shall find that at least in one of them the sum of 
the angles is less than two right angles. But then, by previous prop- 
ositions, in every triangle the sum of the angles will be less than 
two right angles, and hence the summit angles in every Saccheri’s 
quadrilateral will be acute. 

Thus we may assert 

Proposition 5. If the acute angle hypothesis is assumed to be true 
for one Saccheri’s quadrilateral, it isalso true for every Saccheri’s quad- 
rilateral. 

Finally, it is easy to see that Saccheri’s right angle hypothesis and 
Legendre’s assumption regarding the existence of a triangle in which 
the sum of the angles is equal to two right angles are both equiva- 
lent to the fifth postulate. 

In spite of serious efforts, Legendre could not show that there is 
no triangle with the sum of its angles less than two right angles, 
which was also the case with Saccheri, who could not produce a con- 
tradiction regarding the acute angle hypothesis. But in constructing 
a system based on hypotheses repudiating the fifth"postulate, Sac- 
cheri and Lambert went considerably farther than Legendre did. 

It should be noted that Propositions 1-3 were known even before 
Legendre. In any case, both Saccheri and Lambert knew quite well 
the connection between the fifth postulate and the assertion that the 
sum of the angles of a triangle is equal to two right angles. 
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Propositions 1-3 are attributed to Legendre by tradition, since he 
was the first to formulate them in clear terms and since they became 
known due to his works. 


1.3. Lobachevsky and his geometry 


§ 9. Until the beginning of the nineteenth century no attempt to 
prove the fifth postulate was successful. In spite of the efforts of geom- 
eters over a period of more than twenty centuries, the problem of 
justifying the theory of parallels remained roughly at the same stage 
as it was in the time of Euclid. 

But the first decades of the nineteenth century saw the fifth pos- 
tulate problem solved; however, the mathematical community of 
that period did not expect such a solution and was not prepared to 
accept it. : 

The credit for solving this famous problem goes to Nikolai Ivano- 
vich Lobachevsky (1793-1856), who from 1827 to 1846 was professor 
and rector at the University of Kazan. In a paper he presented before 
the Physico-Mathematics Faculty of that university (41 February 
1826, according to the old calendar*) and in his other works**, whose 
publication began in 1829, Lobachevsky for the first time clearly 
expressed and proved the idea that the fifth postulate cannot be de- 
duced from the other postulates of geometry. To this end Lobachevsky 
retains the basic premises of Euclid, except the parallel postulate, 
and, assuming that the parallel postulate does not hold, constructs 
a logical system in which the various propositions follow from ac- 
cepted premises. 

Many of the propositions obtained by Lobachevsky were obtained 
earlier by Saccheri and Lambert in connection with the acute angle 
hypothesis. This is understandable since the acute angle hypothesis 
of Saccheri is equivalent to the basic premises of Lobachevsky. But 
whereas the aim of Saccheri was to show that the acute angle hypo- 
thesis leads to a contradiction and hence must be rejected as being 
logically unacceptable, Lobachevsky, while developing a system of 
his theorems, establishes that this system forms a new geometry 
(called by him “imaginary”) which, like Euclidean geometry, is free 
from logical contradictions. 

Lobachevsky developed his “imaginary geometry” to the same level 
as Euclidean geometry. In this process he did not encounter any logi- 


* This corresponds to 23 February 1826, according to the new calendar 
adopted after the Great October Revolution in 1917. Until then the calendar in 
Czarist Russia was twelve days behind the Gregorian calendar. 

** See N. I. Lobachevsky: Complete Works, Gostekhizdat, Moscow-Lenin- 
grad, 1946-51 (in Russian). For a detailed account of the life and works of Loba- 
chevsky see V. Kagan: N. Lobachevskii and his Contribution to Science, Foreign 
Languages Publishing House, Moscow, 1957. 


3—0779 


34 Foundations of Geometry 


cal contradictions. However, Lobachevsky realized this alone was 
not sufficient to conclude that the new geometry was really free from 
logical contradictions, since if there were contradictions, it would be 
difficult to know beforehand in which stage of the development they 
might be discovered. In order to prove that his geometry was free 
of contradictions, Lobachevsky had recourse to a deep algebraic anal- 
ysis of its equations, and in this manner solved the problem as far 
as was possible in his time. 

The proof of the consistency of Lobachevsky’s geometry at the 
modern level of rigour was given at the end of the nineteenth century, 
after the general principles of logical substantiation of geometry 
were enunciated. 

The results of Lobachevsky’s investigations can be summed up as 
follows: 


(1) The parallel postulate is not a necessary consequence of the 
other postulates of geometry (in other words, the former is logically 
independent of the remaining postulates). 

(2) The fifth postulate does not follow from the other postulates 
because, apart from Euclidean geometry in which this postulate is 
true, there is another, “imaginary”, geometry in which this postu- 
late fails to be valid. 


Lobachevsky was a scientist with a materialistic outlook. His 
materialistic views were clearly and persistently expressed in his 
works. He unreservedly rejected the possibilities of apriori know- 
ledge; in particular, he rejected Kant’s thesis that our notions of space 
are innate and they do not arise out of experience. In his work “On 
the Foundations of Geometry” (1829) Lobachevsky wrote: 


The fundamental ideas with which a science emergies 
must be clearly formulated and must be reduced to a 
minimum number. Only then can they serve as a strong 
and sufficient base for knowledge. Such ideas are 
acquired by reasonings; one must not believe the innate. 


Lobachevsky had a deep and subtle perception regarding the rela- 
tionship between Euclidean geometry and his non-Euclidean geomet- 
ry. Both geometries were logically consistent and therefore it was of 
no use trying to show logically that the only real geometry was the 
former; the question as to which one of them corresponds more 
closely to the properties of space must be solved by experience. In 
his “Imaginary Geometry” (1835) Lobachevsky wrote: 


Based on astronomical observations, I proved in my 
works on the elements of geometry that in a triangle 
whose sides are almost as long as the distance between 
the Earth and the Sun the angle-sum can differ from 
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two right angles by an amount not exceeding 0.0003 of a 
second (the sixtieth part of a minute of angular measure). 
The proposition of practical geometry must therefore be 
viewed as having been rigorously established and, at the 
same time, I am convinced that independently of 
experience it would be unprofitable to attempt a proof 
of such a truth which does not automatically come under 
our notions about bodies. 


Lobachevsky called Euclidean geometry “practical” and his own 
yvcometry “imaginary”. This, however, does not mean that he 
considered his geometry a purely logical system (complete, we would 
say today). Lobachevsky recognized it as a useful instrument for 
mathematical analysis and in this direction wrote a comprehensive 
book, “The Application of Imaginary Geometry to Certain Inte- 
yrals” (1836). It is interesting to note that the table of definite inte- 
yrals compiled by D. Bierens de Haan (the publication of the ta- 
bles was started during the lifetime of Lobachevsky in 1853 and com- 
pleted in 1858) contains more than two hundred integrals that were 
already computed and published by Lobachevsky*. At present it is 
known that there is a profound connection between Lobachevsky’s 
yeometry and various other branches of mathematics as well as 
theoretical physics. 

The ideas of Lobachevsky appeared to be paradoxical to his con- 
temporaries and were treated ironically. Very few of them could un- 
derstand and weigh his work; among them mention must be made of 
the German Carl Friedrich Gauss (1777-1855) and the Hungarian 
John Bolyai (1802-1860), who worked independently of each other 
as well as independently of Lobachevsky on the theory of parallels. 
Gauss understood the idea of the new geometry, but being content 
with a few elementary theorems in this direction he did not develop 
this enough. He did not even publish his views on the foundations of 
yeometry, fearing that he would not be understood. John Bolyai 
published his works three years after the first publication by Loba- 
chevsky (without knowing about Lobachevsky’s works). In his work, 
Bolyai presented the same theory as Lobachevsky’s but in a less 
developed form. Like Lobachevsky, Bolyai also did not get recogni- 
tion for his work. 

Only after the death of Lobachevsky did the scientific world came 
to realize the importance of his researches, which is immense. Be- 
fore Lobachevsky, Euclidean geometry was the only one to provide 
n conceivable notion about space. The discovery of “imaginary geom- 
otry” or, as it is now called, non-Euclidean geometry destroyed 


* For details, see the Complete Works of Lobachevsky, vol. 3, Gostekhizdat, 
Moscow-Leningrad, 1951 (in Russian) p. 413. 
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this viewpoint. Thus the views on geometry as science and its subject 
matter were broadened with far reaching consequences, which led 
to the modern notion of an abstract space with its numerous appli- 
cations in mathematics and related fields. 

In the chain of these generalizations Lobachevsky’s non-Euclidean 
geometry proved to be the first and decisive link. 


1.4. The formation of the notion of geometrical space 


§ 10. We know how fruitful the Hellenic period was for mathema- 
tics. The great scientists of ancient Greece enriched mathematics by 
adding many new facts and developed methods for their logical sys- 
temization. After the Greeks, valuable contribution to the devel- 
opment of mathematics was made by the peoples of India, of coun- 
tries under the Arab Khalifat and especially (from the ninth to the 
fifteenth centuries) by the peoples of Central Asia and Transcauca- 
sia, who developed elements of algebra and plane trigonometry. 
Then in the sixteenth century a new method of solving mathematical 
problems in the form of alphabetical symbols was developed. This 
turned out to be an event of immense importance without which 
further achievements would have been impossible. The next two 
centuries, the seventeenth and especially the eighteenth, were no- 
table for intensive development of mathematical thought and new 
mathematical theories were propounded. During this period differ- 
ential and integral calculus were developed, and the construction of 
analytic geometry opened new vistas for the application of algebra 
and analysis in solving geometrical problems and a host of other 
problems in the fields of mechanics and astronomy. 

However, the views on geometrical space and on those notions on 
which geometry was based remained essentially the same as they 
were during the time of Euclid and other geometers of that period. 
Only as a result of the remarkable achievements of the nineteenth 
century were attained the clarity and with it the breadth of under- 
standing of geometry and geometrical objects which are inherent in 
modern mathematics and which make it different from the mathemat- 
ics of old times. 

Many geometrical disciplines were being actively developed in the 
nineteenth century. Of these we mention only the three most im- 
portant: the foundations of geometry, differential geometry and pro- 
jective geometry. At first the lines along which they developed were 
quite far from each other, but towards the end of the century they 
became very close and some of their parts were unified. Their syn- 
thesis gave 2 complete and clear elucidation of many old problems 
of geometry, apart from giving rise to new problems which are being 
developed even at present. 
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here are two main problems in the foundations of geometry: 
(1) logical development of geometry on the basis of some minimum 
number of statements called axioms and (2) the investigation of log- 
ical dependence between various geometrical propositions. 

As already noted, these problems have their origin in the time of 
luclid, whose remarkable work on the fundamentals of geometry is 
(he first known. 

The investigations carried out in connection with the proof of the 
lifth postulate must also be attributed to the foundations of geomet- 
ry, since their aim was to prove that this postulate depended on 
other postulates. Having established the independence of the fifth 
postulate, Lobachevsky obtained the first fundamental result in this 
field. What is more, by constructing a geometrical system different 
from that of Euclid, Lobachevsky broadéned the understanding of: 
the meaning of geometry itself and hence the problem of its substan- 
tiation. 

An important result in this connection was obtained later by Georg 
'riedrich Bernhard Riemann (1826-1866), who in his 1854 inagura- 
ral lecture “On the Hypotheses that Form the Foundation for Geom- 
etry” developed analytical principles of geometry and found, in 
particular, a geometrical system which was different from the sys- 
tems of both Euclid and Lobachevsky. In Riemannian geometry a 
line is determined by two points, a plane by three, two planes inter- 
sect a line, etc., but through a given point no line can be drawn par- 
allel to a given line. In particular, one of the theorems of this geom- 
etry states that the angle-sum of a triangle is greater than two right 
angles. We know that if all the statements of Euclid except the par- 
‘illel postulate are retained, the last two assertions must be rejec- 
ted as being contradictory (see §§ 5-8). Thus in the process of dev- 
ecloping his system, Riemann was to change Euclidean axioms more 
completely than Lobachevsky did. 

We find that in the middle of the nineteenth century quite impor- 
lant advancement was made in the foundations of geometry. But 
even in this period the problem of developing geometry in a strict- 
ly logical manner was not solved. 

At the end of the 1860s, when the ideas of Lobachevsky were ulti- 
mately accepted, the problem of the logical construction of geometry 
became the problem of the day. In particular, its solution was neces- 
sary in order to make the achievements of Lobachevsky completely 
clear. Indeed, not only did the main result of Lobachevsky (namely, 
that the fifth postulate is independent of the remaining postulates of 
geometry) fail to be rigorously proved but even the problem could 
not be precisely formulated unless all the geometrical postulates 
were known. 

Towards the end of the nineteenth century many works authored 
by first rate mathematicians were published on this question. Of 
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these especially popular became David Hilbert’s (1862-1943) Founda- 
tions of Geometry, which was published in 1899 and which won the 
International Lobachevsky Prize in 1903. 

In his book, Hilbert formulates a complete system of axioms of 
Euclidean geometry, that is, a list of basic propositions from which 
the whole subject matter of this geometry can be obtained in a log- 
ical sequence.* Hilbert also establishes the independence of the 
most important axioms of his system from its remaining axioms. 

Hilbert’s axioms and an analysis of their relationship are dis- 
cussed in the following chapters. Here we shall only touch upon that 
point of view from which the basic geometrical notions and axioms 
are examined at the present time. 

In contrast to Euclid’s Elements, the modern list of axioms of 
Euclidean geometry does not contain any description of geometrical 
figures. It is only assumed that there exist three groups of objects 
called “points”, “lines” and “planes” in relation to which some fully 
defined conditions are observed as follows: 

(1) Between the objects called points, lines and planes as well as 
between certain sets of these objects (segments, angles) there must 
exist relationships which are expressed by words such as “lies 
on...’, “between”, “are congruent’. 

(2) These relationships must satisfy the conditions stated in the 
axioms that follow. 

Of course, the axioms are formulated having in mind the empiric 
subject matter accumulated in geometry and with the intention that 
all this material could be deduced from these axioms by logical ar- 
guments. But the objects which figure in the axioms do not neces- 
sarily have any special nature or, say, any definite external form. 
The relationships between these objects are also not necessarily of 
any special character. Both the objects and the relationships 
between them can be chosen in an arbitrary manner, but they must 
satisfy the requirements of the axioms. There are two reasons for 
such an attitude towards geometry and geometrical objects. 

(a) Geometry uses ideas arising out of experience as a result of 
an abstraction from the real world, where only some properties of 
the real objects are taken into account; in proving any theorem by 
strictly logical arguments one deals only with these properties of 
the objects. Notice must be taken of these properties in formulating 
the axioms and definitions. All the remaining properties which we are 
accustomed to imagine when we hear the words “point”, “line” 
and “plane” do not play any role whatsoever in a logical development 
of geometry and hence they must not be mentioned in the basic 
statements of geometry. 


* Lists of the axioms of Euclidean geometry were formulated vy other authors 
before Hilbert, for example, by Moritz Pasch (in 1882). But the list given by 
Hilbert turned out to be the simplest of all those known at that time. 
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(b) Apart from Euclidean geometry whose theorems correspond to 
our usual notions about the properties of geometrical figures, there 
exist various other geometrical systems (of Lobachevsky and Rie- 
mann) which contradict the usual notion of space. Therefore, in a 
sufficiently general formulation of the problem of substantiating geom- 
etry, the understanding of geometrical objects itself must be so 
general as to cover all the necessary cases. 

According to the above exposition, we may say that the geometri- 
cal space defined by a given system of axioms is a set of objects, 
called geometrical elements, whose mutual relationships satisfy the 
requirements of the axioms of the given system. 

Thus one may speak of Euclidean space meaning thereby a set of 
elements which satisfy the requirements of the axioms of Euclidean 
geometry, or of Lobachevskian space as‘a set of elements satisfying 
the requirements of the axioms of Lobachevskian geometry. 

But Euclidean space itself, for example, may have many different 
forms depending upon what concrete objects are taken as its elements. 
For instance, apart from the usual notion about points, lines and 
planes, we may agree to call any sphere of a given radius d a “point”, 
any infinite circular cylinder of radius d a “line”, and the space be- 
tween any two parallel planes which are at a distance d a “plane”. 
The basic relationships between these objects can be defined as fol- 
lows. We shall say that a “point”, represented by a sphere A, lies 
on the “line”, represented by a circular cylinder a, if the sphere is 
inscribed in the cylinder. We shall say that a “point” (represented 
by the sphere A) lies on the “plane”, represented by a spatial layer 
a if the sphere touches the two ordinary parallel planes which bound 
a. Similarly, we shall say that a “point” B lies on “line” a between 
“points” A and C if the centre of the sphere representing B lies be- 
tween the centres of the spheres representing A and C’. We shall say 
that a figure M is equal to, or congruent to, another figure NV if M 
can be superposed on NV with the aid of some motion (in the present 
context M and WN are assumed to be made up of “points”, “lines” and 
“planes”). These relationships between the objects under considera- 
tion meet the requirements of the axioms of Euclidean geometry. 
Therefore any theorem which is deduced logically from these axioms 
expresses a certain fact relating to the above “points”, “lines” and 
“planes”. The set of “points”, “lines” and “planes” with these rela- 
tionships between them is one of the concrete forms of Euclidean 
space. 

Choosing other objects as points, lines and planes and defining 
their mutual relationships so as to satisfy the requirements of the 
axioms of Euclidean geometry, we obtain other concrete forms of 
Euclidean space. To every concrete form of Euclidean space there 
corresponds a definite interpretation of Euclidean theorems. Natu- 
rally,*Lobachevskian geometry also admits of various concrete inter- 
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pretations, as does any other system based on axioms (see §§ 49-61, 
67, 168-171). 

Thus removing from geometry all references to visual concepts 
and retaining only the logical framework, we have the opportunity 
of filling it with various concrete material. Consequently, in an ab- 
stract logical development of geometry the real base is not at all 
lost; on the other hand, the field in which geometry can be applied 
is widened. 

The following remark is of great importance. The broad view of 
geometrical elements and geometrical axioms which has been taken 
above enables us to select the system of axioms itself with a degree of 
arbitrariness, which can be adapted to suit the particular field of 
investigation. In this way the axiomatic method of geometry is ap- 
plied in other fields of mathematics, in mechanics, in physics, and 
this leads to the modern abstract spaces whose elements are sets, 
functions, transformations, etc. As an illustration of the applica- 
tion of general geometrical ideas, one may point out the Minkowski 
space, which plays an important role in the special relativity theory. 

The foundation for the idea of an abstract space was built by the 
evolution of mathematics in the nineteenth century. In the problems 
related to the foundations of geometry, this idea was a direct out- 
growth of the discovery made by Lobachevsky. But this discovery 
also greatly influenced the development of geometrical ideas through 
other branches of knowledge. 

The modern views on geometrical space were formed largely by the 
development of differential geometry. In his memoir “General 
Investigations of Curved Surfaces” (1827), Gauss noted some special 
properties of surfaces forming its intrinsic geometry. These are the 
properties which can be observed by means of measurements on the 
surface itself (the practical source of ideas for the intrinsic geometry 
of surfaces came from land-surveying). 

In 1868 the work of Eugenio Beltrami (1835-1900), “The Inter- 
pretation of Non-Euclidean Geometry”, appeared, in which the au- 
thor demonstrated that plane Lobachevskian geometry can be regard- 
ed, under certain conditions, as an intrinsic geometry of some sur- 
face. This enabled him to include non-Euclidean plane geometry 
together with Euclidean plane geometry in a perfectly real field of 
the theory of surfaces. 

The common points of the axiomatic investigations of Lobachevsky 
with the differential-geometry methods of Gauss were to a large ex- 
tent responsible, at least in two-dimensional cases, for the generaliz- 
ation of geometrical concepts. But the level of mathematics at that 
time was so high that the application of differential-geometry meth- 
ods to non-Euclidean geometry could not be confined only to two- 
dimensional cases. Already in 1804 Riemann, in his above mentioned 
work “On the Hypotheses that Form the Foundation for Geomet- 
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ry’, defined spaces which were generalizations of Euclidean and Lo- 
bachevskian spaces as well as of the space mentioned earlier in con- 
nection with Riemannian geometry. These general Riemannian 
spaces differ in their properties from Euclidean spaces as any curved 
surface differs from a plane. 

The pure analytical method employed by Riemann in the inves- 
tigation of geometrical problems enabled him to generalize the con- 
cept of curvature directly to multidimensional cases. The general 
Riemannian spaces turned out to be useful for theoretical physics and 
to this day are carefully studied. 

Approximately at the same time when Lobachevsky was starting 
his investigations on the theory of parallels and Gauss was working 
on his theory of surfaces, there sprang up,a new branch of geometry, 
projective geometry. Governed by pictorial concepts, projective 
geometry was at first thought to be quite far from the complicated 
axiomatic problems. But in the 1870s Felix Klein (1849-1925). 
gave a general interpretation of the geometrical systems of Euclid, 
Lobachevsky and Riemann, which was based on projective geome- 
try. (For this Klein used some of the results obtained earlier by Arthur 
Cayley (1821-1859).) The studies of Klein were closely related with 
his conception of geometry as the theory of invariants of a certain 
croup of transformations. The group-theoretic approach to geometry 
laid down by Klein in his lectures “A Comparative Review of Recent 
Researches in Geometry” (the views expressed in it are known as the 
Erlangen Programm (1872)) enabled him to classify the important 
geometrical systems and transformations connected with them. 

The subject matter of the present book is divided in accordance 
with the three directions mentioned above along which the concept 
of geometrical space developed in the nineteenth century. Chapters 
2, 3 and 4 are devoted to the questions of axiomatics. Projective 
geometry and the classification of geometrical systems according to 
the theory groups are dealt with in Chapters 5 and 6. A part of Chap- 
ter 7 devoted to Minkowski space also overlaps them. And, finally, 
in Chapters 8 and 9 geometrical systems are investigated by the me- 
thods of differential geometry. 


Chapter 2 


The Axioms of Elementary Geometry 


2.1. Geometrical elements 


In this chapter we set forth the axioms formulated by Hilbert.* 
Apart from the axioms, the main theorems are also given so as to 
make clear the general principles of the logical development of 
geometry. 

§ 11. Three different sets of objects are considered below. The 
objects of the first set are called points, those of the second lines, 
while those of the third planes. The set of all points, lines and planes 
is called space. 

The points, lines and planes are related to each other in ways ex- 
pressed by the words “lie’, “between” and “congruent”. These rela- 
tionships must satisfy the following axioms; apart from this, the 
nature of the objects and their relationships are totally, arbitrary. 

All’the axioms are divided into five groups.** 


Group I contains eight axioms‘{fof incidence. 
Group II contains four axioms of betweenness. 
Group III contains five axioms of congruence. 
Group IV contains two axioms of continuity. 
Group V contains one axiom of parallelism. 


2.2, aroup I: axioms of incidence 


§ 12. Let us assume that lines and planes are in somejrelationship 
with points. If the line a is related to the point A, we shall say that 
“a passes through A”, “A lies on a”, “A is a point on a”, “A belongs 
to a”, “a belongs to A”. If several lines are related to A, we shall say 
that these “intersect at A” or “have a common point A”. If two points 
A and B are related to a line a, we say that “a joins A and B” or 
“a passes through A and B”, etc. The conditions of these relationships 
are expressed by Axioms [.1-I.8. 


* T{ilbert’s axioms given her- are based on the seventh edition of D. Hil- 
bert: Grundlagen der Geometrie, B. G. Teubner, Berlin, 1930 (Foundations of 
Geometry, 2nd ed., Open Court, La Salle, Ill., 1974 (in English)). 

** In numbering these groups we somewhat deviate from Hilbert, who put 
the axiom of parallels in the fourth group and the axioms of continuity in the 
fifth. 
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(1.4) For any two distinct points A and B there exists a line a that 
passes through both A and B. 

(1.2) For any two distinct points A and B there is not more than one 
line passing through both points. 


These two axioms can be expressed as follows: any two distinct 
points determine one and only one line through these points. 


(1.3) At least two points lie on every line. There are at least three 
points that do not lie on one line. 


Regarding a point A and a plane @ which are related to each other, 
we shall use expressions “A lies in a’, “A is a point of a’, “a passes 
through A”, etc. 


(1.4) Through any three noncollinear points, A, B and C there pas- 
ses a plane a. On every plane there lies at least one point. 

(1.5) Through any three noncollinear points A, B and C there passes 
not more than one plane. 

(1.6) If two points A and B of the line a lie in a, every point of a 
lies in a. 


In this case we say that “a lies in a’, “a passes through a”, etc. 


(1.7) If two planes a and B have a common point A, they have at least 
one more common point B. 


(1.8) There are at least four points that do not lie in one plane. 


In the axioms of incidence there appear known relationships be- 
tween elements of geometry which are expressed by saying “a point 
lies on a line”, “a plane passes through a point”, etc. Visual evidence 
for these expressions are in no sense given; only definite features nec- 
essary for the derivation of theorems are mentioned in Axioms 
1.4-1.8. 

Conditions of Axioms I.1 and I.2 were expressed by Euclid in his 
first postulate and his ninth axiom. But Euclid could hardly feel the 
necessity of Axiom I.3 and of the other axioms. 

Understandably, a geometer who leaves even the slightest possi- 
bility of using spatial intuition in his arguments will not postulate 
that there exist two points on a line or that there are three points 
not lying on a line, etc. Visual evidence would immediately lead 
him to demand of the axiom that there exist infinitely many points 
on a line. However, this condition need not be formulated as an axi- 
om since it will be proved below. This explains the desire for keep- 
ing the requirements of the axioms to a minimum. 

Using Axioms |.1-1.8, certain theorems can already be proved. We 
cite some of them below. 

Theorem 1. Zwo lines have at most one common point. Two planes 
have either no common points or have a common line on which all the 
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common points of these two planes lie. A plane and a line not lying in 
it have at most one common point. 

The first assertion of this theorem follows from Axiom [.2. 

Proof of the second assertion. Let two planes a and B have a common 
point A. By Axiom I.7, they have one more common point B. Accord- 
ing to Axiom I.6, a line a joining A and B consists of common points 
of a and #. More than that, a comprises all the common points of 
a and fp. Indeed, suppose that @ and B have another common point 
C that does not lie on a. Then Axiom I.5 implies that a and £ are 
not distinct, since they have three common points not lying on one 
line. 

The third assertion is a consequence of Axiom I.6. 

Theorem 2. One and only one plane passes through a line and a 
point not lying on this line or through two lines with a common point. 

Proof. Take a line a and a point A not on it. By Axiom I.3, there 
are two points B and C ona. By the hypothesis and Axiom I.2, 
the points A, B, C are noncollinear. According to Axiom I.4, there 
exists a plane a passing through A, B and C; by Axiom I.6, @ pas- 
ses through a. There is no other plane passing through A and a. 
Indeed, if there were another plane a’ through A and a, then two 
distinct planes « and @’ would pass through A, B and C, violating 
Axiom I.5. 

Theorem 3. Every plane contains at least three points. 

Proof. Let a plane a be given. By Axiom I[.4, a contains a point 
A, and, by Axiom [.8, there is a point B not lying in a. According 
to Axiom I.3, there is another point C that does not lie on the line 
AB. The planes ABC and a have a common point A, and Axiom 
I.7 states that these planes have another common point D. Thus a 
necessarily contains, besides A, another point D. By Axiom I.8, 
there is a point E that does not lie in ABD, while Axiom ].4 asserts 
the existence of a plane ABE distinct from ABD. Applying Axiom 
I.7, again we conclude that the planes ABE and a have a common 
point F (which does not lie on AB, in view of Axiom I.6). Since D 
and F do not lie on AB, the second assertion of Theorem 1 implies 
that these points cannot be common points of the planes ABD 
and ABF. Hence D and F are distinct. Thus there are three points 
A, D and F ina. @ 

We carried out the proofs in detail so as to give the reader an idea 
how elementary geometry can be logically developed using the accept- 
ed axioms. Any appeal to diagram or visual evidence has been 
completely ruled out in the above discussions; every assertion is es- 
tablished by using the axioms or the theorems previously proved. 

It should be noted that only a few geometrical facts can be esta- 
blished by means of Axioms I[.1-1.8. In particular, these axioms do 
not enable us to show that the set of geometrical elements is infinite 
(for details, see § 70). 
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2.3. Group II: axioms of betweenness 


§ 13. We assume that a point on a line is related to two other points 
on the same line and this relationship will be expressed by saying 
“lies between”. This relationship must satisfy the following axioms, 

(11.1) Jf a point B lies between a point A and a point C, then A, 
B and C are three distinct points of a line, and B also lies between C 
and A. 

(11.2) For any points A and C there exists at least one point B on the 
line AC such that C lies between A and B. 

(11.3) Among any three points of a line there is only one point lying 
between the other two. 

Axioms II.1-II.3 are known as linear axioms of betweenness. 

Definition 1. The pair of points A and B is called a segment and 
is denoted by AB or BA. Points lying between A and B are called 
interior points, or simply points of the segment AB, while the points 
A and B are called the endpoints of the segment. All other points of 
the line AB are called exterior to the segment AB. 

Remark. Axioms II.1-II.3 do not assert that there are other 
points between A and B. Therefore from these axioms it is not clear 
if every segment contains interior points. However,-Axiom IJ.2 
states that every segment has exterior points. 

Apart from linear axioms of betweenness II.1-II.3, Group II 
contains one more axiom concerning the location of geometrical ele- 
ments on the plane. 

(II.4—Pasch’s axiom) Let A, B, C be three noncollinear points, 
and let a be a line in the plane ABC not containing any of the points 
A, B,C. Then if a passes through a point of segment AB, it also passes 
through either a point of segment AC or a point of segment BC. 


2.4. Corollaries of the axioms of incidence 
and betweenness 


§ 14. By using the axioms of incidence and betweenness, we can 
prove many important facts of geometry. First we shall establish two 
theorems supplementing Axioms [JI.1-II.3. 

Theorem 4. Given any two points A and C, there exists at least one 
point D on the line AC which lies between A and C. 

Proof. By Axiom I.3, there exists a point E lying outside the line 
AC, and, by Axiom II.2, there is a point F on AE such that £ isa 
point of the segment AF (Fig. 13). Again by Axiom II.2, there is 
a point G on FC such that C lies between F and G. Then Axiom II.3 
implies that G is not between F and C, that is, is not on the seg- 
ment FC. According to Pasch’s axiom (Axiom IJ.4), EG must in- 
tersect either the segment AC or the segment FC. But the line EG 
cannot intersect the segment FC, for then Axioms I.1 and I.2 of 
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incidence would imply that all the points in question lie on one 
line, which is not the case. Consequently, the line EG intersects the 
segment AC at some point D, which establishes the existence of a 
point D between A and C. 

Theorem 5. Among any three points A, B, C ona line there always 
exists one point lying between the other two. 

Proof. Suppose that A does not lie between B and C, and C 
does not lie between A and B. By Axiom ].3, there is a point D 
that does not lie on the line AC. By a line join this point with B 
(Fig. 14). By Axiom I].2, there exists a point G on BD such that D 
lies between B and G. Applying Axiom II.4 to ABCG and the line 
AD, we find that AD and CG intersect at a point E that lies between 
C and G. Similarly, we can show that CD and AG intersect at some 
point F lying between A and G. Again applying Axiom II.4 to the 
triangle AEG and the line CF, we see that D lies between A and £, 
while another application of this axiom to the triangle AEC and 
the line BG shows finally that B lies between A and C (since G does 
not lie between E£ and C). 

Axioms II.2 in conjunction with Theorem 4 and Axiom II.3 
in conjunction with Theorem 5 yield the following two theorems. 

Theorem A. Given any two points A and C, there are points lying 
inside the segment AC and points lying outside this segment on the line 
AC. 

Theorem B. Of three points of a line, one and only one always lies 
between the other two. 

Now we give an important supplement to Pasch’s axiom in the 
form of the following theorem. 

Theorem 5a. If the points A, B and C are noncollinear and if a line 
a intersects any two of the three segments AB, BC, AC, then it does 
not intersect the third.* 


* By a line intersecting a segment we mean that the former contains some 
interior point of the latter. 


fhe Astoms of Elementary Geometry 4T 


We prove this theorem by contradiction. We shall show that the 
assumption that a intersects each of the segments AB, BC and AC 
at points P, Q, R, respectively, leads to a contradiction. 

First, it is clear that B does not lie on the line PQ (otherwise all 
the points A, B, C would lie on PQ). Next, we find that RA lies out- 
side the segment PQ, since otherwise the line AC intersecting the 
side PQ of the triangle PQB must intersect, by Pasch’s axiom, the 
other side BQ also, that is, C must lie between B and Q, contra- 
dicting the hypothesis (according to the assumption, Q lies between 
B and C, and since of three points only one can lie between the re- 
maining two, this rules out the possibility of C being between B 
and Q). Similarly, we can show that P lies outside the segment QR 
and Q lies outside the segment PR. This contradicts Theorem B. @ 

Later we shall need the following two lemmas. 

Lemma 1. Jf B lies on the segment AC and C lies on the segment 
BD, then B and C lie on the segment AD. 

Proof. In view of Axioms I.3 and II.2, we can choose a point EF 
not on the line AB and a point F on EC such that E£ lies between 
C and F (Fig. 15). The point B lies on the segment AC. Therefore 
applying Axiom [I.4 to the triangle AEC and the line FB, we con- 
clude that the line FB must intersect either segment AF or EC. 
Since E lies between F and C, Axiom I].3 implies that F cannot lie 
between E£ and C. Therefore FB must intersect the segment AE. 
Applying Axiom II.4 to the triangle FBC and the line AF and again 
using Axiom II.3, we find that the point of intersection of the seg- 
ment AE and the line FB lies between F and B. Denote this point 
of intersection by G. It can be similarly shown (by applying Axi- 
om JI.4 to the triangle GBD and the line CF and then using Axiom 
II.3) that CF intersects GD at a point H. Since A lies on the seg- 
ment GD, and FE, by Axiom II.3, does not lie on the segment AG, 
Axiom IJ].4 implies that the line EH has a common point with the 
segment AD, that is, C lies on the segment AD. The proof that B 
also lies on AD is exactly the same. HF 

Lemma 2. If C lies on the segment AD and B on the segment AC, 
then B also lies on the segment AD and C on the segmentYBD. 


C D 
Figure 15 Figure 16 
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Proof. Outside the line AB take a point G and then choose a point 
F such that G lies on the segment BF (Fig. 16). Axioms J.2 and JI.3 
imply that the line CF does not have any common points either with 
the segment AB or with the segment BG. Then, according to Axiom 
II.4, it does not have any common points with segment AG either. 
Noting that C lies on the segment AD and applying Axiom II.4 
to the triangle AGD, we find that CF must intersect GD at some 
point H. This result and another application of Axiom II.4 to the 
triangle BGD imply that the line FA intersects the segment BD. 
Thus C lies on the segment BD. The first assertion of Lemma 2 
follows now from Lemma 1. Hf 

The following important theorem can now be easily proved. 

Theorem 6. Between any two points of a line there are infinitely 
many other points of this line. 

Proof. Let A and B be two points of alinea. By Theorem 4, there 
is a point C between A and B and a point D between A and C. 
By Lemma 2, D also lies between A and 8; accordingly, A, B, C 
and D are distinct points of a. Similarly, we can show that between 
A and D there lies a point £ and that this point also lies between 
A and C and between A and B. Therefore, A, B, C, D and E are 
distinct points. Continuing in this manner, it can be established 
that between A and B there are infinitely many points C, D, E,... @ 

Note that Lemmas 1 and 2 imply the following proposition. 

Suppose that each of the points C and D lies between the points A 
and B. Then, if M lies between C and D, it also lies between A 
and B. 

Indeed. by Theorem B (p. 46), of the three points A, C, D one 
and only one can lie between the other two. But A cannot lie be- 
tween C and D since this would contradict Lemma 1. To be definite, 
assume that C lies between A and D (if necessary, we can redesig- 
nate C and D). Then the position of the points D, M,C, A satisfies 
the same conditions as do the positions of A, B, C, D in Lemma 2. 
Therefore, by this lemma, M lies between A and D. Now we can 
assert that the position of 4, M, D, B also satisfies the same condi- 
tions as the position of the points A, B, C, D in Lemma 2. As a 
consequence of this lemma, M lies between A and B. @ 

Thus we have proved the following 

Theorem 7. If the points C and D lie between the points A and B, 
all the points of the segment CD belong to the segment AB. 

Definition 2. In this case it is said that segment CD lies inside 
segment AB. 

As a corollary to Lemma 2, we at once have 

Theorem 8. If a point C lies between the points A and B, all the 
points of the segment AC belong to the segment AB. 

Similarly, from Lemma 2 (using Axiom II.3) one can prove (by 
contradiction) 
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Theorem 8a. If a point C lies between the points A and B, no point 
of the segment AC can be a point of the segment CB. 

Somewhat complicated is the proof of 

Theorem 8b. [f a point C lies between the points A and B, each 
point of the segment AB distinct from C belongs either to the segment 
AC or to the segment CB. 

Proof. Let M be a point of AB distinct from C. Assume that M 
does not belong to either AC or CB. Then either C lies between A 
and M or A lies between C and M. If C lies between A and M, then, 
since M lies between A and B, the second assertion of Lemma 2 
implies that M lies between C and B, contrary to the assumption. 
If A lies between C and M, then, since C lies between A and B, 
Lemma 1 implies that A lies between MM and B, accordingly, M 
cannot lie between A and #&. This again contradicts the assump- 
tion. 

On the basis of Theorems 8, 8a, 8b, one ¢an assert that the set of 
interior points of the segment AB, excluding the point C, is the 
sum of the sets of the interior points of AC and CB, and these two 
segments do not have any common point. 

Definition 3. Let O be a given point of a line a and let A and B 
be two other distinct points of the same line. If O does not lie be- 
tween A and B, we shall say that A and B are situated on aon the 
same side of O. If O lies between A and B, we shall say that A and 
B are situated on a on opposite sides of O. 

Theorem 9. A point O of a line a divides all the other points of this 
line into two nonempty classes such that any two points of a belonging 
to the same class lie on the same side of O, while two points belonging 
to different classes lie on opposite sides of O. 

In order to prove this result, take a point A distinct from O 
on a and form one class containing points for which A lies on the 
same side of O and another class containing points for which A 
lies on the opposite side of O. Then it has to be proved that (i) 
each class is nonempty, (ii) each point, except O, of a belongs to 
only one class, (iii) if M and N belong to the same class, the point 
O does not belong to the segment MN, and (iv) if M and N 
belong to different classes, the point O belongs to the _ seg- 
ment MN. 

All these statements can be easily proved by Theorems 8, 8a 
and 8b. 

Definition 4. A point O of a line a together with another point A 
of this line is said to define a half line, or ray, OA; the points lying 
with A on the same side of O are called points of the half line OA, 
and O is called the vertex of the half line OA. 

If A’ is a point of the half line OA, then the half lines OA and 
OA’ are identical in the sense that each point of the half line OA’ 
is also a point of the half line OA and conversely. 
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Theorem 9 implies that any point O on a defines exactly two half 
lines with a common vertex at O. 

The above exposition enables us to treat the set of points of every 
line as a set ordered in a definite manner. As is known, a set is or- 
dered if the two notions “precedes” and “follows” are defined on this 
set such that of its two distinct elements xz and y the first precedes 
the second; in this case the second is also said to follow the first. 
The transitivity condition must be satisfied: if z, y, z are three ele- 
ments and x precedes y and y precedes z, then z precedes z. 

The set of real numbers can be ordered according to “magnitude”, 
saying that a precedes b if and only if a< b. 

Let a be any line and O a point on a. Consider one of the two half 
lines with the con:mon vertex at O. We shall say that a point A 
precedes point B on this half line if A belongs to the segment OB. 

Lemma 2 immediately implies that if A precedes B and B pre- 
cedes C’, then A precedes C. Hence the points of every half line are 
seen to be in a definite order. 

Let us now agree to call one of the two half lines with the common 
vertex O the first half line and define the order of points on the 
entire line a in the following manner. 

(1) Let A, B be two points of the first half line. Then A precedes 
B on a if B precedes A on the first half line. 

(2) All the points of the first half line precede on a the point O. 

(3) All the points on the first half line precede on a the points of 
the second half line. 

(4) Point O precedes on a the points of the second half line. 

(5) Let A and B be two points of the second half line. Then A 
precedes B on aif A precedes B on the second half line. 

For any two points of a, Conditions 1-5 determine which point 
precedes the other. 

The transitivity condition is fulfilled. 

Indeed, let three points A, B, C be given on a, and suppose that 
A precedes B and B precedes C in the sense of Conditions 1-5. We 
shal] show that under the same conditions A precedes C. 

If all three points lie on one of the two half lines with vertex O, 
then, as noted above, Lemma 2 ensures that A precedes C. 

If A lies on the first half line and B on the second (or coincides 
with QO), then C is definitely a point of the second half line (other- 
wise there would be a contradiction with Condition 3 or 2). In this 
case A precedes C, by Condition 3. 

If the points A and B lie on the first half line and C lies on the 
ao or coincides with O, then A precedes C, by Condition 

or 2. 

All other possible locations of A, B, C would contradict Condi- 
tions 1-5. 

This shows that the transitivity property holds. 
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If we interchange the first and second half lines and again impose 
Conditions 1-5, we shall obtain a new order for the points of a 
which will be the reverse of the original order, that is, if A precedes 
B in the first ordering, then B precedes A in the second. 

Let O' be a point of a distinct from O. Choosing one of the two 
half lines with common vertex O’ to be the first, we can again order 
the points of a using Conditions 1-5. This order will coincide with 
one of the two orders obtained earlier by choosing O as the vertex 
(the proof is omitted). Thus, irrespective of the choice of O, Condi- 
tions 1-5 completely define two possible orders, the reverse of each 
other, for the points of a. 

Choosing one of these orders, we shall say that a direction is de- 
fined on the line. 

From the definition of the ordering of points on a line, the follow- 
ing proposition can be demonstrated: /f B lies between A and C, 
then either A precedes B and B precedes C, or C precedes B and B 
precedes A. Conversely, if A precedes B and B precedes C, or C pre- 
cedes B and B precedes A, then B lies between A and C. 

In other words, points on a line are ordered in such a manner 
that the position of B between A and C in the sense of the present 
ordering is equivalent to the position of B between A and C in the 
sense of the ordering of § 13. 

§ 15. The foregoing discussions were concerned with the position 
of points ‘on a line. We shall now establish a number of propositions 
characterizing the location of points in the plane and in the space. 

Theorem 10. Any line a lying in a plane a divides the points of this 
plane, not lying on a, into two nonempty classes such that any two 
points A and B of different classes determine a segment AB containing 
a point of a, while any two points A and A’ of the same class determine 
a segment AA’ which does not contain any point of a. 

Proof. Take any point P in a not on a, and to the first class assign 
every point A of the plane, not lying on a, such that the segment 
PA does not contain points of a, the point P itself is also assigned 
to this class (Fig. 17). To the second class assign all points B not on 
a such that the segment PB contains a point of a. Then 

(1) each class is nonempty. Indeed, if Q is ‘some point of a, then, 
by Axiom II.2, there is a point R on PQ such that Q lies between 
P and R, accordingly, R belongs to the second class. The first class, 
on the other hand, contains, for instance, P; 

(2) all points of a (except those lying on a) belong to only one 
class. In fact, any segment either contains or does not contain a 
point of a. 

(3). any two points A and A’ of the first class. determine a segment 
AA’ that does not contain any point of a. : 

Indeed, assuming that AA’ contains a point of a and that P, 
A, A’ are noncollinear we see that Pasch’s'.axiom (Axiom II.4) 
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Figure 17 


implies that one of the two segments PA or PA’ must contain a 
point of a, which contradicts the hypothesis. If P, A, A’ are col- 
linear, the same conclusion is drawn by applying Theorem B and 
Theorem 8 when P does not belong to the segment AA’ or by ap- 
plying Theorem 8b when P belongs to the segment AA’. 

(4) Any two points B and B’ of the second class determine a seg- 
ment BB’ that does not contain any point of a. 

This is a consequence of Theorem 5a when P, B, B’ are noncol- 
linear and of Theorem B and Theorem 8a when P, B, B’ are col- 
linear. 

(5) Any two points A and B of different classes determine a seg- 
ment AB which contains some point of a. 

Indeed, according to the condition, the segment PB contains a 
point of a. If P, A, B are noncollinear, then, by Pasch’s axiom, 
either PA or AB contains a point of a, but the given condition rules 
out this possibility for PA. Therefore AB contains a point of a. 

If P, A, B are collinear, the same conclusion is drawn by applying 
Theorem B and Theorems 8 and 8b. @ 

Remark. It is easy to show the following. (1) Each class contains 
infinitely many points (Theorem 6 is to be applied for the proof). 
(2) Taking P’ as any point of the first class and dividing the points 
of the plane again into two classes as above but replacing P by 
P’, we obtain the same classes as above. (3) If P is replaced by any 
other point of the second class, this will affect only the labelling 
of the classes. 

Definition 5. In the notation of Theorem 10, we shall say that the 
points A and A’ lie in @ on the same side of a, while A and B lie in 
a on the opposite sides of a. 

Theorem 11. Any plane a divides the points of the space, not lying 
in a, into two nonempty classes such that any two points A and B 
from different classes determine a segment AB which contains a point 
of a, while any two. points A and A’ from the same class determine 
a segment AA’: that:does. ot contain any point of a. 
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Definition 6. Points A and A’ are said to lie in space on the same 
side of a, while the points A and B lie on the opposite sides of a. 

We omit the proof of Theorem 11, but remark that although this 
theorem concerns space geometry, the proof does not require any 
new axioms of order, apart from Axioms I].1-II.4 which were intro- 
duced for points on a line and a plane. 

The axioms of Group II define the important notions regarding 
the order of points on a line, the location “on the same side or oppo- 
site sides”, etc. Of these the notion “lies between” is fundamental, 
all the remaining notions being based on this. 

With the aid of Axioms IJ.1-I].4 one can define in a natural way: 
a polygonal line, a triangle, a polygon in general, and can prove 
the proposition regarding the division of the plane by a simple 
polygon into two domains. But these axiéms do not imply, in par- 
ticular, that the set of elements of geometry is uncountable (for this, 
see Chapter 4, § 72). 


2.0. Group III: axioms of congruence 


§ 16. We assume that a segment is related to another segment 
(or to itself), and this relation will be expressed by the word “is 
congruent” or “is equal”. The congruence relation must satisfy the 
following axioms. 

(III.1) Zf A and B are two points on a line a and A’ is a point on 
the same line or on another line a’, then one and only one point B' 
can be found on a’ on a given side of A’ such that the segment AB is 
congruent to the segment A’'B’. 

This relationship between AB and A’B’ is expressed by 


AB =A’'B' 
ForJany segment AB, it is required that 
AB =BA 


The first part of this axiom can be expressed in short as follows: 
Every segment can be uniquely superposed on any given side of a given 
point on any given line (Fig. 18). 

(III.2) If the segments A’B’ and A"B"” are both congruent to the 
segment AB, then A'B’ is congruent to A"B", that is, if | 


A’B'’ =AB and A’B” =AB 
then 
A’B' = A4”RB’” 
Axioms III.1 and III.2 imply that if AB = A’'B’, then AB = 
= B’A'. Indeed, the two relations 


AB=A'B’, B’A’ =A'B' 
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(the second is a consequence of Axiom III.1) and Axiom III.2 imply 
that AB = B’'A’. This together with Axiom III.1 yields 
Corollary. Each segment is congruent to itself, that is, 


AB = AB, AB=BA 


Indeed, the relation AB = BA is ensured by Axiom III.1, while 
AB = AB follows from AB = BA on the basis of the previous 
result. 

Next, we prove that: if 4B = A’'B’, then A’B’ = AB, that is, 
the congruence relation between the segments is symmetrical. 

Indeed, we have A’B’ =A’B’. If AB =A’B’ is given, then 
these two relations together with Axiom III.2 imply that A’B’ = 
= AB. 

Finally, let us show that if 


AB=A’B’ and A'B'’=A'"B" 
then also 
AB = A"”B" 


that is, the congruence relation between the segments is transitive. 
For the proof, note that by the previous result the relations AB = 
= A’B’ and A’B’ =A’B" yield 


AB =A'B' and A”B" =A’'B' 


Now AB =A’"B’ is ensured by Axiom III.2. 

Thus Axioms III.4 and III.2 enable us to establish the following: 
(1) each segment is congruent to itself, (2) the congruence of segments 
is independent of the order of their points*, and (3) the congruence 
relation of the segments is symmetric and transitive. 

For more serious results we shall require new axioms. 

(III.3) Let AB and BC be two segments on a line a having no com- 
mon interior point and let A’B’ and B'C’ be two segments on the same 


* This means that AB =A’B’ implies that AB = B’'A’, BA = A'B' 
and BA = B’A’. The first has been demonstrated above and the last two can 
be shown using the symmetry and transitivity of the congruence relations of 
segments, 


The Axioms of Elementary Geometry ah) 


line or on another line a’, again without any common point. If, in 
addition, 


AB=A’'B’ and BC=B'C’ 
then (Fig. 19) 
AC =A’'C' 


Definition 7. A pair of half lines kh and k which originate from the 
same point O and do not lie on one line is called an angle. To de- 
note an angle, we shall use /(h, k) and v (k, h). 

For two points A and B on hk and k the angle will also be denoted 
by # AOB. 

The half lines 2 and k are called sides of the angle and O its vertex. 

Let h’ be a half line which with h completes a line and k’ a half 
line which with k completes a line. A point of the plane that lies on 
the same side of the line h, h’ as the points of the half line & and on 
the same side of the line k, k’ as the points of the half line h is cal- 
led an interior point of / (h, k) and the aggregate of all such inte- 
rior points is called the interior of the angle. All other points of the 
plane, except O and the points of the half lines h and k, containing 
the angle, are called exterior points of the angle and their aggregate 
forms the exterior of the angle. (In Fig. 20 the interior domain of 
Z. (h, k) is shown by double shading.) 

We note the following theorem. 

Theorem {f1a. Jf A and B are points on different sides of an angle, 
then any half line through the vertex inside the angle intersects the 
segment AB. Conversely, any half line joining the vertex with a point 
of AB lies in the interior of the angle. 

Proof of the first part. Let /_ (h, k) be the given angle (A lies on 
h), and let 1 be a half line originating from the vertex in the inte- 
rior. On the half line h’ completing h take any point C and consid- 
er the triangle ABC. Let l’ denote the half line completing / and 
1* the line composed of J and l’. By Axiom II.4, /* must intersect 
either CB or AB. But 1* does not have any point inside / (h’, k); 
accordingly, it must intersect AB. 

Furthermore, the half line 1’ does not have any point inside /_ (h, 
k); therefore the segment AB intersects 1. This establishes the first 
part of the theorem. 

For the proof of the second part, only trivial arguments are re- 
quired. Mi] 


Figure 19 
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Now we shall introduce the last important notion, that of con- 
gruence of angles. We assume that an angle is related to another 
angle (or to itself) and express the relation by “is congruent” or “is 
equal”. 

(III.4) Let an angle /_ (h, k) be given in a plane a, and let a’ be 
any line in this plane or in any other plane a’; suppose that a definite 
side of a’ with respect to a’ is assigned. 

Denote by h' some ray of a’ with the vertex at O'. Then there is one 
and only one ray k’ in a’ such that /_(h, k) is congruent to 7 (h’, 
k'); moreover, all the interior points of 7 (h’, k’) lie on a given side 
of a’. This congruence will be denoted by 


Zh, k)=Z Wh, k’) 
If z (h, kh) = Zh’, k’), then 7 (k, h) = Zz (k’, h’). Every angle 
is congruent to itself, that is, 
Z_(h, k) =v (h,k) and Zz (hi k) = Zz (k, h) 


The first part of this axiom may be expressed in short as follows: 
Every angle can be uniquely placed in the given plane on a definite 
side of a given ray (Fig. 21). 

(III.5) Let A, B, C be the three noncollinear points and A’, B’, C’ 
be another three noncollinear points. If, in addition, 


AB=A'B'’, AC=A'C and ZBAC= 7ZBAC 


then 
ZABC=yp A'BC and ZACB=yp ACB 


Fig. 22). 

A glance at the Group III axioms reveals that Axioms III.4-III.3 
deal with segments only, Axiom III.4 deals with the congruence of 
angles, while Axiom III.5 deals with the congruence of segments 
in relation to that of angles. 
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2.6. Corollaries of Axioms I-III 


§:17. We saw that the congruence of segments is mutual, that is, 
if some segment AB is congruent to segment A’B’, then A’B’ is 
congruent to AB. Therefore AB and A’B’ are called mutually con- 


gruent, 

Take a system of points A, B, C,..., K, Lona line a and another 
system of points A’, B’, C’, ..., K’, L’ onlinea’. If the segments 
AB and A’B’, AC and A’'C’, BC and B’'C’, ..., KL and K'L’ are 


mutually congruent, the two systems are called mutually congruent. 
We have the following 

Theorem 12. Assume that in two congruent systems A, B, C,..., 
K, L and A’, B’,C’,..., K’, L’ the points of the first system are so 
situated that B lies between A on one side and C, io ..., K, Lon the 
other, C lies between A, B on one side and D, , K, L on the other, 
and so on. Then the points A’, B’, C’, Kk. “L! are analogously 
situated, that is, B’ lies between A’ on one » side and C.D. ., K’, 
L’ on the other. 

This can be formulated in short as follows: When a system of 
points is congruently moved from one line to another, the order of 
points is retained. 

Omitting the proof of Theorem 12, we state the following theo- 
rem which will be frequently used later. 

Theorem 13. Let A, B, C be three points on a line a and A’, B’, C’ 
another three points on a line a’. Assume, also that AB = A'B’ and 
AC =A’'C’. If B lies between A and C, and B’ and C’ on a’ are on 
the same side of A’, then B’ lies between A’ and C’. 

In contrast with Theorem 12, the congruence BC = B’'C" is not. 
assumed beforehand. 

The theorem can be proved directly from Axioms III.1 and III.3. 
Indeed, by Axiom III.1, the e is a point C* on a’ such that B’ lies 
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between A’ and C* and B’C* = BC. Then AC = A’C*, by Axiom 
III.3. Thus AC = A’C’ and AC =A’'C*. But as C’ and C* lie 
on the same side of A’, Axiom III.1 implies that C’ and C* coincide. 
Hence B’ lies between A’ and C’. 
Definition 8. A triangle ABC is said to be congruent to another 
triangle A’B'C’ if 
AB=A’'B’, AC =A'C', BC = B'C’ 
i A = As ZB=e=Z7B, 24eCeZz0 


(in notation AABC = AA'B'C’). 
Theorem 14 (First theorem on the congruence of triangles). A 
triangle ABC is congruent to another triangle A'B'C’ if 


AB=A’'B’, AC=AC and YfA=/J/A' 


Proof. By Axiom III.5, we have ,/B=vy/_ B’ and /C= /C’; 
thus we need only show that BC = B'C’. 

Assume that BC is not congruent to B’C’. Applying Axiom ITI.1, 
we can find a point D’ on the ray B’C’ such that BC = B’D’. Our 
assumption implies that the rays A’C’ and A’D’ are distinct. Ap- 
plying Axiom IJI.5 to the triangles ABC and A’B’D’, we obtain 
Z. BAC =/B'A'D’. But according to the given condition, 
/._ BAC =/ B’'A'C’. The last two results contradict the unique- 
ness in Axiom III.4. Hence BC = B'C’. @ 

Theorem 15 (Second theorem on the congruence of triangles). 
A triangle ABC is congruent to a triangle A’B’C’ if 


AB =A'B’, aye ae and J B= ff LB 


The proof of this theorem is the same as that of the previous theo- 
tem (the “method of contradiction” is used together with Axioms 
III.4, I1I.5 and III.4). 

What Axiom III.3 states for segments, the following theorem 
‘states for angles. 

Theorem 16. Assume that h, k, | and h’, k’, l’ are; rays originating 
from O and O’, respectively, and that each of the triples of rays lies in 
one plane. Assume further that one of the rays h, k, | passes through 
the interior of the angle formed by the other two, and that the correspond- 
ing ray among the triple h’, k’, l’ (the one denoted by the same letter) 
is situated analogously with respect to the other two. Then from 


Zh )=zZN,V) and 2k HV, ’), 
it follows that 
Z. (hy k) = z (h, k’) 


Proof. We first prove this} for the case where passes through 
the interior of , (h, k) (Fig. 23). Assume that / (h, k) is not 
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Figure 23 


congruent to / (h’, k’). On the basis of Axiom III.4, construct 
Z. (h’, k") such that 7 (hk, k) = Zz (h’, k”) and that 7 (h’, k’) 
has interior points common to 7 (h’, k’). Take points A and B 
on the rays h and k, respectively, and choose points A’ and B” on 
the rays h’ and k” so that OA = O’'A’ and OB = O’B’. Then AB = 
=  A’B” by Theorem 14. Since J passes through the interior of 
Z. (h, k), from Theorem 11a it follows that J intersects the segment 
AB at some point C. On the ray A’B” take a point C” such that 
AC =A’'C". Due to the congruence relations AC =A’C” and 
AB = A’B" and Theorem 13, point C” lies between A’ and B’; 
moreover BC = B"C" (this can be proved by “contradiction”, using 
Axiom III.3). Furthermore, noting that OA =O’'A’, OB = O'B’, 
Z.(h, k) = z (h’, k") and using Axiom III.5, we have “ OAC = 
= / O'A'C" and # OBC = 7 O'B"C". The same axiom and the 
congruence relations OA =O'A’, AC=A’'C" and 7 OAC= 
Z.O'A'C” imply that 747 AOC = A’O'C". Similarly, using 
OB = O'B", BC = B’C", #7 OBC = 7 _O'B"C", wehave , COB= 
= / C"O'B". 

Due to the first of the two conclusions and Axiom IJI.4, 
point C” must lie onl’. In that case, “~ COB = v_ C’O'B" is 
equivalent to / (l, k)=vz (U, k’). But by the hypothesis of 
the theorem, /_ (l, k)= 7 (l, k’). Since, by our assumption, the 
rays k’ and k” are distinct, the last two results contradict Axiom 
III.4. 

Now assume that k lies inside / (h, l) and k’ inside / (h’, l’). 
Take points A and C respectively on h and 1, and on hh’ and I’ take 
points A’ and C’ so that OA =O’'A’, OC =O'C’. Denote by B 
the point of intersection of the ray & and the segment AC and by 
B’ the point of intersection of k’ and A’C’ (the existence of these 
points is now ensured by the location of the rays). From the hypoth- 
esis of the theorem, Axiom IJII.5 and Theorem 15, it follows that 
CB =C’'B’', whence, noting that CA =C’A’, we obtain BA = 
= B'A’. Thus; OA =O’A’ and BA =R’A’: we also see that 
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Figure 24 


Z.OAB = 7. O'A'B’ (according to Axiom III.5). Hence 7 AOB = 
/.A'O'B’. O 

The following theorem plays the same role for angles as Theorem 
13 does for segments. 

Theorem 16a. Let the rays h, k, l and h’, k’, l’ originating from O 
and O', respectively, be given in a plane. Let k and I lie on the same 
side of the line containing h, while k’ and I’ lie analogously with respect 
toh’. If z(h, hb =z, k'), ath, D=zth,l’) and if k lies 
in the interior of / (h, 1), then k’ lies in the interior of 7 (h’, l’). 

Proof. On the rays h and / take points A and C, respectively, and 
on h’, l’ take points A’, C’ such that OA =O’A’ and OC =0O'C’. 
Since & passes through the interior of / (h, l), it intersects segment 
AC at some point B. Using Theorem 14, Axiom III.1 and Theorem 
13, we can easily show that there is a point B’ on segment A’C’ 
such that AB = A’B’. Further, applying Axiom III.5, we conclude 
that ~ AOB = 7 A’O'B’. This together with Axiom III.4 implies 
that k’ passes through B’. Thus k’ lies in the interior of / (h’, 1’). MI 

Theorem 17. Jf a triangle ABC is such that AC =CB, then 
Z.CAB=/. CBA and / CBA = 7 CAB. 

Proof. The assertion is obtained by applying Axiom III.5 to the 
triangles CAB and CBA. & 

Theorem 18 (Third theorem on the congruence of triangles). A tri- 
angle ABC is congruent to triangle A’B'C’ if 


AB=A'B', AC=A’C’ ‘and BC=B'C' 


Proof. Due to Theorem 14, we need only show that ~ CAB = 
== / C’A’B’. Let us assume the contrary. By Axiom III.4, there is 
a ray A’P; which lies on the same side of A’C’ as point B’ and 
which satisfies the condition “~ CAB = / C’A'P,. By assumption, 
ray A’P{ does not coincide with ray A’B’ (Fig. 24). 
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By Axiom III.1, there is a point B, on the ray A’P, such that 
AB =A’'B\. Since AB=A'’B\, AC =A'C'’ and ‘+ CAB = 
= / CA’ B., by Theorem 14 we have AABC = AA'BC’. This 
implies the congruence BC = BC’. Since the congruence of seg- 
ments is symmetric and transitive, we conclude from the previous 
result that the sides of AA’B{C’ are congruent to the corresponding 
sides of A A’B'C’. In the same fashion, we construct a triangle 
A’B‘C’ lying on the opposite side of line A’C’ and having the same 
property. Consider the triangles A’B{B’ and C’B;3B’. Since A’B) = 
= A’B’, by Theorem 17 we have ‘2 ABB! = Z. A‘B'B; and, 
similarly, Z.BBSC’ = Z BiB'C’. From these two results and 
Theorem 16, we * conclude that LA BC = a A’B'C’, which 
together with Theorem 14 implies that A A'BiC’ as AA! B’ C. 
Hence, ae B, = Z.C’'A'B'. The proof that Z. C'A'B: 
Z.C’A’B' is exactly the same. The last two results panteaaick 
Axiom III.4 which proves the theorem. @ 

Now it is easy to prove 

Theorem 19. Jf 7 (h, ) =Z(h, k’) and zh, k) =z (h’~" 
k"), then 7 (h', kh’) = Zz (h’, k’). 

Proof. Denote the vertices of # (h, k), 7 (h’, k’) and Z (h’, k’) 
by O, O' and O”, respectively. On the rays h and k take points A 
and B (A on hk and B on k) and on h’, k’, h", k” choose points A’, 
B', A”, B” such that OA =0O’'A’, OB =O'B’, OA =O'"A” and 
OB = O"B". By Theorem 14, AB = A’B’ and AB = A’B’. Since 
the congruence of segments is symmetric and transitive, the pre- 
vious relations yield O’A’ = O"A"”, O'B’ = O’B’ and A'B' =A'B’. 
This, in view of Theorem 18, implies that AO’A’B’ = AO’A"B" 
and therefore “ A’O’B’ =/7A"O"B". 8 

Suppose now that a certain / (h, k) is congruent to 7 (h’, k’). 
Since by Axiom III.4 / (h, k) is congruent to itself: 74 (h, k) = 
= 7 (h, k), Theorem 19 shows that ~ (h’, k’) is congruent to 
Z. (h, k). Thus 


Z (h, k) = Z (hr, F’) 
implies that 
Z_(h’", k') = Z (h, k) 


This shows that the congruence relation for angles is (mutually) 
symmetric, and Theorem 19 ‘shows that it is transitive as well. 
This in turn means that congruence relation for triangles is sym- 
metric and transitive. 

Further fundamental propositions of geometry can be obtained, 
for example, in the following order. 

Definition 9. Two angles are called adjacent if they have a com- 
mon vertex and one common side, while the remaining sides form 
a line. Two angles with a common vertex are called vertical if their 
sides form lines pairwise. 
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Figure 25 


Theorem 20. Jf two angles are mutually congruent, so are the adja- 
cent angles. 

Proof. Suppose that 7 (h, k)= z (hh, k’) (Fig. 25). Denote by 
h, the ray which with h forms a es by h, the ray which with h’ 
forme a line, by O and O’ the vertices of w (h, k) and 7. (h’, k’), 
respectively. On h,k and h, take points A,B and C, respectively. 
By Axiom II1.1, there are omits A B' and C’ on h’, k’ and h, such 
that OA = O'A’, OB = O'B' and OC =O0'C'. Therefore, AC=A'C’ 
by Axiom III. 3: Z.OAB= 2 O'A'B' (or Z CAB = 7. C’'A'B’') by 
Axiom [I]I.5; and AB =A'B’ by Theorem 14. Since AB = A’B’, 
AC=A’'C’, and ¢~ CAB=vy/ _ C’'A'B’, another application of 
Theorem 14 yields BC = B’C’. Noting that OB = O'R’, OC = 
= 0'C’ and BC = B'C’, we see that Theorem 18 implies #7 ‘EOC = — 
= / B'O'C’, that is, 2 (k, h)=z(k, h). O 

Theorem 21. Vertical angles are congruent among themselves. 

This theorem follows easily from Theorem 20, since vertical 
angles have a common adjacent angle. 

An angle which is congruent to its adjacent angle is called a right 
angle. 

In order to prove the existence of right angles, take any /_ (h, k) 
and construct ~ (h’, k) congruent to 7 (h, k) but situated on the 
opposite side of k (Axiom IIJ.4 ensures that such a construction is 
possible). On h and h’ take congruent segments originating from the 
common vertex and join their endpoints by a line. If this line pas- 
ses through the vertex of 7 (h, k), then the angle /_ (h, k) is a right 
angle; otherwise, this line intersects either the ray & or its comple- 
ment. Then from Axiom IJII.5 or from Theorem 20 and Axiom III.5 
it follows that this line forms right angles either with ray & or with 
its complement. 

Theorcm 22. All right angles are congruent among themselves. 

Proof. Let 7 (h, k) and ~. (h’, k’) be right angles (Fig. 26), and 
let Z (k, hy) and 7 (k’, hj) be their adjacent angles and O, O’ their 
vertices. Assume that 7 (h, k) = Z (h’, k’). According to Axiom 
III.4, there is a ray k” originating from O’ on the same side of the 
line (hj, h’) as k’ and is such that 7 (h, k) = Zz (h’, k’). By our 
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assumption, &” cannot coincide with k’. Then k” must pass through 
the interior of either 7 (h’, k’) or Z (hj, k’) (this follows from Theo- 
rem 14a and Pasch’s Axiom II.4). Suppose, for example, that k” 
passes through the interior of / (h’, k’). Then, by Axiom [II.4, 
there is a ray k, which originates at O’ and lies on the same side of 
(hi, h’) as k’ and which is such that 7 (h’, k") = Zz (hj, k}). Since 
Z.(h', k') =z (hi, k’), Theorem 16a implies that k{ lies inside 
Z. (hi, k’); accordingly, kj; does not coincide with k”. This together 
with Axiom III.4 yields 7 (hi, k") = z (hj, kj). But, on the other 
hand, Z (hi, k")=Zz (m&, k) (by Theorem 20) =v (h, k) = 
= / (h’, k") = Zz (h,, kj), which contradicts the previous result. 
A similar contradiction is obtained if k” passes through the interior 
of 7# (hj, k’) which proves the theorem. @ 

Definition. Let A and B be two distinct points. The point O is 
called the midpoint of the segment AB if it lies on the line AB and 
is such that AO = OB. 

Theorem 23. Every segment has a unique midpoint which is its inte- 
rior point. | 

In other words, every segment can be uniquely divided inio two 
equal parts. 

Proof. Consider the segment AB (Fig. 27). We construct congruent 
angles “ MAB and / NBA such that the rays AM and BN lie 
on opposite sides of the line AB; this is possible in view of Axiom 
III.4. On rays AM and BN take two congruent segments AC and 
BD. Since C and D lie on the opposite sides of line AB, segment 
CD intersects AB in some point; call this point O. 

In choosing the segments AC and BD, we must take care of the 
following: if the lines AM and BN happen to intersect, we take 
C somewhere between A and the point of intersection of AM and 
BN, and then construct BD = AC (in reality this can never hap- 
pen, but we shall not concern ourselves here with a proof of this). 
Now it is clear that O coincides neither with A nor with B. It is also 
easy to show that O cannot lie outside the segment AB. Namely, 
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Figure 26 
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Figure 27 


the supposition that A lies between O and B contradicts Pasch’s 
axiom as applied to triangle OBD (line AM intersects the segment 
OB at A but intersects neither OD nor BD). Thus O lies between 
A and B. We shall show that O is the midpoint of segment AB. In 
fact, by Theorem 14, the triangles ABC and ABD are congruent, 
which yields CB = AD. This result and Theorem 18 imply that 
the triangle ACD and BCD are congruent, which, in turn, means 
that Z~ ACD and / CDB are congruent. This result with the aid 
of Theorem 15 shows that the triangles ACO and BDO are congruent, 
hence AO = OB. 

We shall now show that the midpoint of a segment is unique. 
Assuming otherwise, let the segment AB have two midpoints. In 
view of Axiom III.1, one of these lies between the other and the 
point A;* call them O, and O, and let O, lie between A and O,. By 
Lemma 2, then, O, lies between O, and B. Noting that AO, = 
= BO, and AO, = BO, as well as that O, lies between A and O, 
we see that Theorem 13 implies that O, lies between B and O,. Thus, 
on one hand we find that O, lies between B and O,, while on the 
other hand that O, lies between B and O,. This contradicts Axiom 
II.3. @ 

We mention the following theorems. 

Theorem 17a. In an isosceles triangle, the median is also the alti- 
tude of the triangle and the bisector of the angle at the top vertex. 

Theorem 24. Every angle can be uniquely divided into two equal 
parts. q 

Theorem 25. From a given point one and only one perpendicular 
can be drawn fo a given line. 

Theorem 26. At every point on a line one and only one perpendicu- 
lar can be erected to this line. 

§ 18. The axioms of Groups I-III enable us to introduce the rela- 
tions “greater than” and “less than” for segments and angles. 


* By Axiom III.1, the midpoint of the segment lies inside it. This implies 
that if AB has two midpoints, one of them lies between the other and point A. 
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Definition 10. A segment AB is greater than segment A’B’ or 
A’B’ is less than AB if there is a point C inside AB such that 


AC = A'B’ 


(in notation, AB >A’B' or A'B' < AB). 
Definition 17. An angle / (h, k) is greater than angle / (h’, k’) 
or Z (h’, k’) is less than Z (h, k) if among the half lines passing 


through the vertex of / (h, k) internally there is a half line 7 such 
that 


Le (h, l) =f (h', k’) 
Theorem 27. For any two segments AB and CD one of the relations 
AB=CD, AB>CD, AB<CD 


always holds, and one of them rules out the other two. 

Indeed, by Axiom IJI.1, there is a point M on the line AB which 
lies on the same side of A as point B and AM =CD. If M lies be- 
tween A and B, then AB >CD; if M coincides with B, then AB = 
= CD; if B lies between A and M, then AB < CD. Thus we have 
shown that one of three relations always holds. 

Now we shall show that one of them rules out the other two. 
Suppose, for example, that AB >CD. In this case, there is a point 
M on the segment AB such that AM =CD. If AB and CD were 
to satisfy one more relation, say AB = CD, in addition to AB > 
>CD, then Axiom JII.2 would imply that AM = AB, which 
would contradict Axiom III.1. Similarly, AB >CD and AB< 
< CD cannot hold simultaneously. Indeed, if they could, there 
would be a point M between A and B such that AM =CD anda 
point N between C and D such that CV = AB. This contradicts 
Theorem 13. @ 

Theorem 28. /f AB < A’'B' and A’B’< A'B", then AB < A’B". 

This result can be proved by obvious arguments using Theorem 13 
and Theorem 8 (or Lemma 2). As a corollary of Theorem 28 we have 

Theorem 29. If the segment CD is a part of the segment AB, then 
CD < AB. 

The reader may easily formulate analogues of Theorems 27, 28 
and 29 for the comparison of angles. 

Having introduced the notions of “greater than” and “less than” 
for segments and angles, the following theorems may be formulated 
and proved. 

Theorem 30. The exterior angle of a triangle is greater than each 
of its interior angles except the one adjacent to it. 

Although Theorem 30 plays an important role in our exposition, 
we omit its proof here, since the proof which is usually given in 
textbooks can be justified by the axiom of Groups I-III. This theo- 
rem was mentioned in § 5, where its proof was also given. 
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Theorem 31. In any triangle at least two of the angles are acute. 
Theorem 32. In any triangle the larger side lies opposite the larger 
angle, and, conversely, the larger angle lies opposite the larger side. 

Theorem 33. A perpendicular is shorter than an inclined line. 

Theorem 34. Each side of a triangle is less than the sum and greater 
than the difference of the remaining two sides. 

Theorem 34 implies that a straight segment is shorter than a broken 
line joining the endpoints. 

We have mentioned a number of theorems that can be proved on 
the basis of the axioms of Groups I-III. But at the same time many 
important geometrical facts cannot be deduced from these axioms. 
For example, these axioms do not imply that a line passing through 
an interior point of a circle intersects this circle. With the aid of 
the axioms of Groups I-III, it still cannot be shown, as was also 
the case using only the axioms of Groups I-II, that the set of geom- 
etrical elements is uncountable (for details in this connection, 
see § 72). 

§ 19. The axioms of Group III enable us to define motion. As 
noted earlier, Euclid accepted motion as an obvious concept, not 
justified by any axiom, coinciding figures are considered equal. 
Thus in the Euclidean system the concept of motion is fundamental 
(although it remained unsubstantiated) and congruence is deduced 
from this. Hilbert introduced congruence as a basic concept with 
the aid of which the concept of motion can be defined. This defini- 
tion will now be given. 

Let 2 and Q’ be two sets of points, whether they are finite or 
infinite is immaterial. Let the points of these sets be in a one-to-one 
correspondence. Each pair of points M and N of QQ determines a 
segment MN. Let M’ and N’ be points of Q’ corresponding to the 
points M and N. We say that segment M’N’ corresponds to segment 
MN. 

If the correspondence between {2 and Q’ is such that the corres- 
ponding segments are always mutually congruent, the sets 9 and 
Q’ are called congruent. We also say that each of the sets Q and Q’ 
is obtained from the other by motion or that one of the sets can be 
superposed on the other. Corresponding points of the sets Q and 
Q’ are said to coincide through superposition. (The difference between 
congruent proper and mutually reflecting sets is not introduced 
here.) 

The following theorems hold. 

Theorem 1. Under motion, points of a line are mapped into points 
also lying on a line. 

This theorem is a direct consequence of Theorem 34. Indeed, 
consider a point set on a line a. We have to show that the points of 
the congruent set lie on one line a’. Choose three points A, B, C 
of the given set on a and, to be definite, assume that B is between 
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A and C. Thus the segment AC is made up of two segments AB and 
BC. If the points A’, B’, C’ obtained from A, B, C by congruent 
movement do not lie on one line, then they form a triangle and, by 
Theorem 34, the segment A’C’ must be less than the segment com- 
posed of A’B’ and B’C’. Since A’B’ = AB and B'C’ = BC, we must 
have A’C’ < AC, which contradicts the fact that the two sets are 
congruent. & 

The following theorems are given without proof. 

Theorem II. Under motion, points of a plane are mapped into points 
of some plane. 

Theorem IIT. The angle between two segments joining a point of the 
set with two other points of the same set is congruent to the angle be- 
tween the corresponding segments of the congruent set. 

Theorem A. Let M, N, P, Q be four noncoplanar points of some 
configuration Q (that is, of some set of points), M’ be any point in 
space, a be any line through M’, and a any plane through a. Then 
through motion Q can be mapped into a position such that M coincides 
with M’, N lies on a preassigned side of M', P lies in a on a preas- 
signed side of a, and Q lies on a preassigned side of a. 

Theorem B. If three noncollinear points M, N, P of a configuration 
(2 coincide with the corresponding points M’, N’ P’ of a congru?: 
configuration Q' then two cases are possible: (i) every point of Q coin- 
cides with the corresponding point of Q’ or (ii) every point of Q lying in 
the plane MNP coincides with the corresponding point of ’ while the 
remaining corresponding points of these configurations lie on either side 
of the plane MNP and every point of Q’ is uniquely determined by the 
position of the corresponding point of Q (in the latter case the configura- 
tions are said to be symmetric or mutually reflecting in the plane 
MNP). 

In plane geometry Theorems A and B assume the following form. 

Theorem C. Let M, N, P be three noncollinear points of some con- 
figuration’ Q, M’' be any point of the plane, and aa line through M’. 
Then by motion Q can be mapped into a position such that M coincides 
with M’, N lies on a on a preassigned side of M’ and P lies on a preas- 
signed side of a. 

Theorem D. If two distinct points M and N of a configuration 
coincide with the corresponding points M' and N’ of the congruent 
configuration Q’, then there are two possible cases: (i) every point of 
Q coincides with the corresponding point of Q’ or (ii) every point of Q 
lying on the line MN coincides with the corresponding point of Q' while 
the remaining corresponding points of these configurations lie on either 
side of MN and each point of Q’ is uniquely determined by the position 
of the corresponding point of Q (in this case the configurations are said 
‘o be symmetric with respect to MN). 

Theorems A and C characterize the degree of freedom of displace- 
ments of configurations. Theorems B and D establish conditions 


i 


68 Foundations of Geometry 


determining the positions of configurations; namely, three points of 
a configuration determine its position in space to within reflection, 
while in a plane two points determine the position of configuration 
to within symmetry with respect to a line. 

In defining the motion of a configuration 2, we may assume, for 
one, that the set of its points fill the entire space and, in the case of 
plane geometry, the entire plane (that is, it may be assumed that 
every point in space and, in plane geometry, every point in the plane 
has a corresponding point, and if M’, N’ correspond to M, JN, 
then MN = M'N’). Then we say that the motion is performed of 
the entire space or, in the case of plane geometry, of the entire 
plane. 

A motion of a configuration or of the entire space is called a rota- 
tion about a point O if O coincides with its corresponding point O’, 
that is, if O retains its position. A motion is a rotation about a line 
a if every point of a coincides with its corresponding point, that is, 
if every point of a retains its position. The line a is known as the 
axis of rotation.* 

A motion is said to be a translation along a line u if the following 
three conditions hold: 

(1) every point of wu is displaced but remains on u; 

(2) every point of a plane @ passing through wu remains on @ on 
the original side of wu; 

(3) every point not on @ remains on the original side of a. 

A motion in which all the points retain their positions is referred 
to as a translation along any line. 

The rotation about a point and translation along a line are partic- 
ular cases of motions. On the other hand, any motion can be achie- 
ved by a successive performance of translation and rotation. 

In order to make the meaning of the last statement precise, we 
point out a fact which plays a fundamental role in the investiga- 
tion of motions. 

Suppose that two motions of space are performed one after anoth- 
er. The first of these shifts any point M to a point M’ and the 
second shifts M’ to M”. This results in a transformation of all the 
points of space in which any point / is shifted to M”. Such a trans- 
formation will be called the product of motions. Inorder to define 
the product of motions, it is not enough to mention its component 
motions; the order in which they are performed must also be in- 
dicated. 

Theorem. The product of two motions is a motion. 

The proof of this important theorem is obvious. Indeed, let any 
two points M and N in space be shifted to M’ and N’ by the first 


* These definitions differ from the usually accepted ones, since we have 
not ruled out reflections of configurations. 


The Axioms of Elementary Geometry 69 


of these motions and to M” and N” by the second motion. We must 
show that the segment MN is congruent to the segment M’N”. By 
the condition of the theorem, MN = M’N’ and M’'N’ = MN’, 
whence Axiom III.2 and the propositions following from it imply 
that MN = M’'N"’. @ 

The property of motions expressed by the above theorem is known 
as the group property. Having noted the presence of group property, 
we may discuss the question of representing arbitrary motions as a 
product of some special simple motions. In particular (as noted 
above), every motion is a product of translation and rotation. 

To prove this, consider any configuration 2 (whose points may 
fill the entire space) and assume that a motion transforms it to a 
congruent configuration 9’. Let M be any point of Q whose new 
position is M’. 

Denote by 2” the configuration ghiniied from Q through transla- 
tion which shifts M to M’. Obviously Q’ and Q” are congruent, and 
a point of Q” corresponding to M’ of Q’ coincides with M’. Therefore 
the motion through which Q” coincides with Q’ is a rotation about 
M"’. Thus any shift of the configuration from Q to Q’ is the product 
of translation from Q to Q” and rotation as a result of which Q” 
coincides with Q’. 


2.7. Group IV: axioms of continuity 


§ 20. By means of the axioms of Groups I-III we compared seg- 
ments such that of any two segments one is either greater than, less 
than or equal to the other (Theorem 27 of § 48). 

However, the axioms of Groups I-III are not sufficient to define 
the process of measuring, so that the relation of a given segment to 
a linear unit would be expressed by a definite number. 

The validity of the process of measuring segments is expressed 
by the following Axiom IV.1, which is’ usually known as Archime- 
des’ axiom. This axiom enables us (with the choice of a linear unit) 
to define uniquely for every segment a positive number called the 
length of the segment. To be able to show conversely the existence of 
a segment whose length is equal to any preassigned number, we 
require one more axiom. 

Deviating from the exposition of Hilbert, we take such an axiom 
to be Axiom IV.2, which is nothing but the well-known Cantor’s 
principle regarding nesting of intervals. In Hilbert’s system, Axi- 
om IV.2 is replaced by the axiom of completeness, which will'be 
associated with Cantor’s axiom in Chapter 4. 


(1V.4—Archimedes’ axiom) Let AB and CD be any two segments. 
Then on the line AB there isa finite number of points A,, Ay, ..., A, which 
are so situated that A, lies between A and Az, A, lies between A, and 
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A, and so on, and the segments AA,, A,A,, ..., An-yAn are congruent 
to CD and B lies between A and A, (Fig. 28). 

(IV.2—Cantor’s axiom) On any line a let there be given an infinite 
sequence of segments A,B,, A,B.,, ... in which each of the successive 
segments lies inside the preceding one. Suppose further that, whatever 
the preassigned segment, there is a number n such that A,B,, is less than 
this segment. Then there exists a point X of a which lies inside each of 
the segments A,B,, A.B, etc. (Fig. 29). 


This axiom immediately implies that there is only one point X 
which lies inside each of the segments A,B,, A,B, etc. 

Indeed, if there were another point Y on a lying inside each of 
the segments A,B,, A,B,, ..., then for any n the segment A,B, 
would be greater than XY, which contradicts the condition. 

Definition 12. Suppose that to every segment there corresponds a 
definite possitive number such that 

(1) to equal segments there correspond equal numbers; 

(2) if B is a point of the segment AC and numbers a and 6b cor- 
respond to the segments AB and BC, respectively, then a-+ b 
corresponds to AC; 

(3) to a segment OO’ there corresponds the number 1. 

The number which corresponds to a given segment in the above 
manner is called the length of this segment; the segment OO’ is 
called the linear unit or the unit length. 

We shall show that Conditions (1), (2), and (3) uniquely deter- 
mine the length of every segment. First we shall assume that to each 
segment there corresponds a positive number such that Conditions 
(1)-(3) are fulfilled and shall show that there is no other correspon- 
dence between segments and numbers satisfying Conditions (1)- 
(3). Then we shall demonstrate that such a correspondence is pos- 
sible. (In other words, first we shall show the uniqueness and then 
the existence of length.) 

First of all note that if the segment A# is greater than the seg- 
ment A’R’, then the length a of AB is greater than the length a’ 
of A’B’. Indeed, according to the definition of “greater than” (see 
§ 18), AB contains a point P which together with A defines a seg- 
ment AP equal to A’B’. Denote by zx and y (x >0, y >0O) the 
lengths of AP and PB. By Condition (2), we have a = x + y, while 
by Condition (1) z = a’; whence a = a’ + y and, accordingly, a > 
>a’. 


A A, A) An-| B An 
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Figure 28 
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Further, according to Theorem 23, the linear unit OO’ can be 
halved. Denote by O, the midpoint of segment OO’. Since the lengths 
of congruent segments OO, and O,O’ are equal and their sum is uni- 
ty, each of these has the length 1/2. Dividing OO, into two equal 
parts by a point O,, we find that the length of OO, is 1/27, and so on. 
The segments OO,, OO,, ... will be called half, one-fourth, etc. 
of the linear unit. 

Consider now an arbitrary segment AB with length a. From A 
towards B on the line AB mark off the segments AA,, A,Ag, etc., 
which are congruent to OO’. If one of thé points A, coincides with 
B, then by condition (2) a=n. If, however, no point A,, Az,... 
coincides with B, then, according to Archimedes’ axiom, there are 
two points A, and A,4+, such that B lies between them. In this case 
a must satisfy the inequalities 


n<xa<xne+i 


because AB is greater than AA, and less than AA,,4, and the lengths 
of these two segments are, respectively, n and n+ 1. Thus a is 
defined to within unity. We shall now show that a can be defined to 
within any accuracy. The process below which allows to find the 
value of a is called measuring. 

Divide the segment A,A,+, by a point P, into two halves. Then 
B lies between either A, and P, or P, and A,4, or else coincides 
with P,. In other words, the segment A,B is less than or greater 
than or equal to the linear unit. Therefore we have, respectively 


n<a<n+1/2 
or 


n+14/2<a<n+t 


a=n- 1/2 


In the last case, a is determined exactly and the process of measur- 
ing is completed, while in the first two cases a is determined to 
within 1/2 and the measuring is to be continued. Of the two segments 
A,P, and P,A,+, dividing the one which contains B into two equal 
parts by a point P,, we may, depending on the position of B, either 
determine a exactly if B coincides with P, and stop the process or 
lind a to within 1/4 if B does not coincide with P, and continue the 
process in a similar fashion. 

Instead of trying to enclose a between closer bounds, it is more 
convenient to obtain a binary representation for a: 


—= N.NyNo 


or 
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Here n is the integral part indicating the number of linear units 
contained in AB; n, is the first place after the decimal point which 
is either 1 or 0 depending on whether or not AB contains, besides 
n linear units, half of the linear unit; n, is also either 1 or 0 depend- 
ing on whether or not AB also contains, apart from n linear units 
and n, half of the linear unit, one-fourth of the linear unit and so on. 
The binary fraction expressing a may be either finite, if B coincides 
with one of P,, P., ..., P,, ..., which are constructed in the process 
of measuring, or infinite, if B does not coincide with any of these 
points. For example, if in the process of measuring we find that AB 
contains exactly one linear unit, one one-fourth and one one-eighth 
of the linear unit, then a = 1.011. In this case B coincides with 
P,. It is evident that a finite binary fraction can be formally looked 
upon as an infinite fraction; for example, a = 1.011000.... By say- 
ing that a binary fraction is infinite, we shall mean that it is es- 
sentially infinite, that is, it does not have a form in which after a 
certain digit only zeros follow. Assuming that to every segment 
there corresponds a certain length so that Conditions (1)-(3) are 
fulfilled, we have been able to find, with the aid of Archimedes’ 
axiom, for any given segment every figure in the binary fraction 
representing this length. Thus the lengths of segments are uniquely 
determined by Conditions (1)-(8). 

Now we must show that to every segment there corresponds a 
positive number so that Conditions (4), (2), (8) are fulfilled. To 
do this, with every segment as its length we associate the number 
obtained above in the process of measuring it. We have to show that 
then Conditions (1), (2), (3) are fulfilled. 

First of all it is clear that the process of measuring as applied to 
the linear unit gives the number 1. Thus Condition (8) is fulfilled. 

Further, for two congruent segments the measuring process gives 
equal values to their lengths. This is a direct consequence of Theo- 
rem 13, § 17, according to which the systems of points on two lines 
that are obtained in the measuring process have the same order of 
location; therefore, while measuring the two congruent segments in 
the resulting binary fractions there appear successively the same 
figures in analogous places. This shows that Condition (1) is also 
satisfied. 

It remains to show that Condition (2) is satisfied. 

First we shall prove two auxiliary propositions. 

Auxiliary Proposition 1. Given any segment PQ, it is always pos- 
sible to choose a large number n such that by dividing the linear unit 
into 2” equal parts we obtain segments each of which is less than PQ.* 


* Every segment can be divided into 2" equal parts, since every segment 
can be halved (see Theorem 23, § 17). 
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To prove this proposition, first assume that the linear unit OO’ 
is divided by A into two equal parts, OA and AO’, and that each 
of them is greater than PQ. Then there is a point O, inside OA such 
that OO, = PQ, and there is a point A, inside AO’ such that AA,= 
== PQ. Mark off a segment O,O0, = PQ in the direction of A. Note 
that (i) A lies between O, and A,, and (ii) the congruence relations 
0,0, = A,A and 0,A, = A,O, hold; this together with Theorem 13. 
implies that O, lies between O, and 4,. Applying Lemma 2 of § 14, 
we find that O. lies between O, and O’. Thus, if each half of the 
linear unit OO’ is greater than P@, by removing segments OO, and 
O,0,, which are congruent to PQ, we do not cross the point O’. This 
implies that if for any n by dividing the linear unit into 2” equal 
parts we obtain segments > PQ, then summing PQ as many times 
as we please, we cannot exceed the linear unit. This contradicts 
Archimedes’ axiom, proving the proposition. Mi 

This proposition has a very important corollary. Namely, the 
process of measuring a segment cannot lead to an infinite binary 
fraction in which after a certain stage all the figures are 1’s. 

Indeed, suppose that a segment AB is being measured. Here we 
shall employ the same notation as the one used in describing the 
process of measuring above. If the measurement results in an infi- 
nite binary fraction with integral part n, then B lies between A, 
and A,4+,. Assume first that in the fraction 1’s appear successively 
immediately after the decimal point. Then B lies inside each of the 
segments P,A,4,, P, An+1,.--; accordingly, for any n the segment 
BA,, +, is less than each of the 2” equal parts of the linear unit, which 
contradicts Auxiliary Proposition 1. Assume now that the fraction has 
zeros in the kth place and then 1’s repeat. Then B lies inside each 
of the segments P;4,P,, PprioP, ..., which is again in contradiction 
with Auxiliary Proposition 1. | 

The above fact simplifies the comparison of two binary fractions 
obtained by measuring segments. Namely, let a and b be two binary 
fractions obtained by measuring two segments. If up to certain 
places these fractions coincide and then in the next place a has zero 
and 6 unity, then one can assert that the number represented by a 
is less than the number represented by 6 (such an assertion may not 
be valid regarding arbitrary binary fractions; for example, the 
fractions 1.11000... and 1.101411... represent the same number). 

Auxiliary Proposition 2. If segment A*B* is less than segment AB 
and numbers b* and b are obtained by measuring these segments, then 
b¥ <= Ob. 

Since A*B* < AB, there is a point B’ on AB such that AB’ = 
= A*B*. We have to show that measurement of AB’ yields a num- 
ber less than the number obtained by measuring AB. 

Starting from A we mark off towards B segments AA,, A,Aoz, ... 
equal to the linear unit. Regarding any segment of line AB, let. 
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us agree to say that a point belongs to the segment if it lies inside 
this segment or coincides with its left endpoint (assuming left to 
right is from A to B&B). For example, A, belongs to segment A,Aog, 
while A, to the next segment A.A3. If, under this condition, B’ 
and B belong to distinct segments of the system AA,, A,Aog, ..., 
then the integral part of b* is less than the integral part of b, and 
therefore b* < b. But if both B’ and B belong to the same segment 
A;A;4,, then 6* and 6b have the same integral parts. In this case, 
we divide the segment A;A;+, into two halves. If B and B’ happen 
to be in different halves, then the first figure after the decimal in 
b* is zero, while in b it is 1; accordingly, b* < b. But if both B’ 
and B lie in the same half of the segment A;A;4,, then, b* and b 
have identical integral parts and the same figure after the decimal 
point. Then we divide that half of A;A;4, which contains both B’ 
and B, and so on. 

Continuing this process, we finally establish that b¥*< b, provid- 
ed B’ and B never lie both in the same half obtained by dividing 
the segment. However, the last assumption must be rejected, be- 
cause it means that the segment B’B is less than each of the 2” 
equal parts of the linear unit for any n, which contradicts Auxiliary 
Proposition 1. & 

We are now in a position to show that Condition (2) is also sat- 
isfied. 

Let AC be any segment and B& a point inside it. Denote by a, 
b, c the numbers obtained by measuring the segments AB, BC and 
AC. We must prove that 


ab = Cc 


Fix a positive integer nm and starting from B in the direction of 
A mark off segments BA,, A,Az, ... congruent to the segments ob- 
tained by dividing the linear unit into 2” equal parts. Archimedes’ 
axiom implies that among the points A,, Ag, ... there are two points, 
A, and A;+,, such that A, either belongs to BA or coincides with 
A and Az, in combination with B determines a segment BA;4, 
containing A. Similarly, determine points C,; and C,4, marking 
off segments BC,, C,C,, ... in the direction of C that are congruent 
to the segments A;A;4,. Evidently, the following inequalities 
hold between the segments: 


BA,<ABR< BAgyy, BC) <BC < BC ray 
ApCy SAC < Aga Cray 


From this and noting Auxiliary Proposition 2, these inequalities 
yield inequalities for the corresponding numbers: 
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These inequalities yield 


k+l k+1-+2 k+l k-+1+2 
SS <atpog st a ge eae 


hence 


1 
ja+-b6—e| spr 


Since nm is any positive integer, it follows that 
atb—c=0 


or a+ b= c, as required. 

Thus the axioms of Groups I-III and Axiom I[V.1 enable us to 
define the measurement of segments and with each segment to asso- 
ciate a positive number called its length..Length is uniquely defined 
by Conditions (1)-(3). | 

According to Condition (1), equal segments have equal lengths. 
Theorem 27 of § 13 and Auxiliary Proposition 2 imply also the con- 
verse, that is, segments having the same lengths are equal. In this 
manner, the comparison of segments can be replaced by that of cor- 
responding lengths. 

Similar to the definition of the length of a segment is the defini- 
tion of the magnitude of an angle. 

Definition 13. To every angle let there correspond a positive num- 
ber such that the following conditions hold: 

(1) Equal numbers correspond to equal angles. 

(2) If a ray J passes inside /_ (h, k) through its vertex and numbers 
a and B correspond to 7 (h, 1) and / (1, k), then a + 6 corresponds 
to 4 (h, k). 

(3) Number 1 corresponds to a certain angle / (0, 0’). 

Then the number that corresponds to a given angle in the above 
manner is called its magnitude and / (0, o’) is called the angular 
unit. 

The uniqueness and existence of the magnitude of angles is 
proved in the same way as done for the length of segments. In doing 
so there is no need to introduce a new axiom analogous to Archime- 
des’ axiom for segments; the corresponding proposition can be 
proved. 

§ 21. In accordance with the previous result, apart from the set 
of all segments, the set of their lengths is a completely defined set; 
of course, we assume that a linear unit has been chosen. But from 
the Axioms of Groups I-III and Axiom IV.1 it does not follow that 
the lengths of segments exhaust all the real numbers. On the basis 
of these axioms it cannot even be established whether the set of 
lengths is uncountable. 

Only if we extend the system of axioms by adjoining, for example, 
Cantor’s axiom IV.2 can we prove the following 
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Theorem 35. For any real number a > 0, there is a segment with 
length a. 

To prove this theorem, represent a in the form of a binary frac- 
tion n.n,n,.... Assume first that a cannot be represented by a finite 
binary fraction. Then the fraction n.n,n,... cannot have, after a 
certain stage, only 1’s (because the infinite fraction n.n,n,... 
...m,01411.... represents the same number as the finite fraction 
N.NyNo...Npz1). 

Take a half line with vertex at the point A and on this half line 
construct segments AA,, A,Az, ..., An,4n+, congruent to the linear 
unit. Divide the last of these segments, segment A,A,4,, into two 
equal parts by a point P,. We call that half of A,A,4, the left half 
which is situated on the same side as A, and the other half the right 
half. This terminology applies to any other segment of the half line 
if that segment is to be divided into two halves. Denote by l, the 
segment coinciding with the left half of A,A,4, if n, = O and with 
the right if nm, = 1. We next divide J, into two halves by P, and 
denote by /, its left or right half depending on whether n, = 0 
or n, = 1. This process is continued indefinitely. Thus we construct 
a sequence of segments l1,, lp, .... 

By construction, the interior points of each of these segments lie 
inside the preceding segment and one endpoint of a segment coin- 
cides with the endpoint of the preceding segment. It cannot happen, 
however, that, starting from a certain number all the segments l, 
have a common endpoint (since the fraction n.n,n,... cannot have 
only zeros or 1’s after a certain stage). Therefore among the segments 
l,, l,, ... there is a segment /,, lying strictly inside /,, there is a 
segment /,, lying strictly inside /,,, and so on. Furthermore, Aux- 
iliary Proposition 1, which was used to prove the existence of length, 
implies that there is no segment less than all of the segments l,, 
ly, ly,, -... Therefore we may apply Cantor’s axiom IV.2 to the 
sequence J,, l,, l,,, ... and, according to this axiom, assert that 
there is a unique point B lying inside all the segments J,, 1;,, l:,, 
.... Clearly, this point B also lies inside all the segments l,, l,, 
l,, .... Evidently, segment AB has the length a. In fact, measure- 
ment of AB gives just a. 

Thus the theorem is proved when a cannot be represented by a 
finite binary fraction. If a is represented by a finite binary fraction, 
then the endpoint B of the required segment will be one of the points 
A,, P,, P., .... We omit the detailed arguments in this case and 
note only that here Cantor’s axiom need not be used. @ 

A proposition analogous to Theorem 35 holds for the magnitude 
of angles also. Namely, we have 

Theorem 36. Suppose that, with a choice of unit of measurement, 
the right angle has a magnitude w. Then to any numbera, O<a< 
< 2w, there corresponds an angle whose magnitude is a. 
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It is customary to choose the unit of measurement of angles so 
that the magnitude of the right angle is the number z/2. In this 
case the unit of measurement is called the radian. 

Having defined the measurement of segments and angles and estab- 
lished, in Theorems 35 and 36, that a segment can be constructed 
with a given length and an angle with a given magnitude, we can 
apply arithmetic and algebra to geometry. 

For example, employing the methods of arithmetic, we can prove 
the following important theorem. 

Theorem 37. There are points inside every segment that divide it 
into n equal parts. 

Indeed, let a segment AB be given. We have proved that every 
segment has some length; denote by a the length of AB. Using divi- 
sion of numbers, we obtain the number d/n. From Theorem 35 and 
Axiom IJI.1 it follows that on AB there exist segments AA,, A;Az, 
.., An-e4n-, With the same length a/n. Obviously, the points A,, 
A>, ---, An-, are the points sought. 

A similar theorem holds for angles. 

Theorem 38. Inside every angle through its vertex there pass half 
lines dividing this angle into n equal parts. 

§ 22. With the aid of the axioms of Groups I-IV, we may intro- 
duce the principle of coordinates for a line, a plane and space. 

We first construct a coordinate system for a line. Take any line 
a, and on it choose a point O called the origin. Let us agree to call 
one of the two half lines defined on a through O positive and the 
other negative. Furthermore, we choose a segment as the wnit of 
measurement. 

With every point / on a we associate its coordinate x, taking the 
absolute value of z to be the length of OM and determining the 
sign from the position of M in the following manner: z > 0 if M 
lies on the positive half line, z < 0 if M lies on the negative half 
line, and z=O if M coincides with O. As an immediate conse- 
quence of Theorem 35, we have the following proposition. 

For any number x there is just one point on the line with coordinate 
£: 
We now introduce a system of coordinates in a plane. Let a be any 
plane, O any point in this plane, and @ be some line in @ through 
O. Then O divides a into two half lines, one of which is called posi- 
tive and the other negative. Line a divides a into two half planes, one 
of which is called positive and the other negative. Choosing a unit 
of length, we define on a, in accordance with the previous process, 
a system of coordinates with the origin at O and a positive half 
line. 

Take any point VM in a. By Theorem 25 of § 17, a unique perpen- 
dicular can be drawn to a from M. Let the foot of this perpendicular 
be M,.. Let xz be the coordinate of MV, in the system of coordinates 
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introduced on line a, and let y be a number whose absolute value is 
equal to the length of the segment MM,,.. The sign of y is deter- 
mined as follows: y>0O if M lies in the positive half plane, 
y < Oif ™M lies in the negative half plane, and y = Oif M lies on a. 

Thus to every point M in a@ there corresponds a pair of numbers 
zx and y, called the coordinates of this point. 

Obviously, for every pair of real numbers x and y there is just one 
point in the plane with these numbers as its coordinates. 

Indeed, the number z always uniquely defines M, on a. By Theo- 
rem 26 of § 17, at point M, we can erect a unique perpendicular 
to a. Assume y ~ 0. Then, by Theorem 35, there is a segment whose 
length equals the absolute value of y. Starting from M,. mark 
off this segment on the perpendicular to a in such a way that it lies 
in the positive half plane if y > O and in the negative half plane 
if y << 0. Denote by M the endpoint of the segment thus marked 
off. Then M will have the given coordinates x and y. 

When y = 0, assume that M coincides with M,. Then M has the 
given coordinates x and y = 0. 

Thus it is always possible to find a point whose coordinates are 
the given numbers zx and y. The uniqueness of this point can be 
shown by obvious arguments. 

To introduce coordinates in space, choose any plane @ and define 
in it by some method a coordinate system (that is, take a point 
O, a line a, etc.). The plane a divides the space into two half spaces, 
one of which we shall call positive and the other negative. Then with 
every point M in space we associate three coordinates (z, y, z) de- 
fining them as follows: xz and y coincide with the coordinates of M’ 
(the foot of the perpendicular drawn from M to a) in the coordinate 
system that we assume to be introduced in @; z equals, in absolute 
value, the length of the segment MM’; z > 0 if M lies in the posi- 
tive half space, z << 0 if WM lies in the negative half space, and z = 
= 0 if M lies in a. 

This method of introducing coordinates in space requires prior 
definition of the perpendicular to a plane and the proof of the theo- 
rem which states that from any point there can be drawn only one 
perpendicular to the given plane. The required definition as well 
as the proof of the theorem can be given in the same way as is done 
in textbooks on elementary geometry. 

If we also prove the existence and uniqueness of a perpendicular 
to a plane at a given point of it, then, using Theorem 26 of § 17, 
we can prove the following assertion. 

For any three real numbers x, y, 2 there is just one point in space 
with the coordinates x, y, Z. 

The above systems of coordinates in plane and space could be 
termed Cartesian. It should be pointed out, however, that many 
properties which are characteristic of the Cartesian system do not 
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follow from the axioms of Groups I-IV alone. Consider for simplici- 
ty a coordinate system in the plane. Let us call, as is usually done, 
a as the z-axis and the line perpendicular to a at O as the y-axis. 
Take any point M in the plane and denote by M, and M, the feet 
of the perpendiculars drawn from M to z- and y-axis, respectively. 
Using the axioms of Groups I-IV we cannot show, for example, that 
the segment OM, is equal to the segment M,M. Similarly, from 
these axioms one “cannot deduce the well known result of analytic 
geometry concerning the distance between two points. 

§ 23. By introducing coordinates on a line, we establish a one- 
to-one correspondence between the set of all points of this line and 
the set of all real numbers. Let us devote some space to the special 
features of this correspondence. 

As shown earlier by means of the axioms of Groups I-II, the set 
of points on the line can be ordered in such a way that if B follows 
A and precedes C, then B lies between A and C in the sense of § 13. 
Such an order can be established in two different ways only; this 
corresponds to our visual evidence of two directions on a line. Among 
these two orderings we choose the one in which origin precedes all 
the points of the positive half line (the direction defined by this 
will be called positive). Then, if M, and M, are two points with 
coordinates x, and x, and M, precedes M,, then 2, < Zy. 

Thus we have 

Theorem 39. Between the ordered set of all points of a line and the 
the ordered set of all real numbers a one-to-one correspondence can be 
established such that the corresponding elements are situated in the 
same order. 

The property of the line expressed by this theorem is known as 
the continuity property. Since Axioms IV.1-IV.2 ensure the conti- 
nuity of the line, they are referred to as axioms of continuity. 

Axioms IV.1 and IV.2 can be replaced by equivalent statements, 
the axioms of Groups I-III remaining unchanged. One of the impor- 
tant statements equivalent to the axioms of Group IV is Dedekind’s 
principle. 

Well known in analysis is the proposition expressing Dedekind’s 
principle for the set of real numbers. 


If all the real numbers are divided into two classes such that (a) 
each number belongs to one and only one class and each class contains 
numbers and (b) each number of the first class is less than any number 
of the second, then either the first class contains the largest number or 
the second contains the smallest number. 


This proposition rules out the following two possibilities: the 
presence of closing elements in both classes and the absence of clos- 
ing elements in both classes. 
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Theorem 39 and Dedekind’s principle for real numbers immedia- 
tely yield Dedekind’s principle for a line. 

Theorem 40. Jf all the points on a line are divided into two classes 
such that (a) each point belongs to one and only one class and each class 
contains points and (b) each point of the first class precedes every point 
of the second, then either in the first class there is a point which is pre- 
ceded by all the other points of the first class or in the second class there 
is a point preceding all the other points of the second class. 

This point is said to define Dedekind’s cut of the line. 

That this statement is equivalent to the axioms of Group IV 
is proved by 

Theorem 41. [f Dedekind's principle is adjoined to the axioms of 
Groups I-III, then Archimedes’ axiom IV.1 and Cantor's axiom IV.2 
can be proved. 

First we shall obtain Archimedes’ axiom from Dedekind’s prin- 
ciple and the axioms of Groups I-III. 

We shall use the method of contradiction. Assume that the asser- 
tion of Archimedes’ axiom does not hold for a certain segment AB. 
This means that there is an infinite sequence of congruent segments 
AA, = A\A, =...= AnAn+, =... lying inside AB. 

We choose an order of points on the line AB (direction) in which 
A precedes B and divide the points of AB into two classes as follows: 
to the first class assign every point which precedes some point A 
(which means that it also precedes A,4,, An+os, etc.) and to the 
second assign all the other points of AB. 

Obviously, this division satisfies the conditions of Dedekind’s 
cut. Indeed, (i) each point of AB belongs to one and only one class 
and each class is nonempty, since the first contains A,, Ag, ..., 
A,, ... and the second contains point B, and (ii) all the points of 
the first class precede the points of the second class. 

Then Dedekind’s principle, taken to be an axiom now, implies 
that there is a point C performing this cut. Since the first class evi- 
dently does not have any last element, C belongs to the second class 
and precedes all the other points of this class. By Axiom III.1, 
there is a point D which precedes C and determines together with 
it a segment CD congruent to each of the segments AA,, A,Ap, etc. 
The point D cannot belong to the second class because it precedes 
C. Thus D belongs to the first class and hence precedes some point 
An. The segment A,A,., is a part of CD and, by Theorem 29, 
A,An+, < CD. On the other hand, we have A,A,4+4, =CD. But 
due to Theorem 27, both A,A,4,<( CD and A,Ayj4,; =CD can- 
not hold simultaneously. This contradiction proves Archimedes’ 
principle (or axiom). 

We shall now obtain Cantor’s axiom. 

Let an infinite sequence of segments A,B,, ABs, ... be given on 
a line a where each segment A,.,8,4+, lies inside A,B,. Assume 
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that there is no segment less than all the segments of the sequence. 
We have to show that there is a point which lies inside each segment 
A,B,- 

Define a direction on the line and assume that A, always denotes 
the endpoint of a segment preceding the endpoint B&,. Divide the 
points on a into two classes, assigning a point to the first class if it 
precedes one of the points A, (consequently, it also precedes A,, 41, 
An-+e2, etc.) and assign the remaining points of a to the second class. 

We obtain a Dedekind’s cut. Indeed, (i) each point of a belongs 
to one and only one class; each class is nonempty, since the first 
contains the points A,, Ag», ..., An, ... and the second the points 
B,, By, ..., By, ...,-and (ii) the points of the first class precede the 
points of the second. By Dedekind’s pHneIpe there is a point C 
performing this cut. 

Since the first class evidently does hee contain a last element, 
C is the first point of the second class. Therefore C precedes all the 
points B,, B., ..., B,, ... and follows each of the points A,, Ag, ..., 
A,, .--- From here we conclude that C lies inside each segment 
A,B,. @ 

§ 24. We have seen that the axioms of continuity enable us to 
prove that a coordinate system may be introduced on every line 
and hence turn the line into a number axis. 

This fact is very important, as it makes it possible to apply the 
basic results of analysis to geometry. 

We give two theorems which can be easily proved, once the axioms 
of continuity have been introduced. 

Theorem 42. Jf a line passes through an interior point of a circle, 
this line intersects the circle in two points.* 

Theorem 43. Jf a circle k passes through an interior and an exterior 
point of another circle k’, the circles k and k’ intersect at two points. 

We shall prove only the first theorem. 

Consider a line a passing through an interior point of the circle 
} with radius r. From the centre of & draw a perpendicular to a 
and denote the foot of the perpendicular by O. 

Introduce a coordinate system on a with O as the origin. The dis- 
tance between any point on a with the coordinate x and the centre 
of the circle is a function of z, which we denote s(z). It is easily seen 
that s(x) is continuous for all z. Indeed, by a well-known theorem 
which states that the difference of two sides of a triangle is less than 
the third side we have 


|As|=|s(a@+Azx)—s(zr) |< |Az| 
whence lim As=0O as Azx—O. Noting further that s(0)<r 
and s(r) >r, we find that the function s (x) — r changes its sign 


* A point is an interior point of a circle if its distance from the centre is less 
than tke radius and it is erterior if the distance is greater than the radius. 
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as x changes from 0 to r. Since this function is continuous, there is 
a value of z, say zt = 2,, lying between 0 and r for which s (z,) = 
=  r. Using the property of the continuity of a line, we may assert 
that for any number z, there is a point M, on a whose coordinate 
is x, (this was shown in § 23). Since the distance of M, from the 
centre of the circle is r, this point lies on the circumference of the 
circle, that is, it is a point of intersection of a and circle k. 

It is easy to see that M, with the coordinate z, = — z, is the 
second point of intersection. 

Theorems 42 and 43 justify the constructions usually employed 
in textbooks on elementary geometry when solving the problem of 
dividing a segment or an angle into two halves, of drawing from a 
given point a perpendicular to a given line, etc. In Theorem 23 
on the question of dividing a segment into two halves we avoided 
using these constructions because without using the axioms of con- 
tinuity Theorems 42 and 43 cannot be derived from the axioms of 
Groups I-III. 


2.8. Group V: the axiom of parallelism. 
Absolute geometry 


§ 25. Definition 14. Two lines lying in one plane and having no 
common point are called parallel. 

This definition evidently requires the proof of the existence of 
parallel lines. Following Euclid, this can be done by the help of 
the following theorem. 

Theorem 44. Let the lines a, b, c lie in one plane. If c¢ intersects 
a and b such that the interior alternate angles formed by c with a and 
b are equal, then a and b are parallel. 

Theorem 44 can be proved at once by the method of contradiction. 
Let c intersect a and b at points A and B, respectively, and assume 
that a and 0 are not parallel. Then they have a common point O, 
and the exterior angle in the triangle AOB is equal to one of the 
remote interior angles. This contradicts Theorem 30. 

A particular case of Theorem 44 is 

Theorem 45. Two lines lying in one plane and perpendicular to a 
third line are parallel to each other. 

Theorems 44 and 45 immediately imply 

Theorem 46. Through any point not on a given line there passes a 
line which is parallel to the given line. 

Indeed, let A be any point not on the given line a. Draw 
from A the perpendicular AP to a and let b be the line which passes 
through A. Then b is perpendicular to AP and lies in the plane con- 
taining AP anda. By Theorem 45, Db is parallel to a. 

Theorem 46 supplements Definition 14, as it establishes the 
existence of parallel lines. 
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In order to justify the Euclidean theory of parallels, it is enough 
to adjoin the following Axiom V to the axioms of Groups I-IV. 


(V—the parallelism axiom) Let a be any line and A a point not 
on a. Then in the plane determined by the point A and the line a one 
can draw at most one line through A that does not intersect a. 


In § 5 it was shown that this axiom is equivalent to Euclid’s 
fifth postulate. 

Axiom V immediately implies a converse to Theorem 44. 

Theorem 47. If two parallel lines are intersected by a third line, 
the alternate interior angles are equal. 

From this, in the usual manner one can deduce 

Theorem 48. The sum of the interior angles of a triangle is equal to 
two right angles. ) : 

No purpose will be served by mentioning further theorems of 
geometry. All the arguments employed in textbooks in proving 
these theorems are justified by what has been described above and 
can be carried out without any appeal to diagrams or visual evi- 
dences.* 

Note also that the axioms of Groups I-V substantiate Cartesian 
analytic geometry. In § 22 coordinate systems were introduced on 
a line, a plane and in space. Now, possessing Axiom V and hence 
the Euclidean theory of parallels, the theory of similarity of figures 
and, in particular, the theorem of Pythagoras, we can show that 
the distance between two points M, (z,, y;, 2,) and M, (Xo, Yo, 2) 
is given by the formula 


d= V (t2— ©4)? + (Yo — Ys)? + (Bg — 24)? 
that a plane is defined by the equation of first degree 
ux +vy +uz+t=0 


and so on. This makes it possible to prove geometrical theorems 
by means of arithmetics. 

§ 26. In Chapter 1 we gave an account of various attempts to 
prove Euclid’s parallel postulate. The authors of these proofs tried 
to deduce in a logical way the fifth postulate from the remaining 
postulates of Euclid. It should be noted that though this problem 
stood before geometers for many centuries, it remained undefined 
until the end of the nineteenth century. 

Indeed, the definitions and axioms of Euclid were so far from per- 
fection that they could hardly serve as a basis for developing strict- 


* In fact, we assert here that the system of Hilbert’s axioms is complete, 
that is, assuming all his axioms, it is possible to develop geometry in a strictly 
logical order. The precise definition of the completeness of a system of axioms 
and its proof are given in Chapter 4. 
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‘ly logical constructions. Interestingly, the fifth postulate problem, 
although solved by Lobachevsky, was yet to be formulated precise- 
ly, since in his time the flaws in Euclid’s development of geometry 
had not been removed. 

- Having given an exposition of Hilbert’s axioms, we may precise- 
ly formulate the fifth postulate problem in the following manner. 


Assuming the axioms of Groups I-IV, derive Axiom V from them. 


Lobachevsky’s result can also be now expressed precisely. 
Axiom V is not a consequence of the axioms of Groups I-IV. 


This result may also be formulated as follows. 


If to the axioms of Groups I-IV is adjoined a statement negating the 
truth of Axiom V, then the result of all these statements will be a logi- 
ically consistent system (non-Euclidean geometry). 


Basic facts of the theory of parallels of Lobachevskian geometry 

‘and the proof of its consistency are dealt with in Chapter 3. 
'"§ 27. The system of propositions resulting from only the axioms 
of Groups I-IV is known as absolute geometry (J. Bolyai’s termino- 
logy). Absolute geometry obviously forms the common portion of 
Euclidean and non-Euclidean geometries, since propositions proved 
‘with the aid of the axioms of Groups I-IV are equally valid in both 
Euclidean and Lobachevskian geometries. 

All the theorems up to Theorem 46 formulated in this chapter 
are theorems of absolute geometry. To this list we add the theorems 
obtained by Saccheri, Lambert and Legendre that were proved 
in § 8. 

Theorem 49. The defect D (A) of any triangle satisfies the inequality 


D(a) > 0 


In other words, the sum of the angles of a triangle does not exceed two 
right angles. 

Theorem 50. The summit angles of Saccheri’s quadrilateral cannot 
be obtuse (that is, the obtuse angle hypothesis leads to a contradiction). 

Theorem 51. If there is one triangle with positive defect, every trian- 
gle has positive defect. In other words, if there is one triangle the sum 
of whose angles is less than two right angles, the sum of the angles of 
every triangle is less than two right angles. 

Theorem 52. If the acute angle hypothesis is assumed true for one 
Saccheri’s quadrilateral, it is true for every Saccheri’s quadrilateral. 

Theorem 53. Saccheri’s right angle hypothesis and Legendre’s as- 
sumption that there exists a triangle the sum of whose angles is two 
right angles are equivalent to Axiom V. 

Theorem 54. If there is an acute angle such that the perpendicular 
erected at any point of one side meets the other side, then the assertion 
of Axiom V can be proved. 


Chapter 3 " 
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3.1. Lobachevsky’s definition of parallels 


‘ul 

§ 28. We shall now deal with the basic facts of the non- Spyeiidoan 
theory of parallel lines.. This theory is based upon. the axioms.of. 
Groups I-IV of absolute geometry and the. aii the MOR EnEN 
skian parallel axiom. . e 


There exist a line aand a point A, not on x such that ee A there: 
pass at least two lines not intersecting a and lying in one plane with a, 


Let us show that in the same plane there pass infinitely. many lines 
through A not intersecting a. 

Denote by a, and a, two lines through: A that do not cutarseels a) 
(Fig. 30); the existence of these lines is guaranteed by the Lobachey-: 
skian parallel axiom. Choose a point B, on a, such that this point 
and a are on the opposite side of a,. Join B, with some point B of a.: 
The segment &,8 intersects a, at some point of B,. Denoting any. 
point of B,B, by M, we easily find that the line AM does not inter-: 
sect a. In fact, if the line AM intersects a at a point C lying in the: 
direction of M from A, a triangle MBC is formed whose side MB: 
is intersected by a,. Then, by Pasch’s axiom IJ.4, line a, must in- 
tersect a, which is impossible. If, however, line AM intersects a at ai 
point C’ lying in the direction of A from M, a triangle MBC’ is 
formed whose side MC’ is intersected by a,. Then Pasch’s axiom: 
[1.4 implies that a, must intersect a, which is also impossible. 

Thus we can conclude that if a, and a, pass through A and do not 
interesect a, then all the lines through A constituting a definite pair. 
of vertical angles formed by a, and a, do not intersect a. 

The Lobachevskian axiom negates the characteristic property of 
I‘uclidean geometry concerning the uniqueness of a parallel line at 


Figure 30 
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least for a certain point and a certain line. However, it is easily 
seen that 


if the relationship asserted by the Lobachevskian axiom is true for a 
certain point and a certain line, it is also true for any point and any 
line. 


We shall prove this by the method of contradiction. 

Suppose that, contrary to our assertion, through some point B 
not on the line b there passes only one line b’ not intersecting b and 
lying with it in one plane (Fig. 31). Draw a perpendicular BB, from 
B to 6 and take another point B,, distinct from B,, on b. 

It is easy to show that the alternate interior angles formed by 
BB, with b and b’ are equal. Indeed, if it were not so it would be 
possible to draw through B a line b” distinct from b’ such that BB, 
forms with b and 6b” equal alternate interior angles. But then, on 
the one hand, b” would not have a common point with b, contradict- 
ing Theorem 44 of Chapter 2, and on the other, it would meet b. 
since the only line passing through B and not intersecting b is, by 
our assumption, line 0. Similarly, the line BB,, too, forms with b, b’ 
equal alternate interior angles; accordingly, BB, is perpendicular 
not only to b but also to b’. These results immediately imply that 
for ,BB,B, the sum of the interior angles is two right angles. Then 
Theorem 51 of Chapter 2 implies that so is the sum of the angles of 
any triangle. Taking into account Theorem 03, we see that this in 
turn implies the fifth postulate of Euclid and hence that the line 
passing through a given point and not intersecting a given line is 
unique. This contradicts the Lobachevskian axiom negating this 
uniqueness with regard to line a and point A. 

Thus assuming the validity of Lobachevsky’s axiom we must 
assert the following proposition. 

Theorem I. Given any line and any point not on this line, through 
the given point there pass infinitely many lines not intersecting the 
given line. 

Here we are concerned of course with lines lying in one plane with 
the given line. This condition will not be specified further and our 


Figure 31 
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Figure 32 ‘, 


discussion (up to § 33) will concern plane geometry, that is, points 
and lines of a definite plane. 

According to the aforementioned fact, we must accept, as a corol- 
lary to the Lobachevskian axiom (i) the acute angle hypothesis for 
every Saccheri’s quadrilateral and (ii) that the sum of the angles 
of every triangle is less than two right angles. 

§ 29. In contrast with Euclid’s definition of parallel lines, accord- 
ing to Lobachevsky’s definition only some special lines, among many 
not intersecting the given line, are taken to be parallel to the given 
line. We shall now present the definition of parallel lines according 
to Lobachevsky. This is not as easy as in the Euclidean case and 
requires some auxiliary considerations. 

Let a be a given line and A a point on this line (Fig. 32). Draw from 
A a perpendicular AP to a. The line AP divides the plane into two 
parts, one of which will be called the “right” half plane and the 
other the “left” half plane. Similarly, a divides the plane into two 
parts; the one in which A lies will be called the “upper” half plane. 

Denote by a the line perpendicular to AP at the point A. From 
absolute geometry it follows that the lines a and a do not intersect. 
In view of the Lobachevskian axiom, there are infinitely many lines 
distinct from a that also do not intersect a. Let a denote the angle 
formed by the right half line of one of these lines with the half line 
AP and a, the lower bound of the set of such @’s.* Obviously, 

0O<a,<n/2 

Indeed, a, is greater than the angle PAM, where M is any point 
of a situated to the right of P; hence a, >0O. Since a is just one of 
the lines not intersecting a, it follows that a, << 1/2. 


* That is, a does not exceed any of the angles of this set (a, < a), but if 
4g is increased by an arbitrarily small positive quantity ©, then a, + e& exceeds 
some angle of this set. 
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P P a 
(a) 


Figure 33 


Draw through A a line a’ such that its right half line forms the 
angle a) with AP. It is easily seen that a’ does not intersect a. In 
fact, if a and a’ intersect, they do so only in the right half plane. 
Assume that a and a’ have a common point R. Choose a point R’ on 
athat lies to the right of R and set a’ = / PAR’. But then a, < a’ 
and the lower bound of a happens to be greater than a, contradict- 
ing the definitions of a). Denote by a” the line through A situated 
symmetrically to a’ with respect to AP. The lines a’ and a” form 
two pairs of vertical angles. Any line passing through A inside 
that pair of vertical angles where P lies intersects a, while any line 
through A inside the other pair of vertical angles does not intersect 
a. As we have just shown, the lines a’ and a” themselves belong to 
the set of lines which do not intersect a and serve as boundary lines 
for this set. Of these, a’ will be referred to as the right boundary line 
and a” as the left boundary line. 

The following important theorem holds. 

Theorem II. Let the lines a and a’ be given. If a’ is the right bound- 
ary line for the set of lines passing through some point of a’ and not 
intersecting a, then a’ is the right boundary line for the similar set of 
lines passing through any other point of this line. 

Proof. Denote by A the point on a’ with respect to which the con- 
dition of this theorem is fulfilled, and draw from A a perpendicular 
AP to a. 

First we shall prove the theorem for points lying on the right of 


A. Take any such point A and let AP be a perpendicular to a 
(Fig. 33a). It suffices to prove that any ray from A situated “below” 
a’ in the right half plane relative to AP intersects a. Denote by a 


such a ray. Take any point Q on a’ and construct the ray AQ. Be- 
cause the conditions of the theorem are satisfied for A and the ray 
AQ lies “below” a’ in the right half plane relative to AP, this ray 


must intersect a at some point; call this point M. Since the ray a’ 
intersects one of the sides of ~APM, Pasch’s axiom II.4 implies 
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that it must also intersect one of the remaining two sides of this. 
triangle.* But a’ cannot have a common point on the side AP, 
since AP lies in the left half plane with respect to AP. Accordingly, 


a’ has a common point with the side PM (evidently, on the right. 
of P), proving the desired result. 

Consider now any point A* lying on a’ on the left of A (Fig. 33b).. 
Let A*P* be the perpendicular to a and a* some ray from A* lying 
below a’ in the right half plane relative to A*P*. We have to show that. 
a* intersects a. On the complement of a* take any point Q and join 
this by a line with A. Since, by our assumption, a’ is the boundary 
for the set of lines through A not intersecting a, it follows that the 
line QA meets a at some point M lying on the right of P. Note that 
the ray a* passes inside the angle AA*P*, through its vertex; accord- 
ingly, this ray intersects the segment AP* (by Theorem 11a of Chap- 
ter 2). But then, by Pasch’s axiom II.4, a* must intersect either the 
side AM or the side P*M of the triangle AP*M. Since a* and the 
line AM have a common point Q lying outside the segment AM, 
the ray a* must intersect the side P*M. Thus the ray a* and the 
line a intersect. 

If a’ happens to be the left boundary line, a similar proof can be 
given. 

Now we define the notion of a parallel line in the Lobachevskian 
geometry. According to Lobachevsky, 


a line a’ is said to be parallel to a line a if a’ is the boundary line 
for the set of lines passing through some point of a’ and not inter- 
secting a. 


Theorem II implies that if a point of a’ has the property men- 
tioned in the definition, the same property is possessed by every other 
point of a’. 

We choose one of the two directions on the line a (the direction in 
Fig. 34 is shown by an arrow) and draw a perpendicular AP to a 
from a point A of a’. The segment AP forms with a’ two adjacent 
angles, one of which is acute and the other obtuse. If the acute angle 
is situated on the side of the line AP in the direction of line a, then 
a’ is said to be parallel to a in the chosen direction (in diagrams the 
direction of parallels will be indicated by arrows on both the lines). 


* Pasch’s axiom II.4 concerns a triangle and a line. This axiom is appli- 
cable to a half line (ray) if the vertex of the half line lies outside the triangle 
and inapplicable otherwise. 

In applying Pasch’s axiom to a triangle and a half line we should have 
mentioned that the vertex of the half line lies outside the triangle. However, 
we shall not mention this each time, thus omitting in this case, and in many 
others, minor details in the arguments if they are evident enough. Such a scru- 
pulous exposition would fill the book with minor details, which are neither 
interesting nor important in their essence. 
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Figure 34 Figure 35 


Using the earlier introduced terminology for two sides of the 
plane with respect to the line AP (“right” and “left”), we can describe 
the direction of parallelism in a different manner: for the set of 
lines passing through A and not intersecting a the line a’ may be 
either the right or the left boundary; in the first case a’ is said to 
be parallel to a on the right and in the second case a’ is parallel to a 
on the left. 

Thus, through each point of a plane there pass two lines parallel 
to the given line in two different directions (see Fig. 35; lines paral- 
lel to a on the right are denoted by aj, a;, ...). In particular, we 
have the following 

Theorem III. Through each point in the plane there passes just one 
line parallel to the given line in a chosen direction. 

§ 30. On the basis of the stated definition of parallel lines, we 
cannot yet speak of two lines being parallel to each other. Later we 
shall establish the relationship of mutual parallelism, that is, if 
one of two lines is parallel to the second, then the second is parallel 
to the first. First we shall have to prove some auxiliary propositions. 

Lemma I]. Let a and b be any two lines, O a point of b, and let OA 
be the perpendicular drawn from O to a, where OA forms with b un- 
equal adjacent angles. If x denotes the distance between O and a point 
of b on the side of the obtuse angle and y = f (x) denotes the length of 
the perpendicular drawn from this point to a, then f (x) is a continuous 
function that increases monotonically without bound. 

Proof. Choose two points M and M’ on b such that M lies between 
O and M’ (Fig. 36). Draw perpendiculars OA, MP and M'P' toa 
and set 


OM =z, OM =2' 
MP =y, M'P' = y’ 
where 2’ >72. 
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Note that the Lobachevskian axiom implies that the sum of the 
interior angles of the quadrilateral OMPA is less than four right 
angles; whence, taking into account that the interior angles at the 
vertices A and P are right angles, we find that ~ PMM'’ is greater 
than 7 AOM. Consequently, 7 PMM'’ is obtuse. 

On the line P’M’ mark off the segment P’N = PM. Joining the 
points M and N, we obtain Saccheri’s quadrilateral PMNP’ in 
which thesummit angle ” PMN is acute. Since ~ PMM’ is obtuse 
and “ PMN acute, the point N lies between P’ and M’, that is, 
P'M’ >PM. Thus y’ >y, provided xz’ >«x. This shows that f (z) 
increases monotonically. 

Set Ac = x’ — xand Ay = y’ — y (Ax >0, Ay > 0). Obviously, 
Az = MM’ and Ay = NM’. From the inequality 


NM’ <NM + MM’ 
and ‘noting that NM is smaller than MM’, since the side NM in the 


triangle VMM lies opposite the acute angle and MM’ opposite the 
obtuse angle, we find that 


NM < 2MM’ 


or Ay < 2Az. 
Similarly, considering the case where M’ lies between O and M, 
we have 


| Ay |< 2 | Az | 


true for all possible positions of M and M’. This means that Ay — 0 
as Ax -—>0, which proves that f (x) is continuous. 

It remains to show that f (zx) increases without bound with z. 
Take a point M” on 6 such that MM’ = M’M" and draw a perpen- 
dicular M"P" to a. For M", put 2” = OM" and y” = f (z") = M’P’. 
Denoting h, = y’ — yandh, = y” — y’, we have MP = y, M’P’ = 
=y +h, and M’P” =y+h, +h,. On the line P’M’ mark off 


A P Pp Pp ¢ 


Figure 36 
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segments P’N = PM and P’Q = P’"M" from P’ in the direction of 
M’ and the segment M’R = M'N from the point M’. Evidently, 
NM' =h,, M'R=h, and M’Q =A,. Noting that the triangles 
M’NM and M’RM" are equal (they have equal angles included be- 
tween equal sides), we find that 1 M’RM" = /7M’'NM. But 7M’NM 
is adjacent to the acute angle “ MNP’ in Saccheri’s quadrilateral. 
Therefore this angle, and hence the angle / M' RM", is obtuse. The 
angle / M’QM" is acute since it is the summit angle of Saccheri’s 
quadrilateral P’QM"P”. Comparing “7 M’QM” and 4 M’'RM", we 
find that R lies between M’ and Q, that is, M’Q > M’'R orh, >hy,. 

From this we have MP = y, M’P’ =y-+Ah, and M"P” >y + 
+ 2h,. Thus setting MM’ = M’M” =s and taking the sequence 
“Lj = 2, % =x+s, 43 =x+2s,..., we obtain, successively, 
f (mq) =y, f (te) =y +m, f (es) Sy + 2h, f(t.) >y + 3h, and 
so on. These relations immediately imply that as z increases 
without bound so does f (z).@ 

Note that, althougb the arguments were heavily based on the 
Saccheri’s quadrilateral in the Lobachevskian system, Lemma I be- 
longs to absolute geometry. The proof of this lemma can be carried 
out without any trouble for the Euclidean theory of parallels. In 
doing so, the relations obtained in the concluding portion of the 
proof are to be replaced respectively by MP = y, M’P’ =y+h, 
M"P" =y+ 2h,, ..., expressing the linearity property of f (x). 

An important particular case of Lemma I is the following propo- 
sition. 

Lemma IT. If x denotes the distance from the vertex of an angle to a 
point lying on the same side as this angle and y = f (x) denotes the 
length of the perpendicular drawn from this point to the other side of 
the angle, then f (x) is a continuous function that increases monotoni- 
cally without bound. 

Lemmas I and II will be applied several times. 

We shall first use Lemma II to prove that the parallelism rela- 
tionship is mutual. 

Theorem IV. Jf one of two lines is parallel to the second in a given 
direction, then the second is also parallel to the first in the same di- 
rection. 

Proof. Suppose that a line a is parallel to another line } in agiven 
direction. Then we have to show that 0 is parallel to a in thesame 
direction. 

First we shall show that there is a point equidistant from a and b. 
This obvious fact follows from Lemma I. Indeed, taking a point P 
on a, we draw a line PB perpendicular from it to b (Fig. 37). Choose 
any point M on the segment PB and draw perpendicular MA from 
it to a. 

Set PB = s, PM =x, MA =f (x) and 9 (x) = s — x. Evident- 
ly, f (x) and g (x) denote the distances from M to a and b. By Lem- 
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ma I, f (z) is a monotonically increasing function and @ (z) is a mo- 
notonically decreasing continuous function, as is clear from its 
expression. Since f (0) << @ (OQ) and f (s) >@ (s), there is a unique 
value of « (0< x<s) such that f (x7) = @ (z). To this value of zx 
there corresponds a point M equidistant from a and ), that is, 
MA = MB. 

For this point M, the line AB is inclined to a and b at equal angles; 
this line is referred to as the secant of equal inclination for lines 
a and Bb. 

Having established the existence of the secant of equal inclina- 
tion the mutual parallelism property becomes obvious; however, 
we shall present a rigorous proof of the theorem. 

Since, by the hypothesis, a is parallel to b, we see that a and 6b 
do not intersect. Therefore, in order to show that 0 is parallel to a, 
we must establish that b is the boundary line for the lines passing 
through some point of b and not intersecting a. Take B to be such 
a point (Fig. 38). Let b denote the ray with vertex B and pointing 
in that direction in which a is parallel to b. This ray does not meet 
a. We have to show that any other ray 0’ having vertex B and inclined 
to bin the direction of a at an arbitrarily small angle a meets 
a. For a given a, draw through A a ray a’ which is situated on the 
same side of a as b and which makes angle a with the direction in 
which a is parallel. Since a is parallel to b, the ray a’ must meet b 
at some point B,. On a mark off in the direction of parallelism a seg- 
ment AA, equal to the segment BB,. Because AB is the secant of 
equal inclination for a and b, the triangles BB,A and AA,BP are 
equal, whence it follows that the ray with vertex at B which passes 
through A, subtends angle a with b on the side of a, that is, coin- 
cides with the ray b’. This ray intersects a, by construction. Thus a 
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ray passing through B and inclined to 0 at an arbitrarily small angle 
towards a meets this line; accordingly, b is parallel to a. 

Consider two lines a and c parallel to each other. The line a di- 
vides the plane into two half planes; let I],, denote the one containing 
c. In the same way, c divides the plane into two half planes; let II,, 
denote the one containing a. Let us agree to call the common portion 
of the half planes II,. and II,, the interior zone of the plane relative 
to a and c. Suppose that b is a third line parallel to one of the lines 
a or c, the direction of b being the same as the directions of a and c. 
It is clear that in this case b intersects neither a nor c. In fact, as- 
suming, for example, that 0 is parallel to c, we see that b and c 
cannot intersect, since they are parallel. At the same time, a and b 
cannot intersect, since otherwise through their common point there 
would pass two lines parallel to c in the same direction, which is 
impossible (see Theorem III). 

Lemma III. Jf under the aforementioned conditions the line b is 
situated in the interior zone of the plane relative to the lines a and c, 
then b intersects every segment joining a given point of a with any 
given point of c. 

Proof. Assume that 6 is parallel to c. Choose a point A on a, a 
point C on c and join them by the segment AC. Denote by c¢ a ray 
on ¢ originating from C in the direction of parallelism of a and c 
(Fig. 39). Let c’ be the ray originating from C and passing through 
the interior of the angle between the rays CA and c; assume further 
that c’ lies on that side of the perpendiculars from C to a and 6b on 
which the parallel lines are directed. Since, by the hypothesis of 
the lemma, a and ¢ are parallel, c’ must intersect a at some point P. 
Similarly, since b and ¢ are parallel, c’ must also intersect b, and 
this point of intersection must lie between C and P because b lies 
in the interior zone relative to a and c. From this result and Pasch’s 
axiom we conclude that 6 intersects either the segment AC or the 
segment AP, but it cannot intersect AP because in this case it does 
not meet a. Therefore b intersects AC and the lemma is proved. @ 
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The next theorem establishes the transitive property of parallel 
lines. 

Theorem V. 7wo lines parallel to a third line in the same direction. 
are themselves parallel in this direction. 

Proof. Assuming that the lines a and 6 are parallel in the same 
direction to the line c, we conclude, as above, that a and b do not 
intersect (otherwise through their common point there would pass. 
lines parallel to c in the same direction, which is impossible). 

To prove that a and 6 are parallel, we consider two cases (Fig. 40): 

(1) the lines a and b are on the same side of c; 

(2) the lines a and 0 are on the opposite sides of c. 

In the first case either a or b lies in the interior zone of the plane 
determined by the other line together with c. Assume, for instance, 
that b lies in the interior zone relative to a and c. 

Take any point A on a and denote by a the ray on a which origi- 
nates A and points in the direction of parallelism of lines a and c. 
We must show that a is the boundary of the set of rays originating 
from A and not intersecting b. Assume the contrary, that is, let 
there exist a ray a’ which originates from A in the direction of paral- 
lelism (that is, which lies on that side of the perpendiculars from A 
to b and c on which the parallel lines lie) and lies closer to 6 than 
the ray a but does not meet b. But then, in view of the previous. 
lemma, the ray a’ cannot meet c either, which contradicts the fact. 


that a and c are parallel, because in this case a will not be a boundary 
for the set of rays originating from A and not intersecting c. 

Let us now consider the second case. Assume that a and 6 lie on 
the opposite sides of c; then 6b and c lie on the same side of a. Draw 
aray a’ through any point A on aso that it is closer to b and c than a 
and passes on that side of the perpendiculars from A to b and c on 
which the parallel lines lie. Since a and c are parallel, the ray a’ 
intersects c, and since c and b are also parallel, this ray intersects b 
too. Thus a is the boundary line for the set of rays passing through 
A and not intersecting b; accordingly, a and 0b are parallel (in the 
same direction in which they are parallel to c).@ 
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The propositions of the present subsection show that though the 
‘definition of parallels in Lobachevskian geometry is far more com- 
plicated, the set of lines parallel to a given line in a given direction 
has the same basic properties as set of parallel lines in Euclidean 
geometry. 


3.2. Peculiarities in the location of parallel 
and divergent lines 


§ 31. If two lines neither intersect nor are parallel, they are said 
to be divergent*. Through each point in a plane there are two lines 
parallel to a given line and an infinite number of divergent lines 
{Theorem I). 

We shall examine some of the properties possessed by parallel 
and divergent lines, and the results obtained will enable us to clear- 
ly distinguish between parallel and divergent lines. First we note 
the following two theorems. 

Theorem VI. Two lines perpendicular to a third line are divergent. 

The proof of this theorem is straightforward. Indeed, the fact 
that two lines a and b perpendicular to a third line c at points A 
and B do not have a common point is known from absolute geometry. 
But these lines are not parallel either, because through A there pass 
infinitely many lines not intersecting b and for them a is not a 
boundary line and hence is not parallel to b. In implicit form this 
theorem was already established in § 29. 

Theorem VII. If two lines intersected by a third form equal alter- 
nate or corresponding angles, they are divergent. 

Proof. This is a generalization of the preceding theorem and the 
present theorem can be obtained from that theorem. Denote by a 
and b two given lines and by c a third line intersecting them 
(Fig. 44). Designating by A and B, respectively, the points of inter- 
section of c with a and b and by O the midpoint of the segment AB, 
we draw perpendiculars OP and OQ from O to a and b. 

In the right triangles OAP and OBQ we have OA = OB, by the 
choice of O, and ~OAP = / OBQ, by the assumption of the theo- 
rem, whence it followsthat AOAP is equalto AOBQ. In particular, 
Z.BOQ = 2 AOP, and the segments OP and OQ therefore lie on one 
line PQ to which a and 6 are perpendicular. Theorem VI states that 
these lines are divergent. 

We shall now show that any two divergent lines have just one 
common perpendicular. Thus the presence of only one common per- 
pendicular is characteristic of divergent lines. 


* The term “divergent lines” is justified by peculiarities of the location of 
these lines; see Theorem VIII below. 
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First, it is clear that in Lobachevskian geometry two lines cannot 
have two common perpendiculars. Indeed, if AB and CD are per- 
pendicular to the lines AC and BD, the quadrilateral ABCD has an 
angle-sum equal to four right angles, whith is impossible since each 
of the triangles ABC and BCD has an angle-sum less than two right 
angles. The uniqueness of the common perpendicular is thus imme- 
diately established. 

Somewhat more complicated is the proof of the existence of the 
common perpendicular to two divergent lines. 

Consider any two divergent lines a and b (Fig. 42), and suppose 
that MN is a perpendicular from any point M of b to a. If MN is 
also perpendicular to b, the proof is completed; therefore assume 
that MN is not perpendicular to 6. Choose a positive direction on D 
so that it makes an obtuse angle with MN. Then, by Lemma I, as 
M moves in the positive direction, the length MN increases monoto- 
nically without bound. 

We shall show that after a certain stage the length WN also monot- 
onically increases without bound as M moves in the negative di- 
rection. 

The line MN divides the plane into two half planes; the one in 
which the positive half line of b lies will be called positive and the 


other negative. In the negative half plane, draw through M a ray c 
parallel to a. Since a and 6b are divergent lines, c is closer to a than 
the negative half line of b is. Therefore, if we take a point M’ on b 
in the negative half plane and draw a perpendicular M’N’ to a, this 
perpendicular will meet c at a point P’ which lies on the segment 
M'N’. Thus M'N’ >M’P’. Now if we draw a perpendicular M’Q’ 


to the ray c, we find that M'P’ > M’'Q’ and consequently M’N’ > 
> M’'Q’. But, according to Lemma II, the distance between a var- 
iable point on one side of the angle and the other side increases 
without bound as the variable point moves farther from the vertex; 
this implies that as M’ moves in the negative direction, M’Q’ in- 
creases monotonically without bound. Since M’N’ > M'Q’, M’'N' 
also increases without bound. 


7—0779 
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Figure 43 


We introduce a linear coordinate system on } by choosing an ori- 
gin and assuming, for example, that the coordinates increase in the 
positive direction. Let z denote the coordinate of the variable point MW 
and y = f (x) the length of the perpendicular MN toa. According to 
the foregoing result, the function f (x) is continuous and everywhere 
positive and its values increase without bound as z tends to -++0o 
or —oo. This implies, firstly, that f(z) has a positive minimum 
f (v)) and, secondly, that each value greater than f (x,) is assumed 
by f (x) for at least two distinct values of the argument. Denote two 
such values of x by z, and z, (a, 2,), so that f (z,) = 
= f (x), by M, and M, the points with coordinates z, and zx,, and 
by M,N, and M,N, the perpendiculars from them to a. By the choice 
of M, and M,, the quadrilateral N,;M,M.N, is a Saccheri quadrilat- 
eral implying its symmetry relative to the perpendicular at the mid- 
point of the base. This means that a perpendicular M,N, drawn to a 
from the midpoint MV, of the segment M,M, is the common perpen- 
dicular to a and b, proving the existence of the common perpen- 
dicular. - 

If we now take any point M on b and from it draw the perpendic- 
ular MN to a, the angles at the vertices V,, M,and N inthe quadri- 
lateral VN). M,MN will be right angles and hence the exterior angle 
at M will be an obtuse angle. By Lemma IJ, this result implies that 


the values of f (x) increase on the side of M that does not contain 
M,. Therefore M, is the only point where f (x) attains its maximum. 

The foregoing discussion may be summed up in the form of a theo- 
rem. 

Theorem VIII. Any two divergent lines have just one common per- 
pendicular on both sides of which these lines move away from each other 
without bound. 

We note in passing that the projections of all points of one of the 
two diverging lines onto the second fill only a finite segment on the 
second line. To see this, let a and b be two divergent lines and AB 
their common perpendicular (Fig. 43). From B draw lines c, and c, 
parallel to a and assume that perpendiculars have been erected at all 
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points of b. If all these perpendiculars were to meet c, and c., it would 
be necessary to assume the validity of Euclid’s fifth postulate 
(see Proposition 4 of § 8 or Theorem 54 of § 27). 

Thus the Lobachevskian axiom implies that the perpendiculars 
erected at points of b situated at a sufficiently large distance from B 
do not meet c, and c,. Denote by r the lower bound of the distances 
of these perpendiculars from B. Take two points C, and C, on b 
such that C|B = BC, =r; then evidently the projections of all the 
points of a fill the interior of the segment C,C,. The perpendiculars 
at C, and C, are parallel to a as well as to c, and c, (this will not be 
proved here; it is to be found in § 33). If we construct a line that 
lies symmetrically to a with respect to b, we obtain the diagram in 
Fig. 44. This is a peculiar “quadrilateral” whose sides and diagonals 
are parallel in the directions indicated by, arrows. 

Naturally, this shape has no analogue in Euclidean geometry. 

§ 32. -We shall now examine the relative position of parallel lines. 
Let the two lines a and b drawn in Fig. 45 be parallel in a given 
direction. Taking a variable point M on a, draw a perpendicular 
MN to b. This perpendicular forms, on the side of parallelism, an 
acute angle with a. By Lemma I, this implies that the length of MN 
monotonically increases without bound as M moves in the direction 
opposite to the direction of parallelism, while in the direction of 
parallelism it monotonically decreases. We shall show that in the 
latter case the length MN tends to zero. 

Choosing some point A on a, draw perpendicular AB to 0b. If a 
positive number e is given, we must show that for a certain position 
of M MN < «. When AB > «, we take a line b’ in the plane and 
at any point JN, of it erect a perpendicular NVM, whose length is 
less than e. Draw through M, a line a’ parallel to b’. Suppose that 
the variable point M’ moves " along a’ in the direction opposite to 
that of parallelism. The length of the perpendicular M’N’ to 0’ 
varying continuously increases without bound. Therefore there will] 
be such a location of M’ for which the length of M'N’ will be equal 
to AB. Let M’ and N’ be denoted A’ and B’ at this stage. 'We su- 
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perpose the figure formed by a’ and b’ in such a way that b’ coincides 
with b, B’ with B and the direction of parallelism of a’ and b’ coin- 
cides with that of a and b.* 

Since A’B’ = AB, point A’ coincides with A and, since through 
a given point there passes only one line parallel to the given line 
in a definite direction, a’ coincides with a. Let the point M, of a’ 
assume the position of M, on a, and denote by N, the corresponding 
position of V,. Thus the length of the perpendicular M,N, is found 
to be less than any preassigned positive number ¢, that is, the lines 
a and b draw closer without bound in the direction of parallelism. 

The foregoing discussion can be summed up in the following 
theorem. 

Theorem IX. The distance from a variable point of one of the two 
parallel lines to the second approaches zero if the point moves in the 
direction of parallelism and it increases without bound if the point 
moves in the opposite direction. 

The results can be summarized as follows. Two divergent lines 
always have only one common perpendicular on both sides of which 
the lines move away from each other without bound (“diverge”); 
parallel lines moving away from one another in one direction draw 
asymptotically closer in the other. 


\3.3. Lobachevsky’s function II (.x) 


§ 33. Consider a given line a and a point A outside it. Through 
A there pass two lines parallel to a in two different directions; call 
them u, and u,. The lines u, and uw, form equal angles with the per- 


* When we speak about superposition of figures, we mean the construction 
of a figure congruent to the given figure. In this sense the notion of motion is 
completely defined (see § 19). 
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pendicular AP drawn from A to a. The acute angle formed by either 
of the lines uw, or uw, with the perpendicular AP is called the angle of 
parallelism at A relative to the line a. 

Let us prove that the angle of parallelism is completely deter- 
mined by the distance from A to a. 

Let A and A’ be two points situated at equal distances from the 
lines a and a’. Draw through A a line wu parallel to a and through A’ 
a line wu’ parallel to a’. Denote by AP and A’P’, respectively, the 
perpendiculars drawn to a and a’, and by @ and a@’ the angles of par- 
allelism at the points A and A’ relative to a and a’. We have to 
show that a@ = a’. Assume the contrary: one of the angles is less 
than the other; for example, a < a’. Draw through A’ a line form- 
ing an angle a with the segment A’P’ on the side of parallelism of 
uw’ and a’. Since wu’ and a’ are parallel, the line drawn must inter- 
sect a’ at a point Q’ (situated in the direction of parallelism from 
P’). Starting from P, we mark off, in the direction of parallelism, on 
aa segment PQ equal to the segment P’Q’. The triangle PAQ is 
obviously equal to the triangle P’A’Q’ (the sides AP and A’P’ are 
equal by assumption, PQ and P’Q’ by construction and the includ- 
ed angles are right angles), therefore “.PAQ equals a. Consequent- 
ly, line w coincides with line AQ. But then wu must intersect a at Q, 
which is impossible as the two lines are parallel. This contradiction 
proves the assertion. 

Take any point A not on line a, and denote by @ the angle of par- 
allelism at A relative to a, (Fig. 46). Let z be the length of the per- 
pendicular AA, drawn from A to ay. By the preceding result, a is 
completely determined by 2; following Lobachevsky we set 


a = Il (2) 


The function II (x) plays a fundamental role in non-Euclidean 
geometry. We shall now examine some of its simple properties. 
First we shall show that II (z) is a monotonically decreasing func- 
tion. To do this, take some point A’ on the line AA, and let 2’ 


Figure 46 
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be the length of A’A,. Assume that x’ > 2x; we have to show that 
II (z’) < II (zx). Draw through A a line a parallel to a, and through 
A’ a line G@ which makes an angle a = II (xz) with the segment A’A, 
on the side of the parallel lines a and ay. The two lines a and a form 
equal corresponding angles with the line AA’ and hence, by Theo- 
rem VII, are divergent. This implies that the line a’, which passes 


through A’ and is parallel to a in the same direction as a is parallel 


to dy, is situated on the side of parallelism closer to a than a is. Thus 
if wo = JI (z’), then a’ <a, that is, II (2’)< Il (z) for x’ >x. 

Next, II (x) assumes all the values between 0 and x/2. To establish 
this property, we take any acute angle a and show that it is the 
angle of parallelism for some segment zx. Denote by O the vertex of this 
angle and by a and b its sides. Lobachevsky’s postulate implies that 
the perpendiculars erected at points of a situated far enough from O 
do not meet b (see Theorem 04 of Chapter 2 or Proposition 4 of § 8). 

Let M be any point at which the perpendicular to a does not meet 
the inclined line b. Denote by M, a point of a such that OM, = x 
is the lower bound of distances OM; denote further by b, the perpen- 
dicular to a at M,. We shall show that by and Db are parallel. To do 
this, we must first show that b, and b do not intersect. 

Assuming the contrary, we let NV, be the common point of by and 
b (Fig. 47a). Take a point N, on b such that N, lies between O and 
N, and draw the perpendicular V,M, to a and set M,M, = e. Then, 
if M is the foot of some perpendicular to a not meeting b, we have 
OM >x-+e, which, however, contradicts the definition of x as 
the lower bound of OM. 

We shall now show that 0, is the boundary line for the set of lines 
passing through M, and not intersecting 0b. 

Let b be any ray through M, which lies on the same side of by as 
O and on the same side of a as the acute angle a (Fig. 47b). Take a 


point P on b lying inside a and draw the perpendicular PM to a. 
Clearly, M will be between O and M {, and therefore the perpendicu- 
lar PM will have a common point N with b. Since the ray 0 inter- 
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sects one of the sides of the triangle OMN , in fact side MN, from 
Pasch’s axiom it follows that it must also intersect one of the two 


remaining sides of the same triangle. But 5 does not intersect OM, 
hence it must have a common point with b. This proves that b and b, 
are parallel and at the same time this proves our assertion. Indeed, 
for a preassigned acute angle a, we were able to construct a segment 
x = OM, such that a = II (2), that is, II (x) assumes all the values 
between 0 and x/2. 

This also implies the continuity of II (x), since a monotone func- 
tion assuming together with any two given values all the interme- 
diate values is continuous in the domain of II (z). 

Summarizing all the foregoing discussion, we have 

Theorem X. The function II (x) is defined for every positive value of 
x, decreases monotonically and is continuous; moreover, II (x) — 1/2 
as x—> 0, while II (x) ~ 0 as rx —> oo. 

That II (x) ~ x/2 as x > 0 implies that in small regions of space 
Lobachevskian geometry differs little from Euclidean geometry 
(since for small z the angle of parallelism is close to a right angle). 

The dependence between angular and linear magnitude given by 
the function a = II (x) gives Lobachevskian geometry its peculiar 
character. Thus there is no similarity of figures in Lobachevskian 
geometry. One could foresee this situation. Since the angular and 
linear magnitudes are connected by an equation, the given angles of 
a triangle must determine its sides, and triangles with equal corre- 
sponding angles are equal. Later (in § 231, Chapter 8) we shall estab- 
lish this fact precisely and obtain formulas expressing the sides of 
a triangle in terms of its angles (see also § 61). 

One more important peculiarity of non-Euclidean geometry is 
connected with the choice of a unit for measuring lengths. In Eucli- 
dean geometry there are absolute constants of angular quantities, 
that is, angles whose construction can be described by abstract for- 
mulation (independently of the concrete interpretation of geometric 
objects); even if this construction is arbitrary to some degree, this 
does not affect the magnitude of the angles. The right angle serves 
as a good example of this remark. If the right angle is taken as the 
unit for measuring angles, in the process of measurement there is 
no need of fixing the “standard” of a right angle with which the re- 
maining angles are compared by superposition, since a right angle 
can always be found by precise construction. 

On other hand, there are no absolute linear constants in Euclidean 
geometry. In order to express the lengths of all the segments in terms 
of numbers, we must agree to a choice of a unit of measurement, 
for which the length of an arbitrary segment may be taken. If some- 
one were to make this choice, he could not describe it and would 
have to show his standard to compare with it the other segment. In 
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practice, for the measurement a copy of the standard metre is used, 
but from the geometric point of view the choice of a standard is not 
stipulated by anything. 

In contrast with this, Lobachevskian geometry contains, apart 
from the absolute constants of angular magnitude, absolute linear 
constants, too. For example, the segment z satisfying the equation 
II (x) = x/4 is defined in as much as II (z) is. As we have seen, this 
function is completely defined on the entire positive number axis 
by the geometric properties of the Lobachevskian plane, that is, by 
the properties of the manifolds of the geometric figures satisfying 
axioms of Lobachevskian plane geometry. In § 190, an expression 
for II (x) will be obtained by means of elementary functions that 
are well known in mathematical analysis (see also § 59). 


3.4. Lines and planes in Lobachevskian space 


§ 34. We shall now describe briefly the peculiarities of the rela- 
tive position of lines and planes in Lobachevskian space. 

Before doing so, we shall list the main propositions of absolute 
geometry which shall be required below. 

Without going into the details of the simple consequences of Axi- 
oms [.1-I.8 and II.1-II.4, which were mentioned in Chapter 2, we 
note the following theorems. 


(1) Let there be given a plane a and two lines a and b lying in this 
plane and passing through a point O of it. If the line c is perpendicular 
to a and b at O, then it is perpendicular to any line in a passing 
through O. (In this case the line c is said to be perpendicular to a.) 

(2) Through a given point in space only one line can be drawn per- 
pendicular to the given plane. 

(3) Through a given point in space just one plane can pass perpen- 
dicular to a given line. 


Two half planes with a common boundary line and not lying in 
one plane form a dihedral angle. The half planes forming a dihedral 
angle are called faces and their common boundary line the edge. Any 
plane perpendicular to the edge of a dihedral angle intersects the faces 
along two half lines forming the linear angle of a given dihedral angle. 


(4) All the linear angles of a given dihedral angle are equal to each 
other. 


Dihedral angles are equal if their linear angles are equal. 

A dihedral angle is a right angle if its linear angles are also right 
angles. 

Two intersecting planes a and f determine two pairs of vertical 
dihedral angles. If these angles are right angles, the planes are said 
to be perpendicular to each other. 
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(5) If a plane a passes through a perpendicular to the plane B, then 
a is perpendicular to B. (This theorem is clearly a particular case of 
Theorem 4.) 

(6) If a is perpendicular to a line lying in B, then a is perpendicu- 
lar to B. 

(7) Through every line a one can draw a plane a perpendicular to 
the given plane £ and there will be only one such plane if a is not per- 
pendicular to B. (Theorem 7 follows from Theorems 2 and 5.) 


The line a’ along which planes a and §6 intersect is called the 
projection of a onto B (if a is not perpendicular to £B). According to 
Theorem 7, each line can be uniquely projected onto any plane not 
perpendicular to this line. 

The above propositions belong to absdlute geometry; the proposi- 
tions given below will be concerned mainly with Lobachevskian geo- 
metry. 

§ 35. Two nonintersecting lines in Lobachevskian space that lie 
in one plane are said to be parallel or divergent if in this plane they 
are parallel or divergent according to the definitions given in plane 
geometry. 

For later discussion it is important to establish the transitivity 
property of parallelism, that is, if two lines are parallel to a third 
in one direction, they are parallel to each other in the same direc- 
tion. Here we shall be concerned only with the case when the lines 
are not in one plane; the proposition for the other case has been al- 
ready established in plane geometry (Theorem V). The transitivity 
property of parallelism is a direct consequence of the following 
lemma. 

Lemma IV. The line of intersection of two planes passing through 
two parallel lines in a given direction is parallel to both these lines in 
the same direction. 

Proof. Consider two lines a and b lying in a plane y and parallel 
to each other in a given direction. Let a and 6 be planes passing 
through these lines, respectively, and c be their line of intersection 
(Fig. 48; the planes a and 6 are distinct from y). We have to show 
that c is parallel to both a and 0 in the same direction as a and 0 are. 

Let us show, for instance, that a and c are parallel. First, it is clear 
that a and c do not intersect. Indeed, if these lines were to intersect 
at some point O, this point would be common to the three planes a, 
6 and y, in which case a and b would have a common point O, which 
contradicts the hypothesis. 

Take any point C on c and draw perpendicular CA to a. The seg- 
ment CA forms two adjacent angles with c; of these we choose the 
one located on the same side as the parallelism of a and b. Draw a 


ray c through C in the interior of this angle. To show that c and a 
are parallel, we must show that c intersects a. 
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Figure 48 


Choosing a point B on 6, consider the half plane 6 defined by the 
line CB and the ray c. This half plane intersects plane y along some 


ray b which lies in the interior of the angle formed by the segment 
BA with 6 in the direction of the parallelism of a and b. Since, by 


hypothesis, the lines a and b are parallel, the ray 6b intersects a at 
some point S. Point S is common to the three planes a, y and 6. 
Hence c must intersect a. 

Theorem XI. Two lines parallel to a third line in one direction are 
parallel to each other in the same direction. 

Proof. If all the three lines lie in one plane, the theorem has been 
proved in § 30. Therefore consider three lines a, b and c not in one 
plane. Suppose that b and c are parallel to a in a given direction. 
We have to show that 6b and ¢ are parallel to each other in the same 
direction as they are parallel to a. 

To show this, take any point M onc and pass a plane £ through 
M and b. Let a be the plane in which a and ¢ lie. Since 0 is not in 
a, the two planes a and f are distinct. By the previous lemma, line 
c’, along which @ and 6 intersect, is parallel to both a and b in the 
same direction as a and 0 are. According to the hypothesis, c is par- 
allel to ain this direction. But we know that through ™ there is 
only one line parallel to a in a given direction. Accordingly, ec and 
c’ coincide, that is, c is the line of intersection of a and f, and, by 
the previous lemma c is parallel to >. 

This proves the transitivity property of parallelism for space geo- 
metry. It should be pointed out that the directions of parallelism of 
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lines in question must coincide: two lines parallel to a third in 
opposite directions will never be parallel to each other. The last 
result may be easily proved if one notes that parallel lines draw 
closer without bound in the direction of parallelism and diverge 
without bound in the opposite direction. 

In examining the mutual positions of lines and planes we shall 
restrict ourselves here only to the following three cases. 

(a) A line and a plane have a common point. 

(b) A line is parallel to its projection onto the plane; in this case 
the line is said to be parallel to the given plane. 

(c) A line and its projection onto the plane diverge; in this case 
the line is said to diverge from the plane. 

We note a theorem which follows immediately from Lemma IV. 

Theorem XII. A line is parallel to a given plane if it is parallel to 
some line lying in the given plane. 

Noting the discussion in § 32, the reader will easily understand 
the qualitative differences in the mutual positions of lines that are 
parallel to a plane and lines that diverge from a plane. 

Let us now examine possible cases of the location of planes; three 
cases will be distinguished. 

Case 1. Two planes have a common line. 

Let two planes a and B have a common line a. Then in plane a, 
for example, two lines can be drawn through any of its point paral- 
lel to a in various directions. By Theorem XII, these lines will be 


Figure 49 
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Figure 50 


parallel to 6B. Thus in both of the two intersecting planes, through 
every point not on the line of intersection there pass two lines paral- 
lel to the second plane. 

It is not difficult to show that this property is characteristic of 
intersecting planes. In fact, let planes a and B be given and suppose 
that in a through any point M there pass two lines a, and a, parallel 
to B (Fig. 49). We shall show that a and 6 intersect. Clearly, a, and 
a, form equal acute angles with the perpendicular MN drawn from 
M to B; the common magnitude of these angles ~ = II (zx), where x 
is the length of the perpendicular MN. In a, draw a line u through M@ 
such that it passes through the interior of the angle formed by a, 
and a, which point in the direction of parallelism. For u we may 
take, in particular, the bisector of this angle. Denote by the acute 
angle formed by wu with the segment MN. Simple considerations 
show that ) < q, that is, it is less than the angle of parallelism 
II (x). Accordingly, u must intersect its projection onto 6 at some 
point, which will be the common point of a and fp. From this we 
conclude that a and B have a common line. Thus we obtain the 
following theorem. 

Theorem XIII. For two planes to intersect it is necessary and suf- 
ficient that through any point in one of these planes there pass two lines 
parallel to the second plane (Fig. 50). 

Case 2. Two planes are so situated that there passes through some 
point in one of them just one line parallel to the second plane; in 
this case the planes are said to be parallel. 

It is clear first of all that under the above condition the two planes 
cannot have any common point, that is, they do not intersect, since 
otherwise through each point in one of them there would pass two 
lines parallel to the second plane. 

Next, if of two given planes @ and £ through point MV in a there 
passes just one line parallel to B or, in other words, parallel to its 
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projection onto B, then through each point in a there passes just one 
line parallel to B. Indeed, through each point in @ one can draw a 
line parallel to a in the direction in which the plane is parallel to 
a’. By Theorem XI, the line thus drawn is parallel to a’ and, by 
Theorem XII, is parallel to B. 

In a, there is no other line through the same point parallel to f, 
since otherwise another parallel line through M would be parallel, 
by the same reasoning, to 6 and at the same time would be distinct 
from a, which is impossible due to our assumption. 

Thus plane a is covered by a family of lines parallel to B. It is 
easy to show that £ is similarly covered by a family of lines parallel 
to a (Fig. 951). 

Evidently, both planes draw closer without bound in the direc- 
tion of the parallelism of the lines belonging to these families. 

Case 3. Two planes are so situated that neither of them contains 
lines parallel to the other; in this case the planes are said to be di- 
vergent. 

Two divergent planes always have a common perpendicular; con- 
versely, planes perpendicular to one line are divergent. Diverging 
planes move away from each other without bound in all directions 
from the common perpendicular (hence the name divergent). The 
proofs of these assertions will not be presented here; the reader can 
do them himself as exercises. 

The above three cases of location of planes can be understood with 
the aid of the following consideration. 

Take a plane a, and a point A outside it. From A draw the per- 
pendicular AP to a, and through A draw all possible lines parallel 
to a». All of them are inclined to AP at the same angle II (AP) 
and hence form a circular cone C with the axis AP (Fig. 52). 


Figure 51 
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Figure 52 


The plane passing through A and intersecting the cone C along 
two generators contains two lines passing through A and parallel 
to a, (namely, these two generators). Such a plane intersects a, 
(plane a, in Fig. 52). The line of intersection with a, can be viewed 
from A through the angle formed by the abovementioned genera- 
tors of C. 

The plane passing through A and tangent to C along a certain 
generator contains only one line passing through A and parallel to 
Q, (the line of contact). This plane is parallel to a, (plane a, in 
Fig. 52). 

Finally, the plane passing through A and not containing any gen- 
erator of C does not contain any line parallel to a). This plane di- 
verges from @, (plane a, in Fig. 52). 

We note one more theorem which will be used later. 

Theorem XIV. Given a plane and a line parallel to it, there exists 
just one plane through this line not intersecting the given plane. 

Proof. Denoting the given line and plane by a and a, respectively, 
take any point A on a and draw through A all possible lines parallel 
to a. These lines form a circular cone C with the vertex at A. 

If the plane through a does not intersect a, it cannot contain two 
generators of C and therefore must be tangent to it along the gener- 
ator a. But through any generator of a circular cone there passes 
just one tangent plane. & 
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With this theorem, we conclude the review begun in § 28 of basic 
facts about the Lobachevskian theory of parallels. In spite of pecu- 
liarities of this theory, in the above exposition one may find many 
similarities with the Euclidean theory of parallels. In the next 
section we shall examine a number of important objects of Loba- 
chevskian geometry which have no analogues in Euclidean geometry. 


3.0. Equidistants and oricycles 


§ 36. In this section we shall deal with certain curves character- 
istic of non-Euclidean geometry. We shall define them by consid- 
ering basic forms of motions of the Lobachevskian plane about 
itself. 

At the end of § 19 it was shown that every motion of a configura- 
tion consists of a translation along a line and a rotation about a 
point. Motion was defined as the construction of another configura- 
tion congruent to the given configuration. We did not distinguish 
between the congruent and reflecting configurations. If we consider 
displacement in the literal sense of this word, that is, if reflection of 
configurations are omitted, then we may state a much stronger 
theorem than the one mentioned just now. 

In Euclidean planimetry the following theorem holds (in kine- 
matics it is called d’Alembert’s theorem). 


Each motion of a configuration (or of the entire plane) is either a ro- 
tation about a point or a translation along a line. 


In other words, the rotation and translation not only combine to 
give a motion but are the only possible forms of Euclidean motions. 

We shall now examine the rotation of the Euclidean plane about 
a point O. Let & be any circle with its centre at O. When the plane 
rotates about O, all the points of -& are displaced, but remain on 
the same circle. Thus the circle does not change its position on the 
plane but “slips” along itself. A curve which retains its position in a 
motion is said to be invariant under this motion. 

Concentric circles with the common centre O are clearly in- 
variant under all rotations about O. 

If the Euclidean plane is translated along a line u, the invariant 
curves are the lines parallel to u. In Lobachevskian plane geometry, 
there are three basic forms of motions: 

(1) Rotation about a point: in Lobachevskian plane geometry, like 
in Euclidean plane geometry, the curves which remain invariant 
relative to all rotations about a point O are the circles with their 
centre at O. 

(2) Translation along a line: in Lobachevskian plane geometry, 
curves invariant under all translations along a line wu are not lines 
us in Euclidean planimetry but special curves called equwidistants. 
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An equidistant is the locus of points situated on one side of u 
at equal distances from it. The line wu is called the base of the equi- 
distant and the distance h its altitude; any line may evidently be 
considered as an equidistant with altitude h = 0. 

That equidistants are invariant under translations is immediately 
seen. In fact, when the plane is translated along line wu each point of 
the equidistant with base wu is displaced in such a way that its dis- 
tance from uw remains unchanged. This means that this point always 
remains on the equidistant; thus, on the whole, the equidistant does 
not change its position. 

It is also easy to see that equidistants are curved figures. What 
is more, the following theorem holds. 


Every line has at most two common points with an equidistant. 


The proof can be disposed of in two words. Assume that some line 
has three common points A, B, C with an equidistant, where B lies 
between A and C. If A’, B’, C’ are projections of A, B, C onto the 
base, the quadrilaterals ABB’A’ and BCC’B’ are, according to the 
definition of an equidistant, Saccheri’s quadrilaterals (since seg- 
ments 4A’, BB’ and CC’ are equal). Since Saccheri’s acute angle 
hypothesis holds in Lobachevskian geometry, the angle-sum of 
ABB’ and B’BC is less than two right angles. But since the points 
A, B, C lie on a line, the sum of these angles must equal two right 
angles. The contradiction proves the theorem. MH 

(3) The third form of motion of the Lobachevskian plane about 
itself may be called the rotation about a point at infinity. 

In order to describe clearly this motion, we require two theorems 
regarding the “secant of equal inclination”. 

§ 37. A segment AB whose endpoints lie on linesaand b is called 
the secant of equal inclination to the lines a and b if it forms 
with the lines consecutive interior angles.* 

Theorem XV. Given any two parallel lines, through each point on 
any one of these lines there passes just one secant equally inclined to 
them. 

Proof. Let a and b be any two lines and S any point at equal dis- 
tance from a and b (the existence of such a point was established in 
§ 30 in the course of proving Theorem IV). From S draw perpendic- 
ulars SP and SQ to these lines. Next, draw the bisector of angle 
PSQ and call it g. Lines a and b are symmetrical with respect to g. 
Therefore, if A is any point on a, a point B which is symmetrical to 
it with respect to g lies on b. The line AB is the desired secant in- 
clined equally to a and b. It is easily seen that through A there is 
no other secant of equal inclination. Indeed, if the line AB is rota- 


* A secant of equal inclination was defined in § 30. For us now it is cone 
venient to use this name for a segment and not a line. 
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Figure 53 


ted about A, then one of the angles formed by it with a and b de- 
creases and the other increases and therefore the rotated line fails to 
be the secant of equal inclination. M@ 

Theorem XVI. In the plane, consider three lines a, b, c parallel to 
each other in a given direction and passing, respectively, through 
points A, B, C. If AB is the secant of equal inclination for aand b and 
BC for 6 and c, then AC is the secant of equal inclination to a and c. 

Proof. Assume first that 6 lies between a and c (Fig. 53). Denote 
by p and q the perpendiculars at the midpoints of the sides AB and 
BC of the triangle ABC and by P and Q their points of intersection 
with the side AC. 

Since P lies outside the portion of the plane bounded by b and c, 
/_PBC is greater than ~ PCB. It follows then that the segment PB 
is less than the segment PC. But PB = AP, hence AP is less than 
PC. A similar argument shows that CQ is less than QA. Therefore 
the midpoint S of the side AC is between P and Q. 

Next note that the line p is parallel to the lines a and 0b in the 
direction of their parallelism. Indeed, p can intersect neither a nor 
b; if it were to intersect, for example, a, the line 6 must also pass 
through this point of intersection because a and 6b are symmetrical 
with respect to p. Thus a and 6 would have a common point, which 
is impossible as they are parallel. On the other hand, p cannot di- 
verge from either a or b, because they are parallel, a and 6 draw clos- 
er without bound in the direction of parallelism, and as p lies 
between them, it must draw closer to both of them (to show this 
fact precisely, it is enough to use Lemma III, § 30). Similarly, q 
is parallel to b and c. Thus all lines a, 0, c, p and q are parallel to 
each other (in one direction). 

Now at S erect a perpendicular r to the side AC. The line r does 
not intersect both p and gq. In fact, if r intersects, for example, p 
at some point O, this point would be the centre of a circle circumscrib- 
ing the triangle ABC, in which case gq must pass through O. Accord- 
ingly, p and g would have a common point O, which is impossible 
as p and gq are parallel. It was noted earlier that S lies between P 
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Figure 54 


and Q. This together with the abovementioned observation implies 
that r lies between p and gq. Since p and q are parallel in a given di- 
rection, r is parallel to them in the same direction. Thus all six 
lines, a, b, c, p, g and r, are parallel to each other in one direction. 
For us it is important that r, the perpendicular to AC at its mid- 
point, is parallel to a and c; having established this we have almost 
completed the proof of the theorem. Indeed, this implies that each 
of the acute angles formed by a and c with AC is II (AC/2), and 
hence these angles are equal. In other words, AC is the secant of 
equal inclination to a and c. 

Now we examine the case when b does not lie between a and c. 

Let AB and BC be secants of equal inclination for their respective 
lines. Assume that AC is not the secant of equal inclination to @ 
and c. Any one of the three lines is situated between the other two. 
If a is such a line, for example, then through A we draw the secant 
of equal inclination AC’ to a and c. According to the previous re- 
sult, BC’ is the secant of equal inclination to } and c, and, by hypo- 
thesis, BC is the secant of equal inclination for the same lines. This 
contradicts Theorem XV. ™ 

§ 38. We shall now explain what is meant by rotation about a 
point at infinity. 

Let there be given a system of all possible lines parallel to each 
other. We shall imagine these lines meeting in the direction of paral- 
lelism at the point at infinity O... (Speaking of the point at infinity, 
we only introduce convenient terminology, which in essence does not 
mean anything except the given system of lines.) 

By the rotation about the point at infinity O.. we mean a motion 
of the plane about itself in which any line a of the given system coin- 
cides with another line a’ of this system (so that a’ is parallel to a) 
and any point A of a is displaced to a point A’ of a’ such that the 
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segment AA’ is the secant of equal inclination to a and a’ (in view 
of Theorem XV, the position of A’ on a’ is completely determined 
by that of A on a); apart from this, it is assumed that the half plane 
relative to a not containing a’ is superposed on the half plane rela- 
tive to a’ containing a. Then 

(a) Any other point of line a together with that point of a’ to which 
it is displaced determines a secant of equal inclination to a and a’. 

(b) Each line b of the given system while being displaced coincides 
with line b’ of the same system (so that b’ is parallel to b), and the cor- 
responding points of b and b’ being superposed are the endpoints of 
secants equally inclined to these lines. 

The proof of assertion (a) is evident. Indeed, if A, is any point of 
a and A; the point of a’ to which A, is displaced, AA, = A’A} 
(Fig. 54). Therefore A, and A; are situated symmetrically with re- 
spect to the perpendicular to the segment AA’ at its midpoint (recall 
that 4A’ is the secant of equal inclination to a and a’). Since a, a’ 
aud A,, A; are symmetrically situated with respect to the above per- 
pendicular, A,A; is the secant of equal inclination to a and a’. This 
proves assertion (a). @ 

Somewhat more complicated is the proof of assertion (b). First 
we introduce the necessary notations. Denote by I the half plane 
relative to a that does not contain a’, and by II the other half 
plane; further, denote by I’ the half plane relative to a’ containing’ a 
and by II’ its complement. Due to the motion in question of the 
plane about itself the line a is superposed on a’, the half plane I on 
I’, and the half plane II on II’. Take now any line b in the given 
system of lines, for example, in I. From A draw a secant equally in- 
clined to a and b and denote by B its endpoint (Fig. 55). We shall 
locate the point to which B is displaced. From the point A’ in I’ 
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draw a segment equal to AB that makes with a’ the same angle as 
AB makes with a (angles are taken on the side of the direction of 
parallelism of the lines from the given system); let B’ be the end- 
point of this segment. The point B’ is evidently just that point to 
which B is displaced. Finally, through B’ draw a line b’ such that 
it forms with the segment A’B’ the same angle as the one formed by 
b with the segment AB. Evidently, b’ is the line on which 0 is su- 
perposed. Further, it is clear that A’B’ is the secant of equal incli- 
nation to a’ and b’, just as AB is the secant of equal inclination to 
a and 8. 

It is also clear that b’ is parallel to a’ (in the given direction), 
since 0 is parallel to a. Accordingly, b’ belongs to the given system 
of lines. Let us show that Theorem XVI implies that BB’ is the se- 
cant of equal inclination to b and b’. Indeed, since AA’ is the secant 
of equal inclination to a and a’ and A’B’ is that to a’ and b’, Theo- 
rem XVI states that AB’ is the secant of equal inclination to a and 
b’. But AB is the secant of equal inclination to a and b; consequent- 
ly, the same Theorem XVI implies that BB’ is the secant equally 
inclined to b and b’. Now if B, is any point of 6 and B, the corre- 
sponding point of b’ under superposition, then BB, =8'B,, which 
means that B,B, is also the secant of equal inclination to b and b’ 
(see the proof of statement (a)). This proves assertion (b). B 

Now it is easy to understand why the form of motion in question 
of the plane about itself is called a rotation about a point at infini- 
ty. The fact is that if B is any point and B’ the corresponding point 
to which the former is displaced through this motion, then the infi- 
nite “triangle” BB’O.. (that is, the figure formed by segment BB’ and 
the rays originating from B and B’ in the direction of parallelism 
of the given system of lines) resembles an ordinary isosceles trian- 
gle. This resemblance consists in that BB’ forms equal angles with 
the “sides” BO. and B’O x. 

Thus the point at infinity is in a sense analogous to the centre 
of ordinary rotation. 

The curves which remain invariant under the rotation about a 
point at infinity were called by Lobachevsky oricycles, or limit 
circles. 

We shall now indicate a method of constructing these curves, 
which also will establish their existence. 

Consider a system of all possible lines parallel to each other in a 
given direction. From this system take any line a and a point A on 
it (Fig. 56). From A draw a secant of equal inclination to a and any 
other line m of the given system. Denote by M the endpoint of this 
secant on m. By Theorem XV, the point M is unique. 

We now displace line m without taking it out of the given system, 
that is, retaining its parallelism to a. The point M describes a com- 
pletely defined curve, which is our oricycle. In other words, an 
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oricycle is a geometrical figure consisting of endpoints of secants of 
equal inclination drawn from a point A on line a to lines parallel 
(o it in a given direction. The point A itself is assumed to be on the 
oricycle. 

Since the prescribed line a defines the system of lines parallel to 
it in a given direction, evidently an oricycle is completely deter- 
mined by prescribing a point A and a directed linea, called its azis. 

We must show that the oricycle whose construction was just now 
described is in fact invariant under rotation about the point at 
infinity O.. towards which the axis a is directed. 

Let B and C be any points on the oricycle, 6 and c the lines through 
(hese points directed towards O,. (that is, parallel to a in the given 
direction). By the construction of an oricycle, AB is the secant equal- 
ly inclined to a and b, and AC is the secant equally inclined to a 
and c. Theorem XVI then implies that BC is the secant equally in- 
clined to b and c. Therefore, if the plane is rotated about O. which 
takes 6 to c, then B takes the position of C. Thus under such rota- 
lions each point on the oricycle remains on it, as if theoricycle 
slips along itself. This, in particular, implies that all the points of 
an oricycle enjoy equal importance and its construction can be start- 
wd with any point, just as was done with A. 

In other words, every line parallel to the axis a of the oricycle in 
n given direction intersects the oricycle at one point and is also its 
WAITS. 

‘or oricycles a theorem analogous to the one established for equi- 
distants is valid. 


Any line can have at most two common points with an oricycle. 


‘This, in particular, implies that an oricycle is a curved figure. The 
proof is left to the reader. 
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§ 39. Consider an equidistant with the base u. Let A be any point 
of the equidistant, A’ its projection onto the base so that AA’ is the 
altitude of the equidistant (Fig. 57). Draw through A a line ¢ per- 
pendicular to AA’. It may easily be shown that all the points of 
the equidistant distinct from A lie on the same side of ¢/, namely the 
side on which uw is situated. Indeed, if M is any point on the equi- 
distant and M’ its projection onto u, then AMM'A’ is a Saccheri 
quadrilateral and 7A’AM, being the summit angle of this quadrila- 
teral, is acute. Accordingly, M lies on the same side of ¢t as A’. Thus 
¢t might be called the supporting line for the given equidistant.* We 
shall now show that ¢ is tangent as well. Consider the secant 4M 
and let a denote the angle ~A’AM and 26 the length of the seg- 
ment AM. Obviously, the perpendicular at the midpoint of the 
segment AM and the altitude AA’ are divergent lines, as bothof 
them are perpendicular to the base. Therefore angle @ is greater 
than the angle of parallelism for segment 6, that is 


a > II(8) 
On the other hand, since @ is acute, we have 
(6)< a<n/2 


If thefpoint M approaches A along the equidistant, then 6 — 0, and, 


by Theorem X, lim II(6) = n/2. Hence 
5 +0 


lim a= 

M+A 
Thus we have shown that as M—-A, the secant AM assumes a 
limiting position t. 

The above result can be expressed in this form: each altitude of 
the equidistant is a normal to it. The previous result also implies 
that at each point the equidistant is concave to the base. 

.. We shall now carry out a similar investigation for the oricycle. 


* A line is called supporting for the given curve if it contains at least one 
point of the curve and on one side of this line there are no points of this curve. 
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Consider an oricycle defined by a point A and axis a (Fig. 58). 
The direction of axis a, like any other axis of the oricycle, is as- 
sumed to be positive in which this axis is parallel to other axes of the 
oricycle. Draw through A a line ¢ perpendicular to the axis a. It is 
easy to see that all points of the oricylce, distinct from A, lie on 
one side of t; namely, on the side of the positive direction of the 
axis a. Indeed, let M be any point on the oricycle and m an axis 
through M. Denote by @ the angle formed by the segment AM with 
the positive direction of the axis a, and by 26 the length of the seg- 
ment AM. Since, by the definition of an oricycle, AM is the secant 
of equal inclination to lines a and m, the perpendicular to the seg- 
ment AWM erected at its midpoint is parallel to both a and m. There- 
fore a is the angle of parallelism for the segment 6: 


a = TI(6) © 


This implies, first of all, that a@ is acute. Accordingly, any point M 
of the oricycle does lie on that side of ¢ which is the positive direction 
of a. In other words, ¢ might be called the supporting line for an 
oricylce. But ¢ is tangent as well; this follows from 


which implies that as M—A the secant AWM attains the limiting 
position t. 

The last result can also be formulated by saying that each axis of 
the oricycle is a normal to it. It is also clear from the foregoing dis- 
cussion that an oricycle is concave in the positive direction of its 
axis. We note some properties common to a circle, an oricycle and 
an equidistant: 

(i) Each of these curves is symmetric with respect to any of its 
normals. Therefore normals to a circle and an equidistant as well as 
to an oricycle will sometimes be referred to as axes. 


Figure 58 
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Figure 59 


(ii) The chords of these curves are secants of equal inclination to 
normals passing through their endpoints. Combining a circle, an 
oricycle and an equidistant we may characterize the family of their 
normals as follows: all the normals to a circle converge at one point; 
all the normals to an oricycle are parallel to each other in a given 
direction (as we say, they converge at infinity); all the normals to an 
equidistant are perpendicular to a line, and hence diverge. 

In Euclidean geometry the set of lines through a given point of 
a set of parallel lines is called a pencil. Extending this notion to 
Lobachevskian geometry, we shall mean by a pencil a set of lines 
through a given point or a set of lines parallel to each other in a 
given direction or a set of lines perpendicular to a given line. For 
these three cases the pencil will be respectively called elliptic, para- 
bolic and hyperbolic. In view of the aforementioned observation, we 
may say that circles, oricycles and equidistants are orthogonal tra- 
jectories of elliptic, parabolic and hyperbolic pencils, respectively. 

§ 40. It is important to observe that whereas circles differ from 
one another on account of radii and equidistants on account of alti- 
tudes, all oricycles are congruent to each other. 

Indeed, as we have seen, an oricycle is completely determined 
once a point on it and an axis through this point are given. There- 
fore, if the plane is moved in a manner such that the point and the 
axis through it of one oricycle coincide respectively with the point 
and the axis of any other given oricycle, then both oricycles coin- 
cide (the properties of motion to be used in this connection are en- 
sured by Theorem C of § 19). 

We shall prove the following 

Theorem XVII. Given two points A and B in the plane, just two 
oricycles pass through them and both are symmetric with respect to the 
line AB 

Proof. Draw through the midpoint of the segment AB a line c 
perpendicular to AB (Fig. 59), and on this line choose a definite di- 
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rection. Furthermore, through A and B draw lines a and b parallel 
to c in the chosen direction. Let AC be the secant equally inclined 
to a and c. Then, by Theorem XVI, secant BC is equally inclined 
to 6 and c. The oricycle defined by C and axis ¢c evidently passes 
through A and B. 

If the opposite direction is chosen on c and the whole construction 
is repeated, another oricycle is obtained which is symmetrical to 
the first with respect to AB. 

We shall now show that there are no more oricycles through A 
and B. For this, assume that there is another oricycle L with chord 
AB, and denote by a and b the axes passing through the endpoints 
of this chord. Lines a and b must be parallel and equally inclined to 
the segment AB. Therefore the perpendicular c at the midpoint of 
AB is parallel to both a and b. But then,a and b are completely de- 
termined by the direction of parallelism to c, and, accordingly, there 
are only two possible ways in which a and 6 can be situated, both 
examined earlier. Therefore L necessarily coincides with one of the 
two oricycles constructed in the first part of the proof. 

This theorem can be alternatively formulated as 

Theorem XVIII. Arcs of oricycles bounded by congruent chords are 
congruent. 


3.6. Equidistant surfaces and horospheres 


§ 41. The space analogue of a circle is a sphere. There are sur- 
faces which are natural analogues of an equidistant and an oricycle. 
They are respectively called an equidistant surface and a horosphere. 
‘An equidistant surface is a geometrical figure consisting of points 
situated on one side of a given plane o and at equal distances from 
it. The plane o is called the base of the equidistant surface and the 
perpendicular drawn from any point of the surface to the base is 
called its altitude. This definition is similar to that of an equidis- 
tant. ‘Similarly, the definition of a horosphere is completely 
analogous to that of an oricycle. 

In order to formulate this definition, take in space a line a pas- 
sing through a given point A. Choose any one of the two directions 
on @ and call it the positive direction. Let m be any other line in 
space parallel to a in the positive direction. According to Theo- 
rem XV, through A there passes noly one secant equally inclined 
to the lines a and m. Denote by M the endpoint of this secant lying 
on m. If we displace m without disturbing its parallelism to a in 
(he positive direction, the corresponding points M produced a sur- 
lace, which is called a horosphere. 

In other words, a horosphere is the locus of endpoints of equally 
inclined secants drawn from a given point A of a line to all lines in 
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Space parallel to the given line in a chosen direction. Point A itself 
is assumed to be on the horosphere. 

Since the prescribed line a determines a system of lines in space 
which are parallel to it in a chosen direction, a horosphere is com- 
pletely defined by prescribing a point A anda directed linea, called 
the axis of the horosphere. 

It is important to establish that A does not enjoy any privilege 
among points of the horosphere, that is, the horosphere can be con- 
structed, according to its definition, by starting with any of its 
points. To do this, we must show that given two lines parallel to the 
axis of the horosphere in the chosen direction, the segment joining 
their points of intersection with the horosphere is a secant of equal 
inclination to them. 

Everything. evidently, depends on proving the following 

Theorem XIX. Given three mutually parallel lines a, b, c in space 
through points A, B, C, respectively, if secant AB is equally inclined 
to a and b, secant BC is equally inclined to b and c, then secant AC is 
equally inclined to a and c. 

Proof. It will be assumed that the lines a, 6, c do not lie in one 
plane, the case where all of them lie in one plane was treated earlier 
in Theorem XVI. 

Denote by P, Q, R the midpoints of the sides of triangle ABC 
Opposite the vertices A, B, C and through P, Q, R draw lines p, q, r 
parallel to a, b, c (Fig. 60), and hence parallel to each other. 

It is easy to see that the projections of p, g, ronto the plane ABC 
meet at one point. Indeed, since p and r are parallel, at least one of 
them, p, say is not perpendicular to the plane ABC. Denote by a 
the acute angle formed by this line with the plane ABC and mark 
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off segment PS on the side of this angle lying in the plane ABC such 
that 


(PS) =a 


Let s be the perpendicular to the plane ABC at the point S. By 
its construction, the line s is parallel to p, but since p and q are 
parallel to each other, it follows that s is parallel to g and r as well. 
This implies that QS and AS are projections of g and r, that is, all 
three projections meet at S. 

Note further that r is perpendicular to AB, since AB is the secant 
of equal inclination to a and b; arguing similarly, we find that p is 
perpendicular to BC. But the segments PS and RS are perpendicular 
respectively to BC and AB; consequently, S is the centre of a circle 
circumscribing the triangle ABC. In view of this, line AC is per- 
pendicular to QS, that is, to the projection of g; hence, it is perpen- 
dicular to gq. 

Thus g is a perpendicular to the midpoint of AC. Since q is paral- 
lel to a and c, it immediately follows that AC is the secant of equal 
inclination to a andc. 

By the same token, it has been demonstrated that the aforemen- 
tioned construction of a horosphere can be carried out starting with 
any of its points. 

The result can alternatively be expressed thus: each line parallel 
to the axis of a horosphere in the positive direction intersects the 
horosphere at one point and is also its axis. 

§ 42. We note some common properties of spheres, horospheres 
and equidistant surfaces. 

Consider first the sphere. The properties to be mentioned now do 
not depend on the fact whether Lobachevskian space or Euclidean 
space is under consideration. The reader is of course well acquainted 
with these properties and they are given here only to compare with 
similar properties of equidistant surfaces and horospheres. Take any 
point A on a sphere and let a denote the diameter terminating at A. 
Every plane passing through diameter a intersects the sphere along 
great circle. Obviously, all great circles obtained by suchsections 
have at the common point A tangents perpendicular to the same line 
a. These tangents then lie in one plane, called the tangent plane to 
the sphere at A. The diameter a is perpendicular to the tangent plane 
and hence is a normal. Therefore we may say that all the normals to 
the sphere meet at one point (the centre of the sphere). 

Consider now the equidistant surface. Take any point A on it, and 
let a be its altitude through A. Obviously, every plane a@ passing 
through altitude a intersects the equidistant surface along an equi- 
distant. The base of this equidistant is the line along which plane a 
intersects the base of the equidistant surface, while the altitude is 
the same as that of the equidistant surface. From investigations of 
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§ 39 it follows that tangents at the common point A to all equidis- 
tants obtained by such sections are perpendicular to one line a. These 
tangents then are situated in one plane, called the tangent plane 
to the equidistant surface at A. The altitude a is perpendicular to the 
tangent plane and hence is a normal. But since altitudes are per- 
pendicular to the base o, we may Say that all normals to an equi- 
distant surface are perpendicular to one plane. 

Consider, finally, the horosphere. Let A be any point on the horo- 
sphere and a its axis passing through A. Obviously, every plane a 
passing through the axis a intersects the horosphere along an ori- 
cycle, and the axis a of the horosphere is also the axis of the ori- 
cycle. The results of § 39 imply that tangents at the common point A 
to all oricycles obtained by such sections are perpendicular to one 
line a. Accordingly, these tangents lie in one plane, called the tan- 
gent plane to the horosphere at A. The axis a is perpendicular to the 
tangent plane and hence is a normal. But since all the axes are paral- 
lel to each other in one direction by the definition of a horosphere 
we may say that all the normals to a horosphere form a system of mu- 
tually parallel lines. 

§ 43. A system of lines in space is called a bundle if any two lines 
of this system lie in one plane. Lines constituting a bundle will be 
called rays. 

Let a and b be any two rays. Since, by the definition of a bundle; 
a and b lie in one plane, the two lines may be located in three ways: 

(1) a and 6 intersect at some point, 

(2) a and b are parallel in some direction, 

(3) a and 6 are divergent. 

We will now examine each of the three cases. 

(1) Assume that a and b intersect at a point O. Let c be any third 
ray outside the plane of a and b. Denote by @ the plane containing 
rays a and c and by 6 the plane containing rays b and c. Both planes 
go through O; hence c, being the line of intersection of @ and B, must 
also pass through O. 

Take now any ray d in the plane of a and b. Since a and c pass 
through O and d does not lie in the plane of a and c, arguing simi- 
larly we find that d also passes through QO. Accordingly, all the 
rays pass through one point. Such a bundle is known as an elliptic 
bundle and the point where all these rays meet the centre of the 
bundle. 

(2) Assume that a and 6 are parallel in a given direction. Let c 
be any third ray not in the plane of a and b. Let @ be the plane con- 
taining a and c, and 6 the plane containing b.and c. Since a and B 
pass through two parallel lines a and 6, Lemma IV § 305 implies 
that c, being their line of intersection, is parallel to a and b in the 
same direction. Choose any ray d in the plane of a and b. Since a 
and c are parallel and d is not in the plane of a and c, we find, by 
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arguments similar to those used in the previous case, that d is paral- 
lel to a and c. Thus all the rays of the bundle are parallel toeach 
other in a given direction. Such a bundle is called a parabolic bun- 
dle. 

(3) Finally, consider the case when a and b diverge. Then there is 
a plane o perpendicular to these rays. Denote by c any third ray of 
the bundle which does not lie in the plane of a and b. Let the plane 
a@ contain rays a and b, and the plane £ rays b andc. Botha andB 
are perpendicular to plane o, as the first contains line a perpendicu- 
lar to o, while the second contains line b perpendicular to o. But 
then c, the line of intersection of a and B, must be perpendicular to 
o. Choose any ray d in the plane of a and b. Since a and ¢ are per- 
pendicular to o and d is not in the plane of a and c, we find, by argu- 
ments similar to the preceding, that d is‘perpendicular to o. In this 
case all the rays of the bundle are perpendicular to one plane. This 
bundle is called a hyperbolic bundle and the plane perpendicular to 
its rays is called the base of the bundle. 

Summarizing, we have the following proposition. 

Spheres, horospheres and equidistant surfaces all have one com- 
mon property, namely, that normals to each of these surfaces form 
a bundle. Furthermore, the bundle formed by normals to a sphere is 
elliptic, to a horosphere is parabolic and to an equidistant surface 
is hyperbolic. 

§ 44. One more common property of spheres, horospheres and 
equidistant surfaces which will prove to be important later isthe 
following: each of these surfaces is a surface of revolution about any 
of its normals. 

The proof of this fact, which is quite obvious, will be given only 
for the case of a horosphere. 

Let = be any horosphere, A a point onit and athe normal through 
A. We shall take into account all possible rotations of space 
about the line a (see § 19). We have to show that under rotations all 
points of 2, being displaced, remain on &, or, using the language of 
§ 36, & is invariant under rotations about the line a. To do this, 
take any point M on & and let M’ be the point to which M is dis- 
placed when the space rotates about a. Further, let m be the normal 
to the horosphere through M and m’ the line coinciding with m under 
the rotation; evidently, m’ passes through M’. The known proper- 
ties of a horosphere imply that m is parallel to a and the segment A M 
is the secant of equal inclination to these two lines. But the figure 
formed by a, m’ and the segment AM’ is congruent to the figure 
formed by a.m and AM. Hence m’ is parallel to a, and AM’ is 
the secant of equal inclination to a and m’. This means that M’ 
is on d. 

The proof of this proposition for the case of a shpere and an equi- 
distant surface is also quite easy. 
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3.7. Elementary geometry on surfaces 
in Lobachevskian space 


§ 45. For a long time two geometric systems on two-dimensional 
manifolds of Euclidean space have been well known: geometry in a 
plane (plane geometry) and geometry on a sphere. In the development 
of these geometrical systems a fundamental role is played by the 
fact that both the plane and the sphere can move about themselves 
without being deformed. 

In the light of the definition given in § 19, the precise meaning of 
this statement may be expressed thus: a surface admits movement 
about itself if there are congruent transformations under which 
points of the surface remain on it. 

If we imagine, for example, a sphere in the form of asmooth wovuden 
model covered tightly by a thin strong cover, then the motion 
of this cover about the fixed model will enable us to visualise this 
notion. 

A plane and a sphere are not the only surfaces of Euclidean space 
which can move about themselves, but they distinguish themselves 
among other such surfaces by the large degree of freedom enjoyed by 
motions admissible on them. 

Any surface of revolution also admits motion about itself, but 
this property differs from the corresponding property of a sphere or 
a plane in the freedom of choice of motions. In order to make this 
difference clear, let us compare, for example, a sphere, a right cir- 
cular cylinder and an ellipsoid of revolution. 

The only motions of an ellipsoid about itself are the rotations 
about its axis. Every point of an ellipsoid is displaced along a definite 
trajectory such that for any two such points there is, generally 
speaking, no motion which would make them coincide. 

A right circular cylinder has, apart from rotation, a motion par- 
allel to the axis; combining these two motions any point of the 
cylinder may obviously be made to coincide with any other point. 

A collection of motions which can be performed on a surface is 
said to be transitive if any two points of the surface can coincide 
through a certain motion. A right circular cylinder then has a tran- 
sitive collection of motions; in contrast, the collection of motions of 
an ellipsoid of revolution is nontransitive. 

It is easy to see that, like a right circular cylinder, the collection 
of motions of a sphere is transitive. However, there is an important 
difference here. To find this difference, the linear element of a sur- 
face will be brought into play. A linear element is a point together 
with a given direction, indicated by an arrow, originating at this 
point in the tangent plane. Linear elements are coincident if their 
points coincide and their arrows point in the same direction. 
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On a right circular cylinder, take two linear elements whose points 
can occupy any position and suppose that the direction of one of them 
is perpendicular to the axis of the cylinder while that of the second 
is parallel to the axis. Through motions we can make the points of 
these linear elements coincide, but the linear elements themselves 
cannot be made to coincide. 

On the other hand, for any two linear elements of a sphere there 
is always a motion which makes them coincide. By rotating a sphere 
about an axis first the points of the linear elements can be made to 
coincide, and then by rotating about the axis on which the coinci- 
dent points lie the directions can also be made to coincide. 

A collection of motions performed on a surface will be called 
transitive relative to linear elements if any pair of linear elements on 
this surface can be made to coincide. ;, 

We may thus say that an ellipsoid of revolution, for example, 
has a nontransitive collection of motions, while the collection of mo- 
tions of a right circular cylinder and a sphere is transitive; for the 
latter, it is even transitive relative to linear elements. Also transitive 
relative to linear elements is the collection of motions of a plane. 

In the basic propositions of plane geometry concerning comparison 
of geometric quantities, considerable use is made of the possibility 
of moving the plane figures fairly freely. For example, in defining the 
length of a rectilinear segment AB, a segment starting from A 
with a preassigned length equal to unity is marked off on it as many 
times as possible without crossing B. In this way the length of AB 
is determined to within integral units. Similarly, by determining 
how many times half of a unit of measurement is placed on AB, 
the length of AB is found to within one-half, and so on within any ac- 
curacy (see § 20). Thus the measurement is based on the possibility 
of moving a segment in such a manner that its initial point coincides 
with a predetermined point and the segment itself is put on an arbi- 
trary given line passing through this point. In other words, use is 
made of the fact that the collection of motions of a plane is transitive 
relative to its linear elements. 

In spherical geometry, the role played by lines in plane geometry 
is taken over by the great circles of a sphere. This is due to the fol- 
lowing three factors: 

(1) Among all curves joining any two points on a sphere the 
shortest is the arc of a great circle. 

(2) Through any two points on a sphere, not being diametrically 
opposite, there passes only one great circle. 

(3) A great circle is determined by any of its linear elements. (A 
linear element of a curve is the linear element whose point lies on 
this curve and the arrow points along the tangent to this curve.) 

In developing spherical geometry, we can carry out measurements 
of geometric quantities on a sphere by considering them as objects 
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of space geometry. For example, we can define the length of an arc 
of a great circle by taking it equal to the exact upper bound of the 
lengths of the inscribed polygonal lines whose vertices lie on this 
arc and whose parts are rectilinear segments. The same procedure is 
adopted in defining the length of an arc of any curve in space. 

But spherical geometry can be developed without using geometric 
objects not situated on a sphere (like rectilinear parts of the inscribed 
polygonal lines). This can be achieved in the same way as in plane 
geometry. For example, in order to extend to spherical geometry the 
above process of measuring a rectilinear segment, we must start by 
choosing a unit of length. Suppose that the length of an arc of a great 
circle is taken as the unit (for the sake of clarity, the reader is recom- 
mended to consider this arc as being smaller than the size of the 
sphere). If some arc AB ofa great circle needs to be measured, by dis- 
placing this unit of measurement on the sphere we put it on AB, 
starting from A, asmany timesas possible without crossing B. Thus 
AB is measured to within integral units. Similarly, the length of 
arc AB is found to within one-half of the unit depending on how many 
times the half of the unit is placed on the arc; proceeding in this way 
we find the length to within any desired accuracy. Evidently, this 
process makes considerable use of the transitivity of the collection 
of motions of a sphere relative to its linear elements. 

Other geometric objects (angles, areas) are similarly measured by 
means of superposition on the given spherical figure of a prechosen 
unit or its parts. In this process there is no need to use objects of 
space not belonging to a sphere. 

Geometry on any surface may be similarly examined. The role of 
lines in this general case is taken over by geodesics. A geodesic can 
be defined as a curve each sufficiently small arc AB of which is 
shorter than any other arc on the surface with the same endpoints 
A and B. On a sphere of radius R, for example, the great circles are 
geodesics, since the arc of a great circle whose length is less than 
sR is shorter than any other arc on the sphere with the same end- 
points. 

Under certain conditions of an analytic nature to be satisfied by 
the surface, it may be shown that a geodesic is defined by its linear 
element, that is, by a point and a direction, just like a line in the 
plane. 

Suppose now that in some way the collection of all the geodesics 
on a surface has been found. Then, if geometry is being developed on 
the surface, a natural question may be asked as to whether the lengths 
of segments of geodesics can be compared in the same way as in plane 
geometry or in spherical geometry. For this, obviously, by moving 
the surface about itself, we must be able to displace the arc of a 
geodesic chosen as the unit of measurement in a way such that its 
initial point coincides with any point and that it assumes any given 
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direction. In those cases when the lengths of geodesics may be com- 
pared by the superposition of the unit of measurement we shall say 
that the surface admits of ‘elementary geometry. Obviously, for ele- 
mentary geometry to be defined on a surface, it is necessary that the 
collection of its motions about itself be transitive relative to its li- 
near elements. 

It may be shown that the only surfaces in Euclidean space having 
a collection of motions relative to linear elements are a plane and a 
sphere. This implies that in Euclidean space two-dimensional ele- 
mentary geometry is possible only on a plane (plane geometry) and 
on a sphere (spherical geometry). 

In Lobachevskian space, there are two more surfaces, besides a 
plane and a sphere, on which elementary geometry can be developed. 
They are an equidistant surface and a horosphere. 

That these surfaces indeed allow motions about themselves whose 
collection is transitive relative to its linear elements was in fact estab- 
lished in § 44, where it was shown that each of these surfaces is 
a surface of revolution about any of its normals. Indeed, if two linear 
elements are taken on an equidistant surface or on a horosphere, 
then by rotating the surface about some normal the points of these 
linear elements coincide and then by rotation about the normal pas- 
sing through the coincident point the linear elements themselves 
coincide. 

Thus we may state that in Lobachevskian space elementary geo- 
metry may be defined, apart from the plane, on a sphere, an equi- 
distant surface and a horosphere. 

Geometry on a sphere in Lobachevskian space does not differ from 
this geometry in Euclidean space, hence this geometry (spherical) 
will not be treated here. On the other hand, we will try to give a 
brief account of geometry on an equidistant surface and a full ac- 
count of geometry on a horosphere. 

§ 46. Consider any equidistant surface & whose base is the plane 
o. In line with the general ideas presented in § 45, for geometry on 
= we must take as lines the geodesics of this surface. The geodesics 
of & are equidistants obtained by intersecting this surface by planes 
perpendicular to the plane (that this is in fact so is left without proof 
for the time being). Therefore the role of lines on & is played by 
these equidistants. 

Our aim is to discover a system of propositions which enable us 
to deduce in a logical way all the properties of mutual relationships 
between points and equidistants of %, that is, to give an axiomatic 
justification of the geometry of equidistant surfaces. As we shall now 
demonstrate, this geometry can be substantiated by axioms of Hil- 
bert’s first four groups and the Lobachevskian parallel axiom. (It 
should be noted that, since we are discussing two-dimensional geo- 
metry, Axioms |.4-I.8, having a space character, must be omitted 
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from Hilbert’s axioms; therefore we need only use Axioms I.1-I.3, 
the axioms of Groups JI-IV and the parallel axiom.) 

To obtain the desired result in as simple a way as possible, we 
project the points and equidistants of 2 on the plane o. The projec- 
tions will be points and lines, respectively. We say that images 
@M and ®’, where ® is on & and @’ on o, correspond to each other if 
@’ is the projection of ®. Obviously, points and equidistants on 
> have the same relationship in regard to their location and order 
as the corresponding points and lines in o. Therefore Axioms [.1-I.3 
and the axioms of Group II are valid for geometry on 2, since they 
are valid in plane geometry. 

Further, two images on 2 will be said to be congruent if they can 
be made to coincide through a certain motion of 2 about itself and 
also if they are symmetrical about a certain plane. We correlate all 
possible displacements of & and o with each other, so that 2 and o 
form a solid body in space. Then every movement of o through which 
two of its images M’ and WY’ coincide causes a movement of 2 such 
that images ® and Y, corresponding to M’ and ’, on it coincide. 
In other words, the images on 2 have the same congruence relation- 
ship as their corresponding images on o. From this we can conclude 
that the axioms of Group III (axioms of congruence) are valid 
for geometry on & because they are valid for plane geometry. 

In the same way it can be demonstrated that the axioms of Group 
IV (axioms of continuity) are valid for the geometry on _ sur- 
face 2d. 

Consider now on 2 any equidistant a and a point A outside this 
equidistant. Projecting a and A on 0, we obtain a line a’ and point 
A’. Suppose that through A’ in o a line b’ is drawn; b’ is the projec- 
tion of some equidistant b lying on 2X and passing through A. If 
b’ does not meet a’, the equidistant b also has no common point 
with equidistant a. But Lobachevskian geometry is valid on 6 
and therefore through A’ there pass infinitely many lines not inter- 
secting a’. Hence through A on *% there pass infinitely many equi- 
distants not intersecting equidistant a. This means that the Loba- 
chevskian parallel axiom is realized on 2. 

Thus all the axioms of absolute geometry and the Lobachevskian 
axiom are valid on &. Therefore all the theorems of non-Euclidean 
plane geometry are valid for points and equidistants on 2%. 

Therefore, elementary geometry on an equidistant surface is Lo- 
bachevskian geometry. 

We conclude this article with one remark. In assigning the roles of 
lines to equidistants, obtained by normal sections of the equidistant 
surface 2, for geometry on this surface it was not proved that these 
equidistants are its geodesics. Now this can be easily done. Indeed, 
since all the theorems of absolute geometry are true for an equidis- 
tant surface, it'may be shown in the usual manner that the segment 
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of an equidistant is shorter than any other curve joining their end- 
points on 2. 

§ 47. Now we will deal with geometry on a horosphere. The role 
of lines in this geometry is taken over by oricycles, which are ob- 
tained by intersecting the horosphere by a plane passing through an axis 
of the horosphere. (Here again the question as to whether these ori- 
cycles are geodesics of the horosphere is left open; an affirmative 
answer will be provided after investigating the geometry on the horo- 
sphere). Our present aim is to show that the mutual relationships 
hetweenfpoints and oricycles on the horosphere may be expressed 
with the aid of axioms of absolute geometry. Then there will be a 
discussion as to what the theory of parallels—Euclidean or Loba- 
chevskian—is valid on a_ horosphere. 

That Axioms [.1-I.3 of the first group are valid is disposed of easi- 
ly. Let A and B be any two points on the horosphere and a and b 
two axes passing through these points. Since any two axes of the 
horosphere lie in one plane, the lines a and b determine just one plane 
a which contains them.The,intersection of a with the given horosphere 
(denoted by 2) determines just one oricycle u passing through A 
and B. Thus, given two points A and B on the horosphere Q, they 
determine just one oricycle passing through them. 

This shows that Axioms I.1-I.2 hold for geometry on the horosphere. 
If follows immediately from the definition of an oricycle and a 
horosphere and from simple theorems of Lobachevskian solid geo- 
metry that an oricycle has at least two points and a horosphere at 
least three points not lying on one oricycle (in fact, both contain an 
infinite number of points), that is, that Axiom ].3 is valid for geo- 
metry on a horosphere. (In order not to divert the attention of the 
reader with minor details, in discussing an oricycle and a horosphere 
no attention was paid to proving their obvious properties.) 

Next it should be found whether Axioms IJ.1-II.4 (axioms of be- 
tweenness) are valid on a horosphere. First, we must clarify what is 
meant by a point of the horosphere lying between any other two of 
its points. Consider an oricycle uw contained ina plane @ and take 
points A, B, C on the oricycle. Point B will be said to lie between 
A and C if an axis of the oricycle, b, through B lies in @ between axes 
a and c¢ passing through A and C, respectively (that is, in @ all the 
points of a and c lie on the opposite sides of b). It may be easily shown 
that linear axioms of betweenness (Axioms II.1-II.3) are fulfilled. 
What is somewhat more difficult to show is the validity of Pasch’s 
axiom II.4. To do this, on the horosphere Qfconsider any triangle 
ABC (Fig. 61) consisting of arcs of three oricycles. Through the ver- 
tices A, B, C draw three axes a, b, c, respectively, of Q. Further, on 
these lines take the respective points A’, B’, C’ and through them 
draw a plane o. Pasch’s axiom II.4 is valid for any triangle, hence 
also for triangle A’B’C’ in the plane o. This will imply its validity 


q* 


132 Foundations of Geometry 


Figure 61 


for triangle ABC on Q also. Let u be some oricycle of Q not passing 
through A, B, C. We have to show that if u passes through an inte- 
rior point M of a segment of the oricycle AB, then u passes through 
either one of the interior points of the segment of the oricycle BC 
or one of the interior points of the segment AC. Note that the plane 
a, which contains uw, and the plane ABB’A’ intersect along the axis 
m passing through M of the horosphere 2. In the plane ABB’A’, 
this axis m lies between axes a and b because M lies between A 
and B. Therefore m must intersect rectilinear segment A’B’ at some 
interior point:M’. Then, by Pasch’s axiom, line w’ along which planes 
a and o intersect passes through the interior point of either the 
segment B’C’ or the segment A’C’. To be definite, suppose that w’ 
contains interior point V’ of segment B’C’. Then planesa and BCC’B’, 
having a common point NV’, must intersect along some line, n. But 
planes,~ and BCC'B’ pass through two parallel lines m and b: there- 
fore, by Lemma IV, § 30, we find that line n, along which these 
two planes intersect, is parallel to each line m and b, and is hence 
also parallel to c. Since WV’ lies between B’ and C*,, the line n, being 
parallel to b and c, lies between them. On the other hand, like any 
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other line being parallel to the axes of oricycle BC and lying in its 
plane, nm is also an axis of this oricycle and therefore must intersect 
it at some point NV (see § 38). Since n lies between lines b and c, the 
point V on the oricycle BC lies between B and C. 

As n lies in plane a, this plane also contains point V. Thus, among 
the points of intersection of plane a@ with horosphere Q, that is, 
among the points of the oricycle wu, there is an interior point of a seg- 
ment of the oricycle BC. This proves the validity of Pasch’s axiom 
for the geometry on a_ horosphere. 

Let us now turn to Axioms JIJI.1-III.5 (axioms of congruence). 

Axiom ITII.1 requires that on any oricycle of a horosphere & from 
any point in a gven direction a segment may be uniquely marked 
off which is congruent to any given segment of another oricycle. 
Axiom III.4 requires that on a horosphere:{2 on any side of the given 
oricycle it is possible to join to the oricycle an angle which is congru- 
ent to any given angle; what is more, the vertex can be arbitrarily 
chosen and then the construction must be unique. Both these axioms 
are fulfilled in geometry on the horosphere in view of the fact 
that a horosphere admits motions about itself the collection of 
which is transitive relative to linear elements. The uniqueness of the 
required construction follows from Theorem B of § 19. 

Next, Axiom IJI.2 is fulfilled thanks to the group property of mo- 
tions (see § 19). 

To show the validity of Axiom III.3 in geometry on a horosphere 
(2, consider two oricycles u and wu’ on this surface. Take three points 
A, B, C on u with B between A and C, and let A’, B’, C’ be three 
points on uw’ having an analogous position. If AB = A’B’, there is 
a motion of the horosphere about itself which makes point A’ coin- 
cide with point A and B’ with B. If, moreover, BC = B’'C’, then 
Theorem B, § 19, implies that under this motion C’ coincides with 
C. Thus under the motion in question segment A’C’ is superposed on 
segment AC, that is, if AB = A’B’ and BC = BC’, then AC = 
= A’C". 

The proof of the validity of Axiom III.5 is also simple. 

It remains to be seen whether Axioms IV.1-IV.2 (axioms of conti- 
nuity) are also valid. Instead of showing separately the validity of 
Archimedes’ axiom IV.1 and Cantor’s axiom IV.2 for the geometry on 
a horosphere, it is more profitable to establish the validity of De- 
dekind’s principle. If we do so, then this principle together with the 
axioms of Groups I-III will imply, in view of Theorem 41 of § 23, 
the validity of Axioms IV.1 and IV.2 for a horosphere. 

On a horosphere, consider an oricycle u and let @ be its plane. Let 
a Dedekind’s cut be performed over the points of this oricycle. In 
the first class of this cut take any point A and in the second class a 
point B; through these points draw axes a and b of the oricycle. 
Choosing a point A’ on the first of these lines and a point B on the 
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second, we draw a line wu’ defined by A’ and B’. Now note that through 
each point M’ of line w’, just as through each point of plane a, there 
passes just one axis of oricycle wu intersecting it at a point M/. Thus 
to each point M’ on w’ there corresponds, according to the construc- 
tion, a definite point M of the oricycle u. We divide all the points of 
wu’ into two classes such that point M’ belongs to the first class if its 
corresponding point M of the oricycle wu belongs to the first class of 
Dedekind’s cut and to the second class if the corresponding point of 
the oricycle belongs to the second class. Obviously, this division of 
points of uw’ is a Dedekind’s cut. Since Dedekind’s principle holds for 
lines in Lobachevskian space, it can be asserted that one of the classes 
of Dedekind’s cut performed over uw’ contains a closing element. 

Let us denote this element by X’ and assume (for the sake of de- 
finiteness) that this is the first point of the second class. Since A’ 
and B’ belong to different classes, X’ lies between them or, in the 
extreme case, coincides with B’. The point X on the oricycle corres- 
ponding to X’ belongs to the second class of Dedekind’s cut per- 
formed over the points of the oricycle and lies between A and B or, 
in the extreme case, coincides with B. If X is not a closing element of 
the second class on the oricycle, then there is a point Y between A 
and X also belonging to the second class. Axis y of oricycle u, pas- 
sing through Y, is situated between axes AA’ and XX’; hence it 
intersects segment A’X”’ at some point Y’. Point Y’ of u’ belongs to 
the second class, since Y belongs to the second class on oricycle uw. 
But at the same time the point Y’, by its construction, lies on w’ 
closer to the points of the first class than X’. This is impossible, be- 
cause X’ is the first point of the second class; the contradiction shows 
that X necessarily closes the second class. Had it been assumed that 
X’ on wu’ closes the first class, it could be proved similarly that its 
corresponding point X closes the first class of Dedekind’s cut on the 
oricycle. 

Thus, given a Dedekind’s cut on an oricycle, one of the classes of 
this cut has necessarily a closing element. This proves that Dede- 
kind’s principle holds in geometry on the horosphere. Theorem 41 
of § 23 then implies that axioms of continuity holds for a_ horo- 
sphere. 

The above analysis enables us to conclude that all the propositions 
of absolute geometry are valid for a horosphere. Indeed, all of them 
may be obtained in a logical way from the axioms of Groups I-IV, 
which have been shown to be valid. 

Now we must answer the question: Which theory of parallels— 
Euclidean or Lobachevskian—is realized in the geometrical system 
on a horosphere? An answer to this question can be easily provided. 

On horosphere 2 take any oricycle a and denote its plane by a. 
Let P be any point on the horosphere 2 outside a. Draw through 
P an axis p of the horosphere. Theorem XII of § 35 states that p 
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is parallel to a. Suppose that an arbitrary oricycle b is drawn through 
P. Its plane 6 goes through p. Oricycle b will have no common point 
with oricycle a only if B and @ do not intersect. But since p is paral- 
lel to a, it follows from Theorem XIV of § 35 that just one plane 
8 passes through p not intersecting a. Therefore through P there is 
just one oricycle on horosphere QQ not intersecting oricycle a. 
Thus on a horosphere Euclid’s parallel postulate holds. 

Thus one may assert that elementary geometry on a horosphere is 
Euclidean geometry. This remarkable result plays an important 
role in the development of Lobachevskian geometry. This fact, ir- 
respective of its use, is of interest in its own right. It turns out that 
if Euclid’s fifth postulate is rejected in the two-dimensional geometry 
on every plane, we yet recover this postulate in the two-dimension- 
al geometry on some other surface. , 

It is interesting to compare geometries on an equidistant surface, 
on a horosphere and on an ordinary sphere by considering in these 
geometries the proposition regarding the angle-sums of tri- 
angles. 

Since geometry on an equidistant surface is Lobachevskian geo- 
metry, it follows that the angle-sum of any triangle formed by the 
arcs of the geodesics (that is, by arcs of equidistants) is less than two 
right angles. 

Since Euclidean geometry is realized on a horosphere, the angle- 
sum of the geodesic triangle (formed by arcs of oricycles) on it is 
equal to two right angles. 

The spherical triangle whose sides are arcs of great circles (that is, 
of geodesics of a sphere) has an angle-sum greater than two right an- 
gles. On a sphere, there is a geodesic triangle with three right an- 
gles. 

Thus in spherical geometry the very proposition is valid whose fal- 
sity was established for absolute geometry by many geometers (Le- 
gendre, Saccheri, Lambert; the latter two in the form of the obtuse 
angle hypothesis). The reason for this is of course that spherical geo- 
metry is far less similar to Euclidean plane geometry than to Loba- 
chevskian plane geometry. 

In fact, for spherical geometry not only is the Euclidean parallel 
axiom not valid, but a majority of axioms of absolute geometry is 
also not valid (for example, two geodesics of a sphere always meet 
in two points, the “betweenness” notion cannot be applied to points 
on geodesics, etc.). 

We conclude with the remark that in one respect Lobachevskian 
space is richer than Euclidean. Namely, whereas in Euclidean space 
there are only two elementary geometries of two-dimensional 
manifolds—spherical and Euclidean—in Lobachevskian space all 
three geometric systems known to us are realized on various 
surfaces. 
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3.8. Area of a triangle 


§ 48. In the preceding section, we examined only angular and 
linear magnitudes. Now the problem of determining the area of 
figures in the Lobachevskian plane will be dealt with. 

In defining area, the notion of the equicomposition of figures is 
used: two figures are said to be equicomposed if they can be divided 
into the same number of mutually congruent triangles. For some 
time we confine our discussion to triangles only. 

The following proposition holds: a necessary and sufficient condi- 
tion for the equicomposition of two triangles is that their defects 
coincide. We recall that the defect of a triangle A is the difference 


D(a) =x —S (A) 


where S (A) is the angle-sum of the triangle; according to Legendre’s 
theorem (Proposition 3 of §8), S(A)<n and D(A) > 0 in non- 
Euclidean geometry. 

The proof of the necessity for the abovementioned criterion is 
based on the following two lemmas. 

Lemma I. Suppose that a simple connected region bounded by \a 
closed broken line is divided into triangles, so that the following condi- 
tions hold: any two triangles in the division have either no common points 
or have one common vertex or one common side. Then, if a* denotes the 
number of triangles in the division, aj the number of vertices of the 
triangles lying inside the region and a®? the number of vertices on the 
boundary, 


a2— 2at—ag= —2 (A) 


(In Fig. 62, a? = 10, a} = 3, a2 = 6.) 
Proof. We use the well-known Euler’s formula 


vw—aitadi=1 


where a} is the total number of the sides of the triangles in the divi- 
sion and @° the total number of vertices.* Let the vertices of the tri- 
angles in the division be numbered in some way, and let p?, denote 
the number of triangles having a common interior vertex with the 
triangle number k and p?, the number of triangles with a common ver- 
tex on the boundary with the triangle number r. Denote by pj, 
and pi, the number of sides originating from these vertices. Then, 
obviously 

Pin = Din 

p= piy—1 (B) 

er er 


* See, for instance, W. G. Chinn and N. E. Steenrod: First Concepts of To- 
pology, Random House, New York, 1966. 
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Figure 62 


On the other hand, summing over all the interior and exterior ver- 
tices, we have 


AY | , 
2 Pint ~ Per = 8a 


ys Pint BY Per = 201 
r th 


Subtracting the lower equation from the upper and noting (B), we 
obtain 


Qe = 2a!— 3a? 

Eliminating a! from this equation and from Euler’s formula 

a —aita?=1 
we obtain 

a2— 209+ af = — 
Noting that a® =a? + a@? and substituting it for a in the last equa- 
tion, we have the desired result 

a2—2ai'—ae=—2 


In topology, the division of regions by triangles satisfying the 
conditions of Lemma I] is called triangulation. 
Lemma II. Jf a triangle A is composed of triangles Ay, Lo, ++; 


An, then 
D(A) =D (Ai) +. + D (An) 


Proof. This lemma is evidently a generalization of Lemma 3 
of § 8, according to which if a transversal BD divides a triangle 
ABC into two triangles ABD and BDC, then 


D (ABC) = D (ABD) + D (BDC); 


At the same time, Lemma 3 of § 8 implies that the proof of Lemma 
II can be reduced to the case where the division of triangle ~ con- 
stitutes a triangulation. 

Indeed, the triangles A,, Ao,..-, An do not satisfy the, triangulation 
conditions if the vertices of some triangles V ; coincide with the inte- 
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rior points of the sides of some other triangles A;. But by joining suc- 
cessively the vertices of triangles A; that lie on the sides of neigh- 
bouring triangles with the vertices opposite to these sides of the latter 
triangles A;, we obtain a new system of triangles: Aj,..., Am. The 
division of triangle A into triangles Aj, ..-, Am iS a triangulation. 
Furthermore, the sum of the defects of Aj, ..., Am is equal to the 
sum of the defects of Aj, ..-, An, since each time a transversal di- 
vides triangle A ; this results in two triangles the sum of whose defects, 
according to Lemma 3 of § 8 equals the defect of A;. 
Thus for the proof of the lemma, it sufficies to show that 


D{Ai) +... +D(Am) =D (A) 


If 7 denotes the number of vertices of triangles Aj, .--, Am lying 
inside A, and p denotes the number of vertices lying on the sides of 
triangle A (the three vertices of A are not counted), then 


m—2l—p=1 (C) 
This equation is obtained by a light modification of formula (A) 
in the preceding lemma. In fact, applying Lemma I to the division of 
A into triangles Aj, ..-, Am, we have ~ 
a2=m, af=l, a=p+3 
Substitution of this in (A) results in (C). 
Consider now the sum D (Aj) +... + D (Am). Obviously, 
D(Ay) +... + D(Am) =ma—[S (Ay) +... +5 (Am)] 
The angle-sum of the triangles A,, .... Am meeting at every com- 
mon vertex lying inside A is 2x; the sum of angles bordering every 
vertex lying on the side of A isa, and, finally, the angle-sum of tri- 
angles Aj, .--» Am at the vertices which coincide with the vertices 
of A is S (A). Hence 
S (Ay) +... +S (Am) = 2la + pa +58 (A) 
This yields 
D(Ay) +... +D (Am) = (m— 21— p) n—SWA) 
or, noting (C), 
D(Ai) +... +D (Am) =a%—S (A) = D(A) 
But since 
D(Ay)-+ + D (Am) = D(A) +--+. +D (An) 
it follows that 
D(Ai) +... + D (An) = D(A) @ 


The following theorem proves the necessity for the above. equicom- 
position criterion for triangles. 


The Non-Euclidean Theory of Parallels 139 


Theorem I. Equicomposed triangles have equal defects. 

Proof. Assume that the triangles A and A’ have been divided into 
the same number of pairwise congruent triangles /,, ..., A, and 
Aiy+-+, An; the triangles are numbered so that triangles A; and 
A; with the same numbers are congruent. By Lemma IJ], 


D(A) =D (Ai) +... + D (An) 
and 
D(A") = D(Ay) +... +D (An) 


But since congruent triangles have evidently equal defects, it follows 
that 


D (Ai) = D (Ai) 
which together with the preceding equations implies that 
D(A)=D(a") & 


The sufficiency for the equicomposition criterion for triangles is 
given in 

Theorem II. Jf two triangles have the same defects, they are equi- 
composed. 

This theorem follows from a number of lemmas proved below.* 

Lemma a Two figures equicomposed with a third are equicomposed 
among themselves. 

Proof. Suppose that figures A and B are equicomposed with a 
third figure C. Suppose also that on both figures A and B those lines 
are marked which divide these figures into parts congruent to parts 
of C. Plot lines on C which divide it into parts that are respectively 
congruent to parts of A and then plot lines dividing C into parts 
that are respectively congruent to parts of B. Then all these lines 
divide C into parts from which both A and B can be formed. @ 

Lemma 6. Jf E and F are the feet of the perpendiculars drawn from 
vertices B and C of a triangle ABC to the line joining the midpoints 
P and Q of the sides AB and AC, then BCFE is a Saccheri quadrilateral 
and triangle ABC is equicomposed with the quadrilateral BCFE. 

Proof. We must first show that BCFE is a Saccheri quadrilateral. 
Draw from A a perpendicular AD to line PQ; obviously, A BEP = 
= A ADP and A CFQ= A ADQ, whence BE=AD and CF = AD. 
Accordingly, BE = CF and thus BCFE is in fact a Saccheri quadri- 
lateral. To prove that A ABC and quadrilateral BCFE are equicom- 
posed, we discuss two cases. 

(1) Segment PQ is a part of segment EF (Fig. 63a and b). 

That ABC and BCFE are equicomposed in this case follows imme- 
diately from Fig. 63a and b, where equal triangles have been indi- 


* These lemmas have been partly taken from R. Baldus: Nichteuklidische 
Geometrie. Hyperbolische Geometrie der Ebene, De Gruyter, Berlin-Leipzig, 1927. 


140 Foundations of Geometry 


“‘ 
‘\ 


R 
| 
| 
| 
| 


|E 
y 


(a) (b) 


Figure 63 


cated by identical numbers (Fig. 63b refers to the case where F 
and Q coincide). 
(2) The segment PQ lies, atgleast partly, outside EF (Fig. 64). 


In this case note first that PQ = (1/2) EF. This follows from the 
fact that 


' ABEP=AADP and ACFQ = AADQ 


implying that EP = PD and FQ = QD, which in turn yields EP — 
— FQ = PD— QD or EF — PQ = PQ, that is, 2PQ = EF or 
PQ = (1/2) EF. 

Next join C with point P and on this line mark off segment PA’ = 
= PC. Then join A’ with B, and let P’ be the point of intersection of 
line EF with side BA’ of 2 A’BC.It is easy to show that P’ is the 
midpoint of side A’B. Indeed, if A’D’ is the perpendicular from 
A’ to EF, then A’D' =CF = BE; therefore A P’A’D' = A P’'BE, 
whence BP’ = P’'A’. Furthermore, triangles A’BC and ABC are 
equicomposed since they contain a common triangle BPC, while 
triangles BPA’ and CPA are equal because the angles included be- 
tween the respective equal sides are equal. Thus, starting with the 
triangle ABC, one can construct a triangle A’BC in the manner de- 
scribed; similarly, starting with the triangle A’BC, one can form a 
new triangle A”BC, and so on (Fig. 64). 

All the triangles ABC, A’BC, A”BC,... have a common median 


and are, in view of the previous result and Lemma a, equicomposed. 
Moreover, 


QP = PP’ = P’P" =... = (1/2) EF 


By virtue of Archimedes’ axiom, one of these triangles is situated 
as in the first part of the proof; accordingly, it is equicomposed with 
the Saccheri quadrilateral BCFE and hence the quadrilateral BCFE 
and the original triangle ABC are equicomposed. Mf 
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Lemma y. If two triangles have the same defects and one side of one 
of the triangles is equal to one side of the second triangle, then the Sac- 
cheri quadrilaterals corresponding to these sides are congruent. 

Proof. Indeed, 7 Band Z. C of the quadrilateral BCFE are equal 
and, as is clear from Fig. 63 or Fig. 64, each of them is S/2, where 
S is the angle-sum of triangle ABC. But a Saccheri quadrilateral is 
completely determined by the top side and the summit angle. @ 

Lemmas a, B and y immediately imply 

Lemma 6. /f two triangles have the same defects and one side of one 
of the triangles is equal to one side of the other, then the two triangles 
are equicomposed. 

If segment BE in Fig. 63 is produced to a point R such that BE = 
= ER, then evidently the midpoint of side RC of triangle BRC 
will lie on the line EF. According to Lemma 86, the triangles BRC 
and BAC are equicomposed with the quadrilateral BCEF, and hence, 
by Lemma a, they; are equicomposed. Moreover, 7 EBC =S/2. 
Thus we have proved 

Lemma ¢. If the angle-sum of a triangle ABC is S, then an equicom- 
posed triangle can be constructed with one of its angles being S/2. 

Consider now two triangles with the same defects, and hence with 
the same angle-sums S. According to Lemma ¢, one can construct two 
new triangles equicomposed with respective triangles, and in each of 
the new triangles one angle is S/2. We superpose these triangles so 
that equal angles coincide (Fig. 65). If the vertices C and C, coincide, 
then vertices A and A, also must coincide, since otherwise one 
triangle will become a part of the other and, by Lemma 3 of § 8 
that triangle will have a smaller defect, contrary to our assumption. 
In this case all the vertices of the triangles will coincide and the 
triangles will be congruent. If all the vertices do not coincide, then, 
for the same reason, one triangle cannot lie wholly inside the other, 
and the triangles will be situated as shown in Fig. 65. 


Figure 64 
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Drawing line AC,, we find from Lemma 3 of § 8 that the triangles 
AC,A, and AC,C have the same defects and hence, by Lemma 4, 
they are equicomposed. Therefore triangles ABC and A,BC, are 
also equicomposed. This completes the proof of Theorem IJ. @ 

Now consider triangle ABC. Taking a point D on the side BC, 
set BC --a and BD=z. The defect of triangle BAD is evidently 
a function of z: 

D (ABD) = D (z) 


If we agree to take D (0) = 0, the function D (z) is defined for al} 
values of z, 0 < z < a. We will now show that D (z) is continuous 
forallz(O< x< a). 

Denote 4 BAD by a(z) and # BDA by 6 (z). It suffices to estab- 
lish the continuity of @ (x) and B (z). Since these functions are mono- 
tone, their continuity will be proved if it is shown that besides 
assuming any two given values they also assume the intermediate 
values. 

For the function a (z) this is obvious, as the line AD can be 
drawn at any angle of inclination to AB. It is also easy to see that 
the angle of inclination of AD to BC assumes all possible values 
(between O and x if the position of D is unrestricted on BC). Indeed, 
consider A MON with an arbitrary magnitude £, and from a variable 
point M* draw perpendicular M*N* to ON on the side OM of the 
angle. Set OM* = x* and M*N* = y*. By Lemma II of § 30, 


y* = f (z*) 


is a continuous function that increases monotonically without bounds. 
This implies that there is a value yj equal to the length of the alti- 
tude of triangle ABC drawn on the side BC. Denote the corresponding 
position of M* and N* by Mj and Nj}. We now place triangle OM$N}5 
in such a way that M4 coincides with A and side M}N4¢ lies on the 
altitude drawn from A to side BC of the triangle ABC. The points 
O and Nj will evidently lie on line BC. Denote by D, the point from 
which O moves and by zy, the length of BD,. By its construction, 
B (zo) has the preassigned value f,. Thus our assertion is proved; 
namely, D(z) is continuous for 0<2<a. 
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Having established the continuity of D (x), we can state the fol- 
lowing 

Theorem III. Given any number a satisfying the inequalities 
O<a< _n'D (ABC), there is a system of points D,, D., ..., Dn 
on side BC of the triangle ABC such that each of the triangles BAD,, 
D,AD,g,...,Dn-,AD, has a defect a. 

The proof follows from the continuity of the defect. 

Now we are in the position to define the area of a triangle. 

In Euclidean geometry, the area of a triangle is defined in such 
a way that the following two conditions hold: (i) congruent triangles 
have the same area, and (ii) if a triangle A is composed of triangles 
A1>---> An, then the area of A is equal to the sum of the areas of 
Ai: eas | An: 

These two conditions will serve as the basis for defining the area of 
a triangle in non-Euclidean geometry. 

Suppose that with each triangle A in the Lobachevskian plane 
there is associated a positive number f(A); in other words, a func- 
tion f(A) is defined whose domain of definition is the set of all 
triangles and al] its values are positive. Furthermore, assume that 
the following conditions are satisfied: 

(i) if triangles A, and A, are equal, then f (A,) =f (A>); 

(ii) if triangle A is composed of triangles A, .-., An, then 


f(A) =f (Ax) +. + F(An) 


Then the number f (A) will be called the area of triangle A. 

For this definition to make sense, the existence of a function f (A) 
satisfying conditions (i) and (ii) must be established. We will show 
that such a function f (A) exists and is “unique” in the sense that it 
is completely defined by prescribing its value for a given triangle; 
in other words, if one triangle is assigned a definite area, then the 
area of every triangle is completely determined. 

As to the question of existence, it has been solved in the previous 
discussion: the defect D(A) of the triangle A has properties (i) 
and (ii). The question concerning the uniqueness of the value of area 
is settled by the following theorem. 

Theorem IV. Any function f(A) satisfying conditions (i) and (ii) 


has the form 

f(A) = kD (A) (*) 
where k is a positive constant, that is, is a positive number independent 
of A. 

Indeed, if this theorem is assumed to be valid, then, fixing a value 
of function f (A) for some triangle A,, we completely determine this 
function because the relation 

f (Qo) = kD (A) 


completely determines the value of k. 
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It may,be said that the choice of one of the functions f (A) as the 
area of a triangle or, what is the same, the choice of constant & 
in (*) corresponds to assigning a definite number to areas. It should 
be noted, however, that if the function f/ (A) is chosen as the area 
arbitrarily, there may not be any triangle with area equal to unity. 
For example, if k < 1/n, then for all triangles f (A) <1 since the 
defect of every triangle is less than x. 

We now prove Theorem [V. It suffices to show that for any two 


triangles A and A 

f(4) _ D(A) 

f(Q) D(A) 
because by fixing triangle A and setting f(A) /D (A) =k wet ob- 
tain (*). 

Take any positive integer m and divide triangle A into triangles 

Ain Jo; «+s An by transversals originating from some vertex of tri- 
angle A such that their defects are the same$ then 


= D 
Dij=—— GS. 2.000 


n 


Denoting the vertices of A by A, B, C, take a system of points A, 


A», ..., Am on the side AC subjecting them to the following condi- 
tion: if A, denotes the triangle ABA,, A, the triangle A,BAg, 
and so on, then (a) the defects of all the triangles A,, Ag, ..-, Am are 


D (A)/n, (b) either point A,, coincides with point C or 
D (AmBC) < C42 


That such a system can be chosen is ensured by Theorem III. 
Indeed, if m denotes the largest natural number satisfying 


mD (A) < nD (A) 


then 
; D(A) 
“a, 
if we put 
a D(A) 
n 


According to Theorem III, points A,, ..., Am will be found on the 
side AC of triangle ABC such that they correspond to triangles A, 
..-> Am With defects «. Moreover, A,, coincides with C ifa=D(A)/m 
and precedes C if ~< D(A)/m; in the latter case the defect of 
triangle A,,BC would be less than a, otherwise we would’ have 
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(m+1)D(A)<nD (A), violating the condition. Obviously 
— 4 — 
= D(A)<D(a)<™ D(A) 


or 
ue D(d) sian 
pay e 
whence 
es UD): (E) 
n+c 7 D(Q) 
Note next that since the triangles es Dea ete ee iss NGS, Sens 


Am have the same defects, Theorem II implies that all of them are 
equicomposed with one of them. This together with conditions (a) 
and (b) implies that 


(OD) Se 1 Aa) ST A= = a 


or 


fajy=t4 = a4, 2,...,2) 


[A= 
Further, by condition (b), 

mf (Aj) <f (A) < (m + 1) f (Aj) 
This, on the basis of («*), yields 


2 HAV<H (A) <2 # (a) 


j=1, 25 seen) (+) 


or 


Accordingly, 
(F) 


Comparing (E) and (F), we have 
f(A) _ DitA) 
f(A) D(A) 
Thus we have shown that conditions (a) and (b) determine the 
area f (A) to within a constant multiple: 


f(A) = kD (A) (I) 
10-0779 
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In § 182 a connection will be established between the choice of 
units measuring area and length (in Euclidean geometry, such a con- 
nection is provided by the fact that the unit of area is chosen as the 
area of a square whose sides are equal to the unit of length). In this 
way k will be fixed together with the choice of a linear scale. 

Having defined the area of a triangle, defining the area of any poly- 
gon offers no complications: assuming any polygon P divided into 
triangles Aj,.--, An, we define the area of P as a number O equal to 
the sum of the areas of A,, ..., A,. The reader can easily show that 
the value of o does not depend on the manner in which a polygon is 
divided into triangles. 

A few remarks concerning the above presentation are in order. 
Since, by its definition, the defect of a triangle is less than xm, the 
area of each triangle is less than kn. Thus a theorem may be stated: 
in absolute geometry the assumption that there exists a triangle with 
an arbitrarily large area is equivalent to Euclid’s fifth postulate. 
Indeed, as is clear from the above discussion, this assumption is not 
valid in the Lobachevskian system. 

On the other hand, since there are polygons which cover an arbitra- 
rily large number of similar triangles, the areas of polygons can be 
as large as possible. What is more, the continuity of the defect implies 
that there is a polygon whose area is any preassigned positive num- 
ber. In particular, there is a polygon with unit area. 

In conclusion, we compare the area in Lobachevskian geometry 
with the area in spherical geometry. It is known that the area of a 
spherical triangle is given by 


0 (A) = R?(a-+B+y—%) (II) 


where R is the radius of the sphere and a, f, y the angles of the trian- 
gle. But formula (I) may also be expressed as 


0 (A) =k(1—a—B—y) (I’) 


This shows that (1’) is obtained from (II) if the radius R of the 


sphere is replaced by an imaginary quantity i V k. This feature was 
noted by Lambert. 


3.9. Proof of logical consistency 
of Lobachevskian geometry 


§ 49. We have established the basic facts of the parallel theory in 
Lobachevskian geometry. Although many of these facts contradict 
the properties of lines as we know them, we were not able to find any 
logical inconsistency in the preceding exposition. On the other 
hand, non-Euclidean geometry, at least the portion known to us, 
has the form of a theory nicely constructed in the logical sense. 
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But what is the guarantee that in developing this theory further we 
shall not encounter logical inconsistencies? Lobachevsky clearly un- 
derstood that in order to show the independence of Euclid’s fifth po- 
stulate from other geometric postulates it is not enough to produce a 
sct of theorems obtained by denying the validity of the Euclidean pos- 
{ulate and then declare that there is no logical inconsistency in the 
new set. He felt that some sort of argument was required which would 
show that the accepted statements would never lead to contradic- 
lions, that is, that the Euclidean postulate can never be proved by the 
method of contradiction. 

By obtaining the basic equations of his geometry, Lobachevsky 
eave an analytical interpretation of this geometry and thereby 
showed, in principle, its consistency. Later (towards the end of the 
nineteenth century), when the understanding of geometrical objects 
und geometric axioms was widened, the consistency of Lobachev- 
skian geometry was shown in a simple and precise manner; to one of 
these proofs, due to the French mathematician Jules Henri Poincare 
(1854-1912), the next few pages will be devoted. 

So as not to obscure the exposition by difficulties of a technical 
nature, we confine the discussion to two-dimensional geometry. 
The problem then posed can be formulated as follows: show that Axi- 
oms I.41-I.3, the axioms of Groups II-IV and the non-Euclidean par- 
illel axiom are logically consistent, that is, these axioms do not 
lead to any two assertions negating each other. 

The general idea of the solution is indicated by the modern view 
of geometric axioms. Going back to § 11, where geometric objects 
were introduced, we find that there is not even a hint of a description 
of geometric elements: points, lines and planes; only the existence of 
certain objects called by these names is assumed. Further, between 
these elements there are certain relationships expressed by 
“lies on ...”, “between”, “are congruent”; but the nature of these 
relationships is not given, they are only assumed to have a certain 
number of properties (very small number, to that) mentioned in 
ixioms. 

Therefore in studying, for example, Euclidean plane geometry, by 
“point” and “line” we mean any specific objects and express by “lies 
on ..., “between”, “are congruent” any relationships among these 
objects, the only condition being that they be consistent with Axi- 
oms I.4-I.3 and the axioms of Groups II-V. Every proposition de- 
rived logically from Axioms I.1-I.3 and the axioms of Groups II-V 
expresses a certain fact relating to the chosen object. Clearly, the 
specific meaning of every abstract geometric proposition depends on 
the system of objects chosen. By choosing specific objects the rela- 
tionships between which satisfy the requirements of the given sys- 
tem of axioms, we obtain a model of the abstract scheme defined by 
these axioms. 


10* 
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In the preceding section, where elementary geometry on an equi- 
distant surface was examined, we had examples of various models 
of the same abstract scheme in Lobachevskian plane geometry. 
Indeed, as we know, both the relationships between points and equi- 
distants on any equidistant surface and the relationships between 
points and lines in every plane of Lobachevskian space satisfy 
axioms of non-Euclidean plane geometry. However, we do not yet 
know whether such objects exist, since the very topic of our present 
discussion is the question of the existence of Lobachevskian space. 

In constructing a concrete model of the Lobachevskian logical 
scheme lies the proof of its logical consistency. 

The principle behind such a proof can be easily explained by exam- 
ining a problem opposite the problem at hand. Suppose by some 
means we are able to show the consistency of Lobachevskian geo- 
metry and then pose the question of the consistency of Euclidean 
planimetry. This question could have been easily settled by ex- 
amining a horosphere. On a horosphere the points and oricycles have 
the same sort of relationships as required by the axioms of Eucli- 
dean plane geometry (see § 47). Therefore if the axioms of Euclidean 
plane geometry lead to two contradictory results, this would imply 
the inconsistency of elementary geometry on a horosphere, that is, 
of Lobachevskian geometry because a horosphere is an object of this 
geometry. 

Because a model of Euclidean plane geometry may be constructed 
in Lobachevskian space, the consistency of Lobachevskian geometry 
implies the consistency of Euclidean plane geometry. 

Our aim is to prove the consistency of Lobachevskian geometry. 
In solving this problem, the consistency of Euclidean geometry is 
assumed (this question will be dealt with in the next chapter). 
Although there are no surfaces in Euclidean space whose elementary 
geometry coincides with Lobachevskian plane geometry, we can 
still construct a model of non-Euclidean planimetry from the ob- 
jects of Euclidean space. But by speaking of points and lines, we 
shall only be forced farther from the obvious notions aroused by the- 
se words than if we consider elementary geometry of certain sur- 
faces. 

What is more, a model of non-Euclidean geometry can be constru- 
cted on the Euclidean plane and thus the consistency of Euclidean 
plane geometry would imply the consistency of Lobachevskian plane 
geometry. 

The result which we shall obtain may be formulated thus: if the 
system of axioms of Euclidean plane geometry I.1-I.3, II-V is con- 
sistent, so is the system consisting of Axioms I.1-I.3, the axioms of 
Groups II-IV and the Lobachevskian parallel axiom. At the same 
time it will be shown that the Euclidean parallel axiom is not a nec- 
essary consequence of Axioms!.1-I.3and the axioms of Groups II- 
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IV. We construct below a model or, as it is sometimes also called, 
an interpretation of non-Euclidean planimetry on the Euclidean 
plane due to Poincare. 

§ 50. In the Euclidean plane consider a line z, assuming it to be 
horizontal for the sake of convenience. Line x determines two half 
planes, one of which will be called the upper. Points of the upper 
half plane (excluding the points of x) will be called non-Euclidean 
points, and by ncn-Euclidean lines we shall mean Euclidean semicir- 
cles lying in the upper half plane and orthogonal to z (that is, having 
centres on x) as well as Euclidean half lines in the upper half plane 
supported by line z and forming with it a right angle. In order to 
simplify the statements, these half lines will be referred to as se- 
micircles of infinitely large radius. 

Between non-Euclidean points and kines we establish relation- 
ships satisfying Axioms I.1-I.3 and the axioms of Groups II-IV, 
that is, satisfying axioms of absolute geometry. After that we will 
show that the Lobachevskian parallel axiom is realized in the sys- 
tem of objects thus constructed. The relationships between the ob- 
jects will be established one after another as required by successive 
consideration of the axioms. 

First we examine the axioms of Group I. To this group there pre- 
cedes an assumption stating that geometric objects are in corres- 
pondence to each other as expressed by saying “a point lies on a 
line”, “a line passes through a point”, and so on. We must clarify 
what is to be understood by these expressions in relation to non- 
Euclidean points and lines. 

Let A be a non-Euclidean point, and a a non-Euclidean line repre- 
sented by a certain semicircle (the latter is also denoted by a). 
We will say that A lies on (non-Euclidean) line a if this point is on 
Euclidean semicircle a in the sense of the relationships of Euclidean 
geometry. 

That Axioms I.1-I.3 are valid for non-Euclidean points and lines 
can be shown by means of Euclidean geometry. 

Axiom I.1 is satisfied because through two points A and B of the 
upper half plane there always passes a semicircle orthogonal to line z. 

Axiom I.2 is valid since two semicircles representing non-Eucli- 
dean lines can have at most one common point. 

Axiom I.3 is true because there are infinitely many points on the 
semicircle and in the upper half plane there are infinitely many points 
not on one semicircle. 

Consider now the axioms of Group II, the axioms of betweenness. 
We must determine what exactly is meant by the phrase “lies be- 
tween...” in connection with the non-Euclidean points of a non- 
Euclidean line. 

Let A, B, C be three point of a non-Euclidean line in the form of 
a semicircle a. Point B is said to lie(in the non-Euclidean sense) 
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between A and C if B lies on a between A and C in the sense of Eu- 
clidean geometry. In other words, the order of points on a non- 
Euclidean line coincides with the order of points on the Euclidean 
semicircle representing this line in the upper half plane. 

A more detailed definition of the order of the points of a non-Eucli- 
dean line for the case where the semicircle representing this line does 
not degenerate into a Euclidean half line may be given in the fol- 
lowing terms. Let a non-Euclidean line be represented by the semi- 
circle a whose centre is at O (O is not an object of our system). Con- 
sider a Euclidean line wu parallel to xz. Each Euclidean line passing 
through O, except line z, intersects the semicircle a in one point 
M and the line w‘inone point M’, to be called a point corresponding 
to M. 

Then, if A, B, C are three points of the non-Euclidean line repre- 
sented by the semicircle a, the point B, being an object of non-Eu- 
clidean geometry, lies between A and C if in the system of points 
A’, B’, C’ corresponding to points A, B, C on the Euclidean line 
u point B’ lies between A’ and C’. 

This immediately implies that for a non-Euclidean line, Axioms 
IJ.4-II.3 are true, since these axioms are true for any Euclidean line. 

We note in passing one important feature: Dedekind’s principle is 
realized in the ordered set of points on a non-Euclidean line. 

Indeed, Dedekind’s principle is valid in Euclidean geometry. 
But as we have seen. between the points of a Euclidean line and the 
points of a non-Euclidean line a one-to-one correspondence may be 
set up such that the corresponding points are in the same order. And 
this proves the stated assertion. 

Apart from Axioms II.1-II.3, whose validity has already been 
established, Group II also contains Pasch’s axiom, Axiom II.4. To 
demonstrate that Pasch’s axiom remains valid for our system, the 
following Euclidean theorem must be proved. Let ABC be a curvilin- 
ear triangle (Fig. 66) formed by the arcs of semicircles and a the 
semicircle not passing through A, B, or C, then if a passes through 
any point of the arc AC, it also passes either through a point of arc 
AB or through a point of arc BC. The proof of this theorem, being 
quite obvious, is of no interest. 

The proofs of the validity of the axioms of the first two groups were 
reduced to establishing a number of trivial propositions of Eucli- 


Figure 66 
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Figure 67 


dean geometry. For more complicated is the verification of axioms 
of congruence IJJ.1-III.5, the investigation of which will soon be 
started. This requires a proper definition: of congruence of images. 

§ 51. The main tool for our further construction will be a special 
mapping of the Euclidean plane onto itself, known as inversion in 
elementary geometry, in the theory of functions and in mathemati- 
cal physics. 

Consider a circle & with centre at A and radius r (Fig. 67). Let 
M be any point in the plane. If this point does not coincide with A, 


a unique point M’ can always be found which is defined on the ray 
AM thus: 


AM x AM =r? (*) 


(see the construction in Fig. 67). Point M’ is called the image of 
M under inversion with respect to circle k or simply the inverse of 
point M. 

Moreover, point M’ will be called the inverse of M with respect to 
line u if M’ is symmetrical to M with respect to line wu. In the fol- 
lowing exposition, as a rule, we shall not distinguish between in- 
version relative to a circle and inversion relative to a line, treating 
a line as a circle with an infinite radius. Proofs of theorems concern- 
ing inversions will be usually carried out under the assumption 
that the circle of inversion is the usual circle. The special case where 
the circle of inversion has an infinitely large radius (that is, is a 
line) sometimes requires additional but trivial arguments. These the 
reader can reproduce himself. 

The following properties of inversions are obvious. 


(1) If M' is the inverse of point M, then M is the inverse of point M’. 
Thus inversion coincides with its inverse mapping. 

(2) Under inversion the exterior region of circle k in the plane is 
mapped onto the interior region and vice versa.* 


* If the radius of circle k& is infinitely large, that is, it is a line, then any 
of the two half planes defined by this line can be treated as the interior region 
and then the second as the exterior. 
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(3) Every point of circle k coincides with its inverse. 


Other properties of inversion involve a little computation. In 
a plane let us introduce an orthogonal Cartesian system of coordi- 
nates and with each point M associate the complex number z = zx + 
+ iy, where x and y are the coordinates of M. As usual, a bar over 
z will denote the complex conjugate of the given number: z = x — 
— iy. Evidently, point M is determined by prescribing any one of 
the two numbers, z or 2. 

Let the origin be the centre of the circle of inversion. Then if two 
points determined by z and 2’ are inverses of each other, (*) yields 
a relation between z and 2’: 


oz =r 
This gives an analytic representation of inversion: 


z’ =r2/z 
or, in terms of coordinates, 
’ 5 ’ Y 
“L=>re———_— =f? 
zy? ? y x? y? 


Using these formulas the so-called circular property of inversion may 
be proved: if point z describes a circle or a line, its inverse z’ de- 
scribes either a circle or a line. 

Treating a line as a circle of infinitely large radius, we can express 
the last result as follows: 


(4) The inverse of a circle is a eircle. 
To prove this, consider any circle 
A(?+ y)) + Br +Cy+D=0 


Replacing the current coordinates z, y by 


/ , 


— 72 — Seen ee eer, 
PS eepyt FS apy 


we have 
Art+ Brg’ + Cr?y’ + D (x2’2+ y'2) =0 


Thus the coordinates of points which are the inverse of points of a 
circle also satisfy the equation of a circle (or of a line if D = 0). 
Thus the statement is proved. | | 

A special role in our discussion is played by speeial mappings 
which are products of inversions. 

Let us consider one such mapping which transforms any point 
z into a point z’. It is easy to show that if this mapping is the product 
of an even number of inversions, then 2’ is given in terms of z by the 
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formula 

re az+ 

oye 6 () 
where a, B, y, 5 are complex constants. On the other hand, if the 
given mapping consists of an odd number of inversions, then 2’ 
is given by 


pena (II) 
yz+56 

We shall first show that inversion with respect to a circle with a cen- 
tre a and a radius r is analytically given by the formula (II). To do 
this, we introduce a new coordinate system with origin at a and axes 
parallel to the old axes. If M and M’ are two points inverse with re- 
spect td the given circle, and Z and Z’ are corresponding complex 
numbers in the new system, then 


Z' =r2/Z 
Let z and z’ be complex numbers corresponding to these points in 


the old system; evidently, z = Z-+ a and z’ = Z’ + a. Substitut- 
ing these into the last relation, we find 


whence 
' az + (r?—aa) 


a a 
zZ—a@ 


or, if we set a= a, r?— aa = 6,1=y, —a = 6, we get 


2 wtb 
yz td 


The above computation was carried out with the assumption that. 
the inversion is with respect to an ordinary circle. But it is not diffi- 
cult to obtain a relation between z and z’ if the inversion is per- 
formed with respect to a line. The inversion with respect to the real 
axis is given by the equation z’ = 2; consequently, inversion rela- 
tive to a line passing t yaroug) the origin is analytically given by the 
equation e‘fz’ = (e*%z), or 2’ = e~*i¢z, This will yield, with the 
aid of translation, the relationship between z and z’ when the line of 
inversion has any position, namely 


Zz = e—*i9z 1 constant 


This is the same as (II) with y = 0. 
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Thus the equation z’ = with a proper choice of constants 


az+h 
zt § 
a, f, y, 6 defines any inversion with respect to either an ordinary cir- 
cle or a circle with an infinitely large radius. 

Suppose that two inversions are successively performed with re- 
spect to any circle. If the first inversion maps z into z’ and the sec- 
ond z’ into 2”, then 


oe OZ + By 
¥iz+ 9, 
and 
a a2’ +Be 
P22’ + Oe 
The first of these two relations implies that 
poe. 
viz4- Oy 


Substitution of this expression into the second equation, after 
minor computations and introduction of proper notation, yields 


nw az+B 
— yz+6 


that is, a relationship of type (I). If another inversion is performed 
which maps z” into z”, then evidently, the relationship between 
z2” and z will have form (II); the next inversion of z” will again yield 
{I), and so on. 

We shall now prove the properties of products of inversion to be 


used later. 


(5) If a mapping consisting of an even number of inversion leaves 
three points of the plane fixed, then all the points of the plane retain 
their positions under this mapping, the mapping is thus an identity. 


As noted above, mapping of this form transforming z into 2’ 
is characterized by the equation 


p az+B 
iis yz+6 
All the fixed points of this mapping are given by the equation z’ = 
== z, that is, by 
a 
= a , or y22-+(d—a)z—Bp=0 

According to the condition, this equation must have three solutions. 
This is possible only if it reduces to an identity, that is, if 


y=0, 6—a=0, p=0 
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B O 


(a) 


Figure 68 


Hence 
z’ = (a/d)z 


Clearly, a ~ 0 (if a = 0, then every point z is mapped into the 
same point z’ = 0, which is impossible for the mapping which is a 
product of inversions because each inversion maps distinct points 
into distinct points. Since 6 — a = 0, at a #0, we have z’ = z. @ 


(6) [fa mapping consisting of the product of an odd number of inver- 
sions leaves three points of the plane fixed, then this mapping is an inver- 
sion with respect to a circle through these three points. 


Assume that z’ = f (z) is the given mapping. If 2” = q (z’) is an 
inversion with respect to the abovementioned circle, then 2” = 
= @ (f (z)) is a mapping composed of an even number of inversions 
and it leaves the same three points fixed as the given mapping z’ = 
= f(z). Then, according to the preceding result, z” = @ (f (2)) 
must be an identity, 2” =z. Thus @ (z’) =z and accordingly, 
z and z’ the inverse of each other with respect to the circle passing 
through the three points in question. @ 

In conclusion, we formulate without proof another proposition 
concerning inversions. 


(7) If two circles intersect, then an inversion preserves the angle 
between these circles. 


The invariance of an angle under an inversion is proved in the 
elementary theory of conformal mapping. 

Now we may return to the construction of a model for non-Eucli- 
dean geometry. 

§ 52. According to the definition of “betweenness’ given in § 50, 
the order of points on a non-Euclidean line coincides with the order 
of points on the Euclidean semicircle representing this line in the 
upper half plane. Therefore, a non-Euclidean segment AB is repre- 
sented by an arc of the semicircle with endpoints A and #8; the non- 
Euclidean half line emanating from the point O is represented by arc 
OX whose endpoint X lies on the line x (Fig. 68a). Of course, X 
is not considered as a point of the non-Euclidean half line. 
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A non-Euclidean angle is defined as the totality of two non-Eucli- 
dean half lines emanating from one point (Fig. 68b). 

We shall now define the congruence of segments and angles in our 
model of non-Euclidean geometry. 

We shall make considerable use of inversions, and consider only 
those inversions which are performed with respect to circles ortho- 
gonal to line x. Evidently, such inversions map points of the upper 
half plane into points of the same half plane. Thus in performing 
inversions of figures of the upper half plane we do not go beyond its 
limits. 

A non-Euclidean segment AB is congruent to another non-Eucli- 
dean segment A’B’ if there is a chain of inversions such that their 
product maps a Euclidean circular arc AB into a circular arc A’B’. 

Similarly, a non-Euclidean angle z (h, k) is congruent to another 
non-Euclidean angle / (h’, k’) if there is a chain of inversions such 
that their product maps the sides of the first angle onto the sides of 
the second angle.* 

Proposition (7) of § 51 implies that angles congruent in the sense 
of the present definition are equal among themselves also in the 
sense of Euclidean geometry regarding curvilinear angles. In con- 
trast, circular arcs representing non-Euclidean congruent segments 
are not congruent in the sense of Euclidean geometry since inver- 
sions, while preserving the magnitudes of angles, affect linear mag- 
nitudes of figures. 

In our model of non-Euclidean geometry inversions with respect 
to circles orthogonal to line xz are some sort of congruent displace- 
ments. Let us examine their peculiarities more closely. 

Consider a semicircle orthogonal to x in the upper half plane. Ac- 
cording to Proposition (4) of § 51 an inversion maps this semicircle 
into acircular arc (also in the upper half plane) and the line z is 
mapped onto itself. Since an inversion preserves the magnitude of an- 
gles, the circular arc obtained by inversion of the given semicircle 
must be orthogonal to line z and hence must also be a semicircle. 
Thus the inversion in question always maps a semicircle orthogonal 
to x in the upper half plane into the same type of semicircle. This 
is a very important feature because semicircles orthogonal to x 
in the upper half plane are lines in our model of non-Euclidean geo- 
metry. 

Let AB be a circular arc representing a non-Euclidean segment 
(Fig. 69). Denote by S the point of intersection of Euclidean line 
AB with line z (assuming they intersect) and draw from S a tangent 
SC to the arc AB. By a known theorem of Euclidean geometry, 
SA xX SB = SC*. Therefore, if uw denotes a semicircle with the 


* Congruence relations of segments and angles are mutual; thi3 is a conse- 
quence of the fact that inverse mappings of inversions are also inversions. 
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Figure 69 


centre S and radius SC, inversion with respect to u maps A into B 
and B into A but point C remains unchanged. This means that arc 
AB is mapped onto itself, and its part AC is mapped onto BC and BC 
onto AC. Since both of them are inverse of each other, arcs AC and 
CB represent non-Euclidean congruent segments, and C is the non- 
Euclidean midpoint of arc AB. Note also that arc AB is orthogonal 
to semicircle wu. Thus u represents a perpendicular at the midpoint of 
the non-Euclidean segment AB. In other words, points A and B 
are symmetric, in the non-Euclidean sense, with respect to a non- 
Euclidean line represented by uw. We may thus conclude that from 
the non-Euclidean point of view an inversion is nothing but symmet- 
ry with respect to a line. 

The aforesaid construction assumed the existence of the point S. 
If the Euclidean line AB does not intersect line z, then S should be 
understood as a point at infinity, the tangent to arc AB as a line 
parallel to z, while uw should be replaced by a half line. In this case 
inversion reduces to the ordinary symmetry with respect to the Eu- 
clidean perpendicular to line x drawn from the Euclidean midpoint 
C of the arc AB. This makes clear what is to be understood by the 
definition of congruence of images given earlier: an image A is 
congruent to another image A’ if A’ may be obtained from A by 
means of a chain of reflections understood in the aforementioned 
(non-Euclidean) sense. 

Our aim now is to show that the congruence relations thus intro- 
duced satisfy Axioms IIJ.1-III.5. 

These axioms will be dealt with successively. Axiom III.1 requires 
that a given segment of a given line be congruent to a segment that 
originates from any point on another line and lies on a given side of 
this point. This axiom is satisfied in our model. Consider the two non- 
Euclidean lines, a and a*, and take segment AB on one of them and 
a point A* on the second (Fig. 70). Moreover, choose one of the two 
half lines starting with the point A* on a*. As shown above, draw 
a (non-Euclidean) perpendicular n at the midpoint of segment AA*. 
By means of a (non-Euclidean) reflection in this perpendicular, line 
amay be mapped onto another line a’; then point A is mapped into 
A* and segment AB of line a into segment A*B’ of line a’. Now 


draw a (non-Euclidean) bisector b of the angle formed by two (non- 
f 
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Figure 70 


Euclidean) half lines one of which originates from A* towards B’ 
and the other is the chosen half line on line a*. The reflection (un- 
derstood in the non-Euclidean sense) in 6 maps (non-Euclidean) 
line a’ into (non-Euclidean) line a* and segment A*B’ of line a’ 
into a segment A*B#*. Hence there is a point B* on (non-Euclidean) 
line a* on the given side of its point A* such that segment A*B* 
is obtained from segment AB by means of two (non-Euclidean) 
reflections; accordingly, AB = A*B* in the accepted sense. 

Axiom IJ].1 also requires that among the points of line a* lying 
on a given side of A* there is only one point which together with A* 
determines a segment congruent to the segment AB. We shall show 
that this requirement is fulfilled for our definition of congruence. 

Suppose that on a given side of point A* there are two distinct. 
points Bf and BS on (non-Euclidean) line a* such that AB = A*B* 
and AB = A*B83. This means that there is a chain of inversions who- 
se product maps the circular arc AB into the circular arc A*B7{ 
and another chain of inversions whose product maps arc AB into the 
circular arc A*B5. We denote by X, the point at which the exten- 
sion of arc AB in the direction from A to B meets line z, and by X, 
we denote the point of intersection of x with arc AB extended in the 
opposite direction. Let X$ and X7{f denote analogously determined 
endpoints of the semicircle representing the non-Euclidean line a*. 
Evidently, the product of each of the two chains of inversions maps 
X, into Xj and X, into X35. Suppose that inversion in the first chain 
is performed in the reverse order and then inversions of the second 
chain are performed. This results in a certain mapping denoted by 
f. Evidently, under f point Xj first coincides with X, and then goes 
back to Xf, which means that Xj is a fixed point of f. Similarly, the 
points A* and X are also fixed points of f. As regards Bi, f maps it 
into B3. Thus f has three fixed points X7, A* and X5, which, in 
view of Propositions (5) and (6) of § 51, implies that f is either the 
identity mapping or is inversion with respect to the circle through 
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points Xf, A*, X35, Bf and B3. In either case, all the points of this 
circle are fixed points of /; accordingly, Bf and BS must be distinct. 
This proves that the operation of marking off the congruent segment 
is unique. 

Finally, Axiom III.1 requires that segment AB be congruent to 
segment BA. In order to show that this requirement is fulfilled 
in our model of non-Euclidean geometry, it suffices to perform 
a non-Euclidean reflection in the midpoint of segment AB. 

All the requirements of Axiom III.1 are thus satisfied. 

Let us now examine Axiom III.2, according to which if segments 
A’B’ and A”B" are congruent to segment AB, then A’B’ is congruent 
to A”B”. This requirement is evidently fulfilled in our model of 
non-Euclidean geometry. In fact, relations A’B’ = AB and A”B” = 
= AB imply that there is a chain of non-€uclidean reflections map- 
ping A’B’ into AB and another chain of non-Euclidean reflections 
mapping A”B” also into AB. If the reflections of the first chain are 
performed and then reflections of the second chain in the reverse 
order, then A’B’ is mapped into A”B”, implying the congruence of 
these segments. 

Consider now Axiom III.3. Let AB and A’B’ be non-Euclidean 
segments, C an interior point of AB and C’ an interior point of A’B’. 
We have to show that in our definition of congruence, AC = A’C’ 
and CB =C’'B’ imply AB=A’'B’. Since AC = A’'C’, there is a 
chain of non-Euclidean reflections whose product maps AC into 
A’'C’. Simultaneously, B is mapped into B* on the line A’B’C’, 
where B* lies on the same side of C’ as B’. Segments C’B’ and C'B* 
lie on the same side of point C’ and, being congruent to segment 
CB (C’B’ is congruent to CB by assumption and C’B* is congruent 
to CB by construction), must be congruent to each other (by Axiom 
III.2, which has already been shown to be valid). But then, by Axi- 
om III.1, points B* and B’ cannot be distinct. Thus the product of 
the aforementioned non-Euclidean reflections maps AB into A’B’, 
implying AB = A’B’. 

To verify the validity of Axiom III.4 is also a simple matter. 
This axiom requires that a given angle be congruent to an angle 
that can be adjoined on any side of a half line and that this opera- 
lion be unique. 

That this operation is possible and unique is established in the 
same way as was done for Axiom IJI.1. Namely, let ~ (h, k) be 
a non-Euclidean angle with vertex O and let h’ be a non-Eucli- 
dean half line with vertex O’. First, by means of a non-Euclidean 
reflection in the perpendicular at the midpoint of segment OO’, 
the angle “ (h, k) is mapped into angle / (h”, k”) whose vertex 
is at O’. Next, a non-Euclidean reflection in the _ bisector 
/_(h’, h") maps Z (h", k’) into Z (h’, k’); this angle is congruent 
lo Z (h, k) and is adjoined to the half line h’ on a given side. Now 
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we must prove that the operation of adjoining an angle to a given 
half line on a given side is unique. Let / (h, k) be mapped into 
Z. (h', ki) by a chain of non-Euclidean reflections and let 7 (h, k) 
be mapped into # (h’, k,) by another chain of non-Euclidean reflec- 
tions. Let f denote the mapping which is the product of reflections 
of the first chain performed in reverse order and reflections of the 
second chain. Evidently, f maps 7 (h’, kj) into 2 (h’, k3). But 
noting that non-Euclidean reflections are inversions and applying 
Propositions (5) and (6) of § 51 it may be shown, in exactly the 
same way as was done in the case of Axiom IJI.1, that f is either 
the identity mapping or a non-Euclidean reflection in the half 
line h’. Consequently, 2 (h’, k,) and Z (h’, kj) either coincide 
or are reflections of each other (in the non-Euclidean sense) in h’. g 

Axiom III.4 also requires that every angle “ (h, k) be congruent 
to itself, that is, Z (hk, k) =Z (h, k) and Z (h, k) = Zz (k, h). 
But the first relation is obvious* and the second relation may be 
proved by performing a non-Euclidean reflection of the angle in 
its bisector. 

Finally, Axiom IJI.5 in our model can be shown to be valid if 
one proceeds with the same arguments as used in school textbooks 
on elementary geometry in proving the first theorem on equality 
of triangles, treating a motion as the result of a certain number of 
non-Euclidean reflections. 

Thus we find that the congruence relation in the constructed system 
of objects satisfy the conditions of all the axioms of the third group. 

One can now immediately conclude that axioms of continuity 
IV.1 and IV.2 are also satisfied in this system of objects. In fact, 
as noted in § 50, Dedekind’s principle is realized on non-Euclidean 
lines. And, in view of Theorem 41 of § 23, Dedekind’s principle 
together with Axioms I-III implies Axioms IV.1 and IV.2. 

Thus our system of objects meets the requirements of all the axioms 
of absolute plane geometry: Axioms [.1-I.3 and the axioms of 
Groups IJ-IV. But then for this system there must hold either the 
Euclidean or the Lobachevskian theory of parallels. As will be 
shown now, the second theory holds for our system. 

Consider, in the upper half plane, a semicircle a orthogonal to 
a line x. Let A be any point of the upper half plane not on this circle 
(Fig. 71). We can easily see that there pass infinitely many distinct 
semicircles through A which are orthogonal to z and do not inter- 
sect semicircle a. In our agreed terminology, this fact may be stated 
thus: through any non-Euclidean point there pass infinitely many 
distinct non-Euclidean lines not intersecting the given line. This 
implies that in the system of objects under consideration Lobachevs- 
ky’s postulate holds; this system is therefore a model of Lobachevs 


* Since the identity mapping may be regarded as a double inversion. 
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Figure 71 


kian geometry the construction of which was our aim. Using this 
model, each proposition of Lobachevskian planimetry can be fully 
interpreted on the Euclidean plane. Todo so, the words “point”, 
“line”, “congruent to”, etc. appearing in the formulation of pro- 
positions must be understood in the agreed sense, that is, the word 
“point” means a Euclidean point of the upper half plane, “line” 
a Euclidean semicircle or a half line orthogonal to the boundary of 
the semicircle; those images are called congruent which may be 
mapped into each other by means of successive inversions, and so on. 
Thus to every Lobachevskian theorem there corresponds a fully 
defined Euclidean theorem. Therefore, if there were any inconsistency 
in Lobachevskian geometry, it would also appear in Euclidean 
geometry. 

Thus we find that consistency of Lobachevskian geometry is 
a consequence of consistency of Euclidean geometry. At the same 
time we have shown that Euclid’s parallel postulate cannot be deri- 
ved from the premises of absolute geometry. 

Indeed, in the model constructed by Poincare all the axioms of 
absolute geometry are realized, but instead of the Euclidean parallel 
postulate the Lobachevskian postulate holds; this means that the 
Euclidean postulate is not a logical consequence of these axioms. 

§ 53. It is interesting to see how the concrete facts of Lobachevs- 
kian geometry are interpreted on the Euclidean half plane. 

Let us examine Fig. 71. Here a point A and a non-Euclidean 
line in the form of a semicircle a orthogonal to line 2 have been 
drawn. Non-Euclidean lines through A which do not intersect the 
given line have been represented by semicircles which are orthogonal 
to xz and pass through A but do not intersect the semicircle a. Among 
these non-Euclidean lines two boundary lines must exist which 
are called parallel to the given line in two directions. In Fig. 71, 
parallel lines are represented by semicircles b, and b, that are tangent 
to a at endpoints X, and X, of xz. The Euclidean points of x are 
not taken as non-Euclidean objects; therefore non-Euclidean lines 
represented by semicircles b, and b, should not be viewed as inter- 
secting with line a. That they are boundary lines is seen directly. 
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Figure 72 


Draw through A a semicircle which is orthogonal to x and inter- 
sects semicircle a orthogonally at P. The arc AP evidently repre- 
sents the non-Euclidean perpendicular to non-Euclidean line a, 
and the angle this perpendicular forms with arc b, is nothing but 
the angle of parallelism for segment AP. 

Totally trivial for Lobachevskian geometry is the fact that per- 
pendicular AP is a bisector of the angle between non-Euclidean 
lines 6, and b,. In Euclidean geometry the fact that the angles 
formed by AP with arcs 0b, and 0, are equal is not obvious, but the 
need to prove such a Euclidean theorem does not arise. Indeed, 
since the system of objects in Poincare’s model satisfies all the axioms 
of Lobachevskian geometry, all the statements following from these 
axioms, including the one mentioned just now, must be true. This, 
in particular, shows a novel way of proving certain Euclidean theo- 
rems by means of non-Euclidean geometry. 

To cite another example, consider the following Euclidean theo- 
rem, which may be shown to be valid without any detailed proof: 
if a triangle is formed by circular arcs which intersect, if extended, 
a given line at right angles, the sum of the interior angles of this 
triangle is less than two right angles. This theorem is obtained 
from the corresponding theorem in Lobachevskian geometry by 
means of Poincare’s interpretation. 

Let us examine non-Euclidean circles, equidistants and oricycles 
in Poincare’s model. These curves are orthogonal trajectories of 
elliptic, hyperbolic and parabolic pencils composed of non-Eucli- 
dean lines (see the concluding portion of § 39). 

In Fig. 72 there is a pencil of Euclidean circles having two nodal 
points A and A’, of which A is in the upper half plane and A’ is 
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symmetrically situated in the lower half plane. The orthogonal 
trajectories of this pencil are also circles, which also form a pencil 
but without nodal points and having limiting points A and A’ 
(the proof of this fact is omitted). Clearly, the upper halves of circles 
of the first pencil represent non-Euclidean lines passing through 
point A and therefore form an elliptic pencil and the circles of the 
second pencil, orthogonal to circles of the first, lying in the upper 
half plane represent non-Euclidean circles with a common centre A. 

Figure 73 shows semicircle a orthogonal to line xz and a pencil 
of circles orthogonal to a with limiting points X, and X,. The upper 
halves of these circles represent non-Euclidean lines with a common 
perpendicular a; the totality of such lines forms a hyperbolic pencil 
with base a. Any circle through X, and X, is an orthogonal trajecto- 
ry of this pencil and hence the upper arc ¢f such a pencil represents 
an equidistant whose base is the non-Euclidean line a. The circular 
arcs A,B,, A,B,. AsB3, ..., etc. represent altitudes of equidis- 
tant 6 which are congruent in the non-Euclidean sense. 

Figure 74 shows a pencil of circles with coincident nodal points; 
the upper halves of these circles represent non-Euclidean lines 
parallel to each other in one direction and therefore form a rectilin- 
ear non-Euclidean parabolic pencil. Its orthogonal trajectories, 
from the non-Euclidean viewpoint, are oricycles, while as objects 
of the Euclidean plane they are circles which are tangent to each 
other and to the line x at the nodal point. 

Thus a circular arc lying in the upper half plane depicts a non- 
Euclidean line if this arc is supported by line z and forms with 
it a right angle, an equidistant if it is supported by line z and forms 
with it an angle other than a right angle, an oricycle if its endpoints 
are joined and the arc is tangent to line z at the point of intersection, 
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and, finally, a non-Euclidean circle if it is a full Euclidean circle 
in the upper half plane. 

§ 54. The aforementioned interpretation of :non-Euclidean geo- 
metry lis by:no means the only one possible. ‘Apart from this inter- 
pretation, ‘there are infinitely many other interpretations. What 
follows iS another example of how non-Euclidean geometry may 
be interpreted on the Euclidean plane. 

Consider! a circle AK in the Euclidean plane: By non-Euclidean 
points we mean points of the Euclidean plane lying inside A, and 
by non-Euclidean lines we mean the portion of Euclidean circles 
lying inside K (including the diameters) orthogonal to the given 
circle. The mutual ee between the geometric ; elements 
and the “betweenness” are understood. in the Euclidean sense. 

Two non-Euclidean images will be considered to be reflections 
of each other in the non-Euclid sense if their Euclidean images 
inside’ A'can be mapped into bal other by means of inversion with 
respect to 'a circle orthogonal to i. Two non- -Euclidean images 
will: be said to be congruent if they'can be mapped into each other 
by means of a chain. of non- Euclidean reflcetions. 

Proceeding in the same way as in §§ 50-52. evmay . Jan that 
with these definitions of geometric ' elements and “theit mutual rela. 
tionships all the requirements of the axioms 'of absolute geometry 
are satisfied. Then it is an easy niatter to settle which of the parallel 
theories lis ‘realized in the system of ‘non- Euclidean lines inside 
the circle K. Let a be a citcular ‘arc orthogonal to circle . and A 
a point inside K but not oh arc a'(Fig. 75). By means of elementary 
geometry, it may be shown that through A there pass infinitely 
many circular arcs orthogonal tq A. which do: net intersect a. This 
ini a pryeiee 4 1 ut | 
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Such a derivation of Lobachevsky’s basic formulas is simple and 
clear; what is more, it nicely brings out the connection between 
Lobachevskian geometry and the theory of a complex variable. 
Of course, one cannot assert that these formulas are generally valid 
in any Lobachevskian geometry, that is, they hold for any of its 
models. 

In Chapter 8, the same formulas will be obtained by means of 
axioms and will not be connected with any model. This will show 
that these formulas are valid for any model of Lobachevskian geo- 
metry. This derivation of fundamental formulas of Lobachevskian 
geometry in Chapter 8 is also very simple but is based on certain 
results of projective geometry. These propositions are formulated 
in Chapter 8; therefore, a reader who is prepared to accept them 
may skip the chapters devoted to projective geometry and go directly 
to the abstract derivation of Lobachevsky’s formulas (see §§ 216-221, 
229-232). 

§ 56. First we shall give a short account of the invariants of linear- 
fractional transformations of a complex variable. As usual, z = 
= x + iy will denote a point with rectangular Cartesian coordinates 
x and y; the phrases “number z” and “point 2” will be used synony- 
mously. 

Consider the transformation 


a az+B 
oS ye+8 ) 


where z is acomplex variable, anda, B, y, 6 are constants (generally 
speaking, complex). The transformation of z into z° according to 
the formula of type (1) is called linear-functional* (we have already 
had occasion to use them in § 51). It is clear that either y or 6 in 
(1) should be nonzero. 

The quantity A = ad — By is known as the determinant of the 
linear-fractional transformation (1). It may be easily verified that 
if A = 0, then according to formula (1) all points z (with the condi- 
tion yz + 6+ 0) have as their corresponding points the same 
point z’. Indeed, if A = 0, the numbers @ and 6 are proportional 
to y and 6, that is, a = ky, B = k6 and therefore 


On the other hand, if A ~ 0, distinct points z, and z, are mapped 
by formula (1) into distinct points z,; and z,. Indeed, we have 


* The terms bilinear transformation or sometimes even linear transforma- 
tion are also used. 
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that is, 

’ . A 

2, — 24 = ——— (21-2 2 
. (y21 + 6) (¥z2-+ 9) (24 2) (2) 
Thus. if A=40 and 2, ~2,, then z, ~ 2z,. 

If A = O, the linear-fractional transformation is called degenerate, 
and nondegenerate if A ~ 0. According to the previous result, a degen- 
erate transformation maps all points of the plane into only one 
point, while a nondegenerate transformation maps distinct points 
into distinct points. In either case, the point z satisfying yz + 6 = 0 
must be dropped from consideration; there is no point corresponding 
to it. 

Only nondegenerate linear-fractional transformations will be dis- 
cussed below. For us it is important that every nondegenerate linear- 
fractional transformation of form (1) has’an inverse transformation 


bz’ —B 
—yz' ta (3) 
which is also linear-fractional and nondegenerate (transformation (3) 
is nondegenerate because its determinant A’ = a6 — py = A+ 0). 

The presence of the singular point z = —6/y for which formula (1) 
fails to be valid causes some complications in formulating proposi- 
tions regarding linear-fractional transformations. To simplify the 
matter, we adjoin to the complex plane a new object, called the 
point at infinity and denoted by the symbol oo; we assume that in 
the case of a nondegenerate transformation of form (1) the point 
z = —6/y is mapped into the point at infinity. The point at infinity 
is taken as the image of a singular point of every nondegenerate 
linear-fractional transformation. In particular, under transforma- 
tion (3) the point at infinity is the image of point z’ = a/y. Since 
transformations (1) and (8) are the inverse of each other, the point 
at infinity should be treated as the preimage of the point 2° = a/y 
under transformation (1). Thus, according to our assumption, non- 
degenerate transformation (1) maps point z = —6/y into z’ = oo 
and point z = o into z’ = a/y. 

Finally, note that if y = 0, there is no singular point and every 
point of the plane has an (ordinary) image. We shall agree that through 
such transformations the point at infinity is mapped into itself. 

Let u, v, s, ¢ be four distinct points, and assume that they are 
nonsingular (that is, there is no point at infinity among them). 
Then the quantity (uvst) defined by 


ie 


(ust) = ——— > —, (3°) 


is called the cross ratio of points u, v, s, t taken in this order. A cross 
ratio of the same points but taken in another order may have a differ- 
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ent value; for example, if (uvst) = A, then 
(vust) =A, (uvts) = ATV (4) 


If the point at infinity is one of the four points, the cross ratio is 
defined by one of the following formulas: 


u—s v—t 
(uvSCO) = pag 9 ~— (UVoot) =-— : 
(woost) = ~—* js ©) 
se u—t ° 8 v—s 


Note that the first of these formulas is obtained by letting t ~ oo 
in (3’), the second by letting s—> oo, and so on. 

The cross ratio of four points is invariant under nondegenerate 
linear-fractional transformations; this means that if by a nondegen- 
erate linear-fractional transformation points u, v, s, t are mapped 
into points wu’, v’, s’, t’, then 

(w'v’s't') = (uvst) 

We first prove this result for the case when neither the given 
points nor their images contain a point at infinity. Suppose that 
the transformation mapping u, v, s, t into wu’, v’, s’, t’ is given 
by formula (1). Then formula (2) gives 


’ A , A 


u—S = Tapers MoS), Y-lb= Trap Y—9 
whence 
u’—s'’ u—s yt+6 
u’—t' u—t ys+6 
Similarly, 
vp’ —s v—s yt+6 
v’—t’ v—t ys+6 
Accordingly, 
u’—s yp’ —s’ u—s v—s 
wate oO eae u—t ° v—t 


that is, (w’v’s’t’) = (uvst). 

Suppose now that all the points wu, v, s, ¢ are ordinary points 
and one of the points uw’, v’, s’, t’ is at infinity, say t’ = oo. This 
means that yt + 6 = 0. Then 


a. 


(u'v's't") = (u'v's'00) = a= Fae TOS 


asada CLA) ead Ae TT CY 


SS a —es QQ soo eee ee = 
— ——s — 


v—s u+(6/y) v—s u—t u—t ° v—t 


The case where one of the points u, v, s, ¢t is at infinity and all 
the points wu’, v’, s’, t’ are ordinary reduces to the preceding case.. 
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In fact, using the inverse of the given transformation, the last 
result yields (uvst) = (u’v’'s't’). 

We still have to consider the case where one of the points u, v, 
s, t is at infinity and it is mapped into itself; this case occurs if 
y = 0 in the transformation given by formula (1). 

Suppose that ¢ = oo and t’ = oo, Then 


(u'v's't’) = (u'v's’ 00 x aie oe u—s wae 
v’—s v—s yu-+s 

u—s 6 u—s 
= 5g = (UVSoo) = (uvst) 


Thus in all cases (uvst) = (u'v’s’t’) and the result is proved. 
§ 57. We shall require one more transformation mapping 2 into 2’ 
which is given by ‘4 


Z = cee (6) 
yz+6 
and is known as a linear-fractional transformation of the second 


kind (recall that z denotes the complex conjugate of z). Such a trans- 
formation was used in § df. 

A transformation of form (6) is called degenerate if A = ad — By = 
= 0 and nondegenerate if A ~ 0; a degenerate transformation maps 
all the points into the same one point, while a nondegenerate trans- 
formation maps distinct points into distinct points (these results are 
proved in the same way as analogous results for a transformation 
of the first kind). Among transformations of form (6) only the non- 
degenerate transformations will be considered below. 


Let u, v, s, t be any four distinct points and u', v’, s’, t’ their images 
under a nondegenerate transformation of form (6). Then the cross ratio 
of points u', vu’, s’, t' is a complex conjugate of the cross ratio of u, v, Ss, t. 
This is denoted thus: 


(w’v' s’t’) = (uvst) 
To establish this result, present (6) in the form of a product of 
two transformations 


r az” + 8 
2 => “yz” + 6 (7) 
and 
2" = 2% (3) 


The point at infinity is mapped into itself by transformation (8). 
Note that if all the numbers occurring in cross ratio are replaced 
by their complex conjugates, the cross ratio itself is replaced by 


” 


its conjugate. Therefore, denoting the images of uw, v, s, tby wu”, v’, 


170 Foundations of Geometry 


Figure 76 


s", t” under transformation (8), we have 
(u"v"s’t") a (uvst) 
Further, since (7) is a linear-fractional transformation of the first 
kind, 
(u'v’s't’) == (u"v"s"t") 
The last two relations yield the desired result 


(u'v's't’) = (ucsi) 

§ 58. We now start the presentation of the main topic of this sec- 
tion. First a formula will be established expressing the non-Eucli- 
dean distance between two points of the Poincare model (see §§ 50-52). 

Let uw, v be two points of the upper half plane. A non-Euclidean 
line through wu, v is depicted by the Euclidean semicircle passing 
through these points and orthogonal to the z-axis. Denote by s and ¢ 
the points where this semicircle meets the z-axis (Fig. 76; recall 
that the points of the z-axis, including s and ¢ do not belong to the 
Poincare model). If the semicircle orthogonal to the z-axis and 
passing through wu and v degenerates into a (Euclidean) line, then 
s denotes the point where this line meets the z-axis and ¢ the point 
at infinity (Fig. 77). Consider the cross ratio (uvst). It may be easily 
shown that (uvst) is a real positive number. This will be shown first 
for the case of Fig. 76 (s is assumed to lie on the left of t). Denote 
by r, and r, the moduli of u — s and u — ft, respectively, and by 
€, and 0, their arguments. Since / (sut) is a right angle, 


Accordingly, 
Us _ It 6i(0;-@2) —. 1 p-in/2 
u—t l lo 
and, similarly, 
Moras — J: e—in/2 
v—t 4 
where r3 = |v —s| and rz, = |v —t |. Therefore 


(uvst) = = a — > 0 (9) 


4 
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In the case corresponding to Fig. 77, the numbers u — s and v — s 
are real and of the same sign; accordingly, in this case 


(uvst) = (uvsco) = — =1>0 (10) 
eae 3 
Thus (uvst) >O and we are justified in taking the logarithm of 
(uvst), where the logarithm is understood in the sense of elementary 
algebra. 
We shall now show that the non-Euclidean distance between any 
two points u and v of the Poincare model is given by the formula 


o (uv) = R | In (uvst) | (11) 


with R a positive constant (whose choice amounts to choosing a scale). 

To prove this, we shall show that p (uv) satisfies the three condi- 
tions required by the length of a segment (see Definition 12 of § 20). 

(1) Let uw’ and v’ bea pair of points of the upper half plane deter- 
mining a non-Euclidean segment that is congruent to the non-Eucli- 
dean segment determined by the points u and v. Suppose that points 
s’ and t’ bear the same relation to points w’ and vu’ as the points s and t 
to points uw and v. According to the definition of the congruence 
of non-Euclidean segments of the Poincare model (see § 952), if 
the non-Euclidean segment wv is congruent to the non-Euclidean 
segment w’v’, then there is a chain of oe whose product 
maps points u, v. s, ¢ into points 3: De Se As shown in § 91, 
the product of any number of inversions is a eae fractional trans- 
formation of either the first or the second kind; in either case the 
transformation is nondegenerate because each inversion maps distinct 
points into distinct points. In the first case, (u’v’s’t’) = (uvst) 


(§ 55) and in the second (w’v’s’t’) = (uvst) (§ 56). But earlier in 
this subsection it was shown that (uwvst) is a real number; hence 


Lane Ae 4 


(uvst) = (uvst). Thus in both cases, (w’v’s’t’) = (uvst). This, in view 


[=o 


Figure 77 


172 Foundations of Geometry 


of formula (11), shows that po (u’'v’) = o (uv). Note finally that 
(uvst) ~ 1 (this follows from formulas (9) and (10)); accordingly, 
In (uvst) ~ O and p (uv) >O0. Thus with every non-Euclidean seg- 
ment there is associated a positive number given by formula (11). 
and with congruent segments there are associated equal numbers. 
Hence the first*condition in Definition 12 of § 20 is satisfied. 

(2) Let w be any point inside the non-Euclidean segment uv 
(Figs. 76, 77). A straight forward computation shows that 


(uvst) = (uwst) (wust) 


and that (uwst) and (wvst) are either both greater than unity or less 
than unity (this can easily be shown with the aid of formulas (9) 
and (10)). These results imply that 


In (uvst) = In (uwst) + In (wvst) 


and in the right-hand side the logarithms are either both positive 
or negative. Thus 


| In (wust) | = | In (uwst) | + | In (wvst) | 
and, according to formula (11), 


p (uv) = p (uw) + ¢ (wv) 


which shows that the second requirement of Definition 12 of § 20 
is also satisfied. 

(3) If v approaches u along a non-Euclidean line, then (uvst) — 1; 
if v approaches ¢t, then (uvst) + OU (see Fig. 76 and formula (9), where 
T1; T., T3, T, GAenote the Euclidean distances between the points 
u and s, u and ¢, v and s, v and f¢). In the first case, In (uvst) > 0, 
while in the second In (uvst) — —oo; accordingly, in the first case, 
o (uv) + 0 and in the second p (uv) > +00. 

From formula (11) it is clear that o (uv) continuously depends 
on v. This and the preceding results imply that p (uv) assumes all 
the values between 0 and ++ oo; in particular, there is a pair wu and v 
for which po (wv) = 1. This shows that the third requirement in 
Definition 12 of § 20 is also met. 

Thus we have shown that the number o (uv) associated, according 
to formula (11), with any pair of points wu and v is the length of 
a non-Euclidean segment wv (in some unit), or, in other words, is 
the non-Euclidean distance between points wu and v. 

If the measuring segment w,v, is provided beforehand, then constant 
R in (11) must be determined subject to: 9 (u,vy)-=-1. 

§ 59. Now we shall obtain Lobachevsky’s formula expressing 
the function II (x) in terms of elementary functions of the argument z. 
Recall that a = II (x) is the angle of parallelism corresponding 
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Figure 78 ‘’ 


to a segment of length x (see § 33 and Fig. 46). Since in this sec- 
tion x denotes the abscissa of a point of the Poincare model, in 
order to avoid confusion the argument of Lobachevsky’s function 
will be denoted by l. 

The angle of parallelism corresponding to a given segment is 
determined by the length of the given segment and is independent 
of its position; therefore, in deriving the desired formula, any non- 
Euclidean segment of the Poincare model can be chosen so as to 
make the computations as simple as possible. Keeping this in mind, 
we shall assume the non-Euclidean segment to be represented in 
the Poincare model by a segment of the Euclidean line perpendicular 
to the z-axis. Let wu and v be the endpoints of the chosen segment, 
s the point of intersection of line uv with the z-axis (Fig. 78), the 
point wu is assumed to lie above v on the model and the Euclidean 
distance from v to the z-axis is assumed to be unity. Other necessary 
objects are explained in Fig. 78. The letter a denotes the semicircle 
representing the non-Euclidean line perpendicular to segment wv 
at its endpoint v, while a, and a, denote semicircles representing 
non-Euclidean lines passing through wu and parallel to a; p is the 
centre of semicircle a, and q the common (right) endpoint of semi- 
circles a and a,; a denotes both of the angles formed by semicircles 
a, and a, with segment wv. Since in the Poincare model the non- 
Euclidean magnitude of an angle coincides with its Euclidean mag- 
nitude, a is the angle of parallelism for the segment wv. Our aim 
is to express a@ in terms of 1, where / is the non-Euclidean length 
of uv. 

Denoting the Euclidean distance between points wu and s by h, 
we have u—s=h and v —s = 1, and by formula (11) 


l= R|In (uvsoo)| =R| In — |= [ln /] 


e 
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Since h >1, it follows that In h >0; accordingly, 
‘= Rinh (12) 


Note that “upg = a@ (to see this, observe that a is the angle 
between segment wv and semicircle a,, that is, the angle between 
segment uv and tangent uk to the semicircle a,; clearly, Zupg = 
= Zsuk because these angles are acute, and us _| pq, uk _ up). 
Next, since Aupgq is isosceles, it follows that 7 ugp = B = xn — a/2. 
From triangle usg, we have 


h = tan B = cot a/2 (13) 
Formulas (42) and (13) yield 
i= R In cot a/2 


or 
a= 2arctan e~/R 


But, since @ = II (J), we finally have 
IT (2) = 2 arctan e~!/F (14) 


This is the formula of Lobachevsky the derivation of which was 
our aim. In Lobachevskian geometry a fundamental role is played 
by formula (14), since it gives the exact expression for the angle 
of parallelism corresponding to a segment of length 1. 

§ 60. In the Lobachevskian plane we shall examine segments 
with a length not exceeding a positive number L. Setting 


Oo = 2arctan e~L/R 


we have 
a,< Ii (l)< 1/2 
for l< L. 

The quantity a, can be as close to m/2 as one likes if R is suffi- 
ciently large in comparison to L. Therefore, for all segments of length 
L<L, the angle of parallelism II (l) will be close to x/2. In other 
words, if a part of the Lobachevskian plane is taken where the dis- 
tance between all possible points does not exceed L, the larger R 
is in comparison to LZ the less the non-Euclidean character of the 
Lobachevskian plane is displayed. In view of this, R may be looked 
upon as the “measure of non-Euclideanness” of the Lobachevskian 
plane; the segment of length R is called the radius of curvature of 
the Lobachevskian plane. The actual value of R, depends, of course, 
on the choice of scale; a proper choice of scale ensures R = 1. How- 
ever, in itself the radius of curvature for every specific model of 
Lobachevskian geometry is a segment defined to within congruent 
displacements. To cite an example, for the Poincare model the 
radius of curvature is segment wv subject to In (uvst) = 1. A general 
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Figure 79 


description of the radius of curvature, that is, a description inde- 
pendent of the choice of the model of Lobachevskian geometry can 
be found in § 216. 

§ 61. Here we shall obtain fundamental relationships of Loba- 
chevskian trigonometry assuming, as before, that the Lobachevskian 
plane is represented by the Poincare model. 

Let ABC be an arbitrary triangle, a, B, y the magnitudes of 
angles at the vertices A, B, C, and a, b, c the non-Euclidean 
lengths of sides BC, AC, AB. 

Applying congruent displacement, we place this triangle in a posi- 
tion where line BC is represented by a Euclidean half line perpen- 
dicular to the z-axis; the point where this half line meets the z-axis 
is called H (Fig. 79). Non-Euclidean lines AB and AC are repre- 
sented by certain Euclidean semicircles with their centres on the 
x-axis, call these centres O and O’. Without loss of generality, we 
may assume that B lies between H and C. Then 


a = R 1n (HC/HB) (1) 


where HC and HB are Euclidean lengths of segments (formula (1) 
may be proved in the same way as formula (12) of § 60). Further 
calculations are based on formula (1). 
First we obtain a formula expressing the sides of a triangle in 
terms of its angles.* From formula (1) we have 
a 1;/HC . HB HB?-+ HC? 
SS Tay (<a : atc) = SHB-HC (2) 


Writing the obvious Euclidean formulas 
HB? = OB? — OH? = OA? — OF? 
HC? = O'C? — O'H?® = O'A? — O'H? 
* The derivation of the formulas of Lobachevskian geometry given below 


was communicated to the author for the fourth Russian edition of this book by 
the Vietnamese mathematician Nguyéf-Ca’nh-Toan. 
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we have 
HB? + HC* = (OA? + O'A?) — (OH? + O'H?*) 
= (0O" + 20A-0'A cos (Zz. OAO’)) 
— ((OH — O'H)* + 20H -0'H) 
= 20B-0O'C cos (7 OAO"') — 20H -O'H (3) 


(For convenience, the computations are carried out with the aid 
of Fig. 79, where O’ lies between O and H.) From (2) and (3) we find 
that 


OB O'C OH O'H 
cosh —- = FB ae Cos (ye OAO’ )— FAB Te (4) 
Now note that 
OB 1 1 O'C _ 1 _ 4 
HB sin(ZBON) sinp”’ HB” sin(ZCO’'H) ~ siny 
ZOAO' =a, <i =cot(ZBOH) =cot B 


a = cot (/CO’H) =cot (n—y) = —coty 
which with the aid of (4) yield 


cos a-+-cos 6 cos y 


a 
a Rk sinBpsiny (I) 


Two other formulas expressing the non-Euclidean lengths of sides 
6 and c may be obtained from (I) by a cycle permutation of the 
symbols a, B, y. 

Formula (I) expresses one side of a triangle in terms of its angles. 
The presence of such a formula means that a triangle in Lobachevskian 
geometry is determined by its angles; this also implies that there 
is no similarity of figures in Lobachevskian geometry. It is therefore 
natural that there is no analogue of formula (I) in Euclidean geo- 
metry. 

From formula (I) it is easy to deduce for a non-Euclidean triangle 
the relations between sides and angles corresponding to the Eucli- 
dean sine theorem. Indeed, 


inh — ee ee ee ee eee 
un R _ V cose R : _ ¥ (cos a+ cos B cos y)?— sin? 8 sin? y (5) 
sina sin @ sinasinBsiny 


Setting 
Q = (cos a + cos B cos y)? — sin? B sin? y 
= cos? a + cos? B + cos? y + 2cos a cos fi cos y — 1 
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we find that this expression is symmetric with respect to a, f, y; 


accordingly, the right side of (5) has the same symmetry. Thus 
we obtain 


: a : b : c 
sinh R = sinh R sinh R _ V0 


sina  sinB  siny  SinasinBsiny (11) 
Using formula (I), one may also obtain formulas expressing angles 
of a triangle in terms of its sides. To this end, write 


aaah, b for (cos B-+ cos v cos ct) (cos Vr cos a cos B) 
R R sin?asinfsiny 
; Dh 22 c _ Q cos a 
sinh “R sinh R OS = —Sin®a sin Bsiny 
whence 
cosh ~- cosh —- — sinh ~- sinh ——cos a 
~ R R R R 
__ (14-—cos? x) cos a+ (1—.cos? a) cos B cos y 
nae sin? a sinfsin y 
__ cos a + Cos B cos y er ee 
sin 6 sin y R 
Thus we have the following: 


COS @ = (cosh — cosh —- — cosh} (sinh = sinh i (IIT) 


If formulas (1) and (III) are compared, it will be found that there 


is a definite relation between the sides and angles of a triangle 
in Lobachevskian geometry. 


Let us find the relationships between the sides and angles of a right 
triangle. To do this, it is enough to set. for example, y = x/2 in 
formulas of the form (I), (II), (III). Thus we have 


. a Z c - a Cc 

(1) sinh -=sinh—-sina, tanh >-= tanh Fz cos 

which connects a leg, the hypotenuse and one of the acute angles; 
a : b 

(2) tanh 7 > sinh = tana 

which connects two legs and one acute angle; 
c a b 
(3) cosh z= cosh a cosh Tn 


which connects the hypotenuse and the legs (an analogue of the 
Pythagorean theorem). We also note the formulas 


cos & 
sinB 


c a 
cosh —-= cot acot B, cosh =- = 


12—0779 
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expressing one side of a right angled triangle in terms of angles 
and hence have no analogue in Euclidean geometry. 
§ 62. Rewriting formula (III), we have 


a b Cc : Bo 2%. c 
cosh z= cosh cosh = — sinh = sinh =- cos (A) 


In this form formula expresses one side of any non-Euclidean triangle 
in terms of the other two sides and the cosine of the opposite angle. 
Let us compare the last formula with the formula known from 


spherical trigonometry: 


a b c ; a 
COS = = COS COS = + SiN = Sin > Cos @ (B) 
where FR is the radius of the sphere. From this and two other similar 
formulas obtained by cyclic permutation of sides and angles the 
remaining formulas of spherical trigonometry can be obtained. 


C—_—_— 


Formula (B) reduces to (A) if R is replaced by iR (i = VY —1). 

This feature is expressed by saying that Lobachevskian trigon- 
ometry may be considered as trigonometry on a sphere with an imag- 
inary radius. 

The deep connection of Lobachevskian geometry with spherical 
geometry (and also with Riemannian geometry, to which the next 
section is devoted) will be considered in detail in Chapter 8. 


3.141. Riemannian geometry: a brief survey 


§ 63. In the previous sections more than once we mentioned sphe- 
rical geometry together with Euclidean and Lobachevskian geome- 
tries. Comparison of these geometries naturally arose when some 
elements of similarity between them was found (as in §§ 48, 62) 
or when they were examined from a general point of view (as in 
§§ 45-47). But now a very important difference must be pointed 
out between spherical geometry on the one hand and Lobachevskian 
and Euclidean geometries on the other. Namely, in both Lobachevs- 
kian and Euclidean planes two lines can have at most one common 
point; by contrast, in spherical geometry, where the role of lines 
is played by great circles of the sphere (see § 45), two “lines” (that 
is, two great circles) always intersect at two diametrically opposite 
points.* Hence, in spherical geometry, one of the most fundamental 
features of Euclidean and Lobachevskian geometries, namely that 
through two distinct points there passes only one line, fails to be 
valid. 

There is a geometric system which to a large extent is similar 
to spherical geometry but where the fundamental feature of elemen- 


* Such points will be called antipodal points. 
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Figure 80 


tary geometry is retained. This geometric system is known as Rieman- 
nian geometry (already mentioned in § 40). Riemannian geometry 
necessarily supplements Euclidean and Lobachevskian geometries. 
Simultaneous investigation of these three geometries was instru- 
mental in solving the principal geometric problems of the nineteenth 
century (see Chapters 6-9). The essence of Riemannian geometry 
is given in the following subsections. 

§ 64. Consider any sphere k in the Euclidean space. Let us “identi- 
fy” antipodal points of this sphere, that is, each pair of antipodal 
points is to be treated as one object; this object will be referred to 
as a “point” in some special geometry, which will now be described, 
Every great circle of the sphere k is treated as a “line”. 

A “point” A is said to lie on “line” a (or “line” a is said to pass 
through “point” A) if the usual points of sphere k constituting “point” 
A lie on the great circle that represents “line” a. Then it is evident 
that (1) through any two “points” there passes a “line”, (2) through 
any two “points” there passes just one “line”, and (3) on every “line” 
there are at least two “points” (even infinitely many “points”); 
there are three “points” that do not lie on one “line”. 

Thus for this set of “points” and “lines” all the axioms of incidence: 
for elementary plane geometry (see § 12, Axioms I.1, 1.2, I.3). 
are satisfied. By contrast, the axioms of betweenness in the form 
formulated for elementary geometry are inapplicable now. The. 
reason is that these axioms characterize the notion of the position 
of an ordinary point between two other ordinary points on an ordinary 
line. But for our “points” on our “line” the betweenness concept 
loses its meaning because taking any three “points” A, B, C ona 
“line” (that is, three pairs of antipodal points of a great circle, 
Fig. 80) we cannot distinguish the location of any one of them with 
respect to the other two. 

In order to examine the betweenness relationship between the 
“points” of a “line”, one must consider four “points”. Let A, B, C, D, 
he four “points” of a “line”; let them be numbered in the order of 
their appearance (irrespective of their position on the “line”). Two- 


f= 
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Figure 81 


totally different cases are possible depending on the location of 
“points” A, B, C, D keeping in view their order: (a) the first two 
“points” A and B divide the two “points” C and D (then C and D 
divide A and B; Fig. 81a), (b) the first two “points” A and B do 
not divide the last two “points” C and D (then C and D do not divide 
A and &; Fig. 81b). Similarly, if a, b, c, d are four “lines” through 
one “point” and are taken in the order of their appearance, then two 
cases concerning their locations are possible: (i) “lines” @ and b 
divide “lines” c and d (then c and d divide a and )b; Fig. 82a), (ii) 
“lines’ a and b do not divide “lines” c and d (then c and d do not 
divide a and b, Fig. 82b). The notion of dividing “points” and 
“lines” will be treated as fundamental and the remaining notions 
concerning the location of “points” on a “line” and “line” passing 
through a “point” will be given in terms of it. 

Let A and B be any two “points” of a “line” uw. Then all the “points” 
of “line” u, excluding A and B, may be uniquely classified into two 
classes such that any two “points” of the same class do not divide 
A and B, while any two “points” from different classes divide A 
and B. In this case, we shall say that “points” A and B determine 
two “segments” on “line” wu; the interior points of one “segment” 
will be “points” belonging to one of the two classes, while the inte- 
rior points of the second “segment” will be “points” belonging to 
the other class (in Fig. 81a and b, one of the two segments determined 
by “points” A and B is represented by two heavy arcs, in Fig. 81a, 
C is the interior “point” of this “segment” and D the interior “point” 
of the second “segment”; in Fig. 81b both C and D are interior “points” 
of one “segment”. 

Similar statements may be made concerning “lines” passing through 
one “point”. Namely, if a and 6b are two “lines” passing through one 
“point” U, then all the “lines” through U, excluding a and b, may 
be classified into two classes such that any two “lines” of the same 
class dofnot divide a and b, while two “lines from different classes 
do. In this connection, it will be said that two “lines” a and 0 deter- 
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mine two “angles” with a vertex U; by the interior “lines” of one 
“angle” will be meant “lines” of one of the two classes mentioned 
just now, while “lines” of the second class will be treated as “lines” 
of the second “angle”. 

After this step, one may define in a natural way a triangle, the 
interior angles of a triangle, the interior region of a triangle, a poly- 
gon, a simple polygon (without selfintersection), the interior angles 
of a simple polygon and various other notions of elementary ge- 
ometry. 

Finally, we call two “segments” congruent if there is a motion of 
sphere k about itself or if there is a reflection of this sphere in a cer- 
tain diametral plane such that one of these “segments” is superposed 
on the other (that is, the extreme and interior points of one segment 
fall respectively on the extreme and interior points of the other). 
The congruence of “angles” and that of any figures are defined analo- 
gously (a figure M treated as a set of “points” and “lines” is congruent 
to another figure M’ if between the “points” of these figures as well 
as between the “lines” a one-to-one correspondence may be established 
such that through some motion of sphere é about itself or through a 
reflection in a diametral plane all the “points” and “lines” of M 
are superposed on corresponding “points” and “lines” of M’). 

Summing up, we consider (1) the connection of “points” and “lines”, 
(2) the order of “points” on any “line” and of “lines” passing through 
any “point”, (3) the congruence of “segments”, “angles” and other 
figures. The system of theorems stating these relationships is known 
as Riemannian geometry; the set of “points” and “lines” understood 
in the aforementioned sense and satisfying the above relationships 
is called the Riemannian plane. All the theorems of Riemannian 
geometry are suitable interpretations of the theorems of Euclidean 


aN 
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Figure 83 


geometry because “points” and “lines” of the Riemannian plane are 
Euclidean objects. 

§ 65. Let us point out a few theorems of Riemannian geometry. 
First of all, as noted earlier, in this geometry three axioms of con- 
nection of Euclidean planimetry are realized; in particular, any 
two points determine one and only one line through them. On the 
other hand, the following proposition is valid in Riemannian geom- 
etry but is not valid either in Euclidean or in Lobachevskian ge- 
ometry: any two lines have (one) common point (this is clear, because 
any two great circles of the sphere have in common a pair of anti- 
podal points). In other words, there are no parallel lines in the Rie- 
mannian plane. Whereas Euclidean geometry assumes a postulate 
stating that only one line passes through a given point not intersect- 
ing the given line and Lobachevskian geometry negates this postu- 
late replacing it by the assumption that there are an infinite number 
of such lines, Riemannian geometry negates that postulate in another 
way: in this geometry any one line intersects the other. 

The location of lines on the Riemannian plane differs fundamen- 
tally in another respect from that on the Euclidean or Lobachevskian 
planes; namely, a line does not divide the Riemannian plane into 
two parts. This means that whatever the line a and two points 
A and B lying outside this line, it is always possible to join points 
A and B by a segment not intersecting line a (Fig. 83). 

In Riemannian geometry, the comparison of segments (among 
themselves) and angles (among themselves) as well as the measure- 
ment of segments and angles are carried out in a natural way (see 
§§ 18, 20, 21, where these notions were defined for Euclidean ge- 
ometry). At the same time one may formulate and prove theorems 
regarding relationships between geometric quantities more or less 
analogous to the known theorems of Euclid and Lobachevsky. 
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It is interesting to compare the proposition regarding the sum 
of the interior angles of a triangle in Euclidean, Lobachevskian and 
Riemannian geometries: in Euclidean geometry the sum of the inte- 
rior angles of a triangle is two right angles, in Lobachevskian ge- 
ometry this sum is less than two right angles, while in Riemannian 
geometry the sum is greater than two right angles. In order to show 
the latter result, that is, that on the Riemannian plane the sum 
of the interior angles of a triangle is greater than two right angles, 
if suffices to observe that the lines of the Riemannian plane are great 
circles of a sphere and, since the sum of the interior angles of a spher- 
ical triangle is greater than two right angles, the same is also valid 
for a triangle in the Riemannian plane. 

Finally, we point out that the metric relationships in Riemannian 
geometry are expressed by suitably interpreting the formulas of 
spheri¢al geometry (this is obvious, for each figure M of the Rieman- 
nian plane is a pair of figures M, and M, of a sphere which are situat- 
ed symmetrical with respect to the centre of this sphere, and each 
such pair of antipodal points of M, and M, is treated as one point 
of M; thus every metric relationship between elements of M coin- 
cides with the metric relationship between corresponding elements of 
M, or M,). For example, in the Riemannian plane the side a of a 
triangle is expressed in terms of the other two sides 6 and c¢ and the 
opposite angle a by the formula 


a b c Be De erent 06 
COS = =COS = CoS Ro sin ZF Sin =p cos a 
since this formula expresses the side of a triangle on a sphere with 
radius R (see § 62), we note that the Riemannian plane is obtained 
by identifying antipodal points of this sphere (with radius A). 
It is clear that the number R must appear in any other metric 
relationship concerning such a Riemannian plane. This num- 
ber R(with a given scale) obviously characterizes the Rieman- 
nian plane as well as the sphere with the aid of which this plane 
is defined. It is also evident that the larger the number A in 
comparison to the size of a certain part of the Riemannian 
plane the less the difference in the properties of the figures lying 
in this part from those of Euclidean figures. Therefore R can be 
looked upon as the “measure of non-Euclideanness” of the Rieman- 
nian plane. The segment of length R lying in this Riemannian plane 
(that is, the segment understood in the sense of Riemannian ge- 
ometry) is called its radius of curvature. 

§ 66. As already noted, all theorems of Riemannian geometry 
are obtained by suitably interpreting theorems of Euclidean geom- 
etry. In light of this, theorems of Riemannian geometry are derived 
from axioms of Euclidean geometry. Of course, not all theorems 
of Euclidean geometry can be interpreted to give theorems of Rieman- 
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nian geometry; the majority of Euclidean theorems have no con- 
nection whatsoever with those objects called points and lines of 
the Riemannian plane. Thus in order to obtain theorems of Rieman- 
nian geometry from axioms of Euclidean geometry, one must draw 
some special conclusions from these axioms. 

However, it is possible to build Riemannian geometry on the 
basis of a special system of axioms, that is, on the basis of a number 
of statements (concerning the notions of incidence, betweenness and 
congruence of objects of the Riemannian plane) from which all the 
remaining propositions of Riemannian geometry may be derived 
in a logical manner, and each conclusion leads to some theorem 
of this geomerty. 

In that case, in proving theorems of Riemannian geometry all 
the properties of its objects, except those mentioned in the axioms, 
are rendered immaterial. This axiomatic justification of Riemannian 
geometry turns it into an abstract geometric system. Calling any 
objects “points” and “lines” and expressing by the words “lies on”, 
“divides”, “are congruent to” any mutual relationships between them 
satisfying the requirements of axioms, we shall obtain various con- 
crete models of abstract Riemannian geometry. Each system of 
objects the mutual relationships between which satisfy the axioms 
of Riemannian geometry may be termed a Riemannian plane. Thus 
the sphere with identified antipodal points is just one of many differ- 
ent Riemannian planes. | 

§ 67. The axioms of Riemannian geometry will not be presented 
here. But that various interpretations of Riemannian geometry 
are possible may be demonstrated by constructing a new model 
of this geometry. The objects of the new model will have certain 
relationships with already known objects of the model on a sphere. 
This will enable us, without taking recourse to axioms, to obtain 
two models realizing the same geometry. The new model will be 
constructed by means of the Euclidean space. 

First we complete the set of elements of Euclidean space by new 
elements called points at infinity. The nature of these new elements 
is not important, but in introducing them we shall assume that they 
are associated with the original elements; namely, it is assumed that. 
(1) with every line a there is associated one new element called 
the point at infinity of the given line a, (2) parallel lines have a com- 
mon point at infinity, and (3) points at infinity for nonparallel 
lines are distinct. 

The set of all points at infinity of any plane (that is, the set of 
points at infinity of all lines of this plane) will be considered as 
a new line at infinity in the given plane. The set of all points at 
infinity of space will be considered as a new plane at infinity. The 
elements at infinity satisfying these conditions are introduced in 
projective geometry; therefore the space complemented with the 
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Figure 84 te 


elements at infinity subject to the aforementioned conditions is called 
a projective space, while the plane complemented with elements at 
infinity subject to the same conditions is called a projective plane 
(see §§ 80-82). 

Let us consider as elements of a new model the points and lines 
of a plane a@ (including its points at infinity and line at infinity). 
The expression “point lies on a line” is to be understood in the usual 
sense. Moreover, (i) all the axioms of incidence of elementary plane 
geometry are satisfied, (ii) any two lines intersect (possibly at the 
point at infinity). 

Therefore the connection between points and lines of the new 
model satisfy the same basic conditions as the earlier model on the 
sphere. Now the betweenness and congruence relationships will 
be defined for the new model. To this end, take a sphere k and denote 
its centre by O (Fig. 84). Suppose that O does not lie in a. Draw 
any line through O; it cuts plane a at a point A’, possibly the point 
at infinity, and sphere k at two antipodal points A, and A,. Treating 
the pair A, and A, as one point of the model of Riemannian geometry 
on sphere k we denote this pair by a single letter A. We shall call A’ 
the projection of A (or A the projection of A’). Let a be some great 
circle of sphere k; evidently, all pairs of its antipodal points have 
as their projections on plane a@ the points of a definite line a’ (a’ 
may be at infinity). We shall call a’ the projection of a (or a the 
projection of a’). With each pair of antipodal points of sphere k, 
that is, with each point of the model of Riemannian geometry on 
this sphere, we associate its projection on a. With every great circle 
of sphere k we associate its projection on a. Jn other words, with 
every line of the model of Riemannian geometry on sphere k we 
associate a definite line of plane a. It is easy to see that each of 
these correspondences is one-to-one. It is also clear that if point A 
of the model of Riemannian geometry on sphere k lies on line a of 
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Figure 85 


the same model, then in a the point A’ corresponding to A lies on 
line a’ corresponding to a. 

Let A’, B’, C’, D’ be four points of plane @ lying on one line wu’ 
of this plane and A, B, C, D the corresponding points of the model 
of Riemannian geometry on sphere k lying on one line wu of this model 
(u and wu’ correspond to each other). We shall say that (a) points 
A’ and B’ divide points C’ and D’ on wu’ if A and B divide C and D 
on u, and (b) A’ and B’ do not divide C’ and D’ ou wu’ if A and B 
do not divide C and D on uw. Similarly, if a’, b’, c’, d’ are four 
lines of a through one point U’ and a, b, c, d are the corresponding 
lines of the model on sphere & through point U of this model, then 
we shall say that (a) lines a’ and b’ divide lines c’ and d’ on plane a 
if a and b divide c and d, and (b) lines a’ and b’ do not divide lines c’ 
and d’ on aw if a and b do not divide c and d. In this manner we define 
the “betweenness” of points on any line in @ and the “betweenness’” 
of lines of a passing through some point of this plane. 

Finally, we shall say that two figures of plane a are congruent 
if their projections on sphere k are. 

Thus for the new model we have defined the relationships of inci- 
dence, betweenness and congruence; the objects of the new model 
have the same mutual relationships as the corresponding objects 
of the model of Riemannian geometry on sphere k. This implies that 
every proposition regarding the incidence, betweenness and congru- 
ence for objects of the model of Riemannian geometry on sphere k 
will be valid for objects of the new models on the projective plane; 
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‘conversely, every proposition regarding the incidence, betweenness 
and congruence relationships between objects of the new model 
will be true for the model of Riemannian geometry on sphere k. 
In this manner, both models realize in a different way the same 
Riemannian geometry. 

From the point of view of visualization, the model of Riemannian 
geometry on the projective plane has the advantage over the model 
in the form of a sphere with identified antipodal points in all cases 
when one speaks of connection and order between the objects because 
points and lines on the projective plane are represented in the way 
we are used to. But the model on the projective plane is worse in all 
cases when one speaks of congruence of figures because figures of 
the model on the projective plane which are congruent in the sense 
of Riemannian geometry are not congruent in the usual sense (see 
Fig. 85 showing congruent triangles ABC and PQR of the model 
of Riemannian geometry in the form of a sphere with identified 
antipodal points and corresponding, also congruent, triangles 
A’B'C’ and P’Q’R’ of the model of Riemannian geometry on the 
projective plane). 

§ 68. The previous exposition concerned two-dimensional Rie- 
mannian geometry. The model of three-dimensional Riemannian 
geometry may be obtained by identifying antipodal points of a three- 
dimensional sphere in a four-dimensional Euclidean space.* 

A model of three-dimensional Riemannian geometry may be con- 
structed without taking recourse to four-dimensional space by means 
of projective geometry (see Chapter 6, where projective models 
of two-dimensional Lobachevskian and Riemannian geometries have 
been constructed; these constructions may be directly generalized 
to the three-dimensional case). 


* Multidimensional Euclidean space is treated in Chapter 7; see also the 
first Russian edition of this book. Riemannian geometry has been discussed 
using the coordinate method in F. Klein: Vorlesungen tiber nicht-euklidische 
Geometrie, Springer, Berlin, 1963 


Chapter 4 


Investigation of the Axioms 
of Elementary Geometry 


4.1. Three basic problems of axiomatic theory 


§ 69. In the preceding chapter it was proved that the consistency 
of Euclidean geometry implies the consistency of Lobachevskian 
geometry. Now one may ask: How can one be certain that Euclidean 
geometry is consistent? Since we are treating Euclidean geometry 
as a system of propositions that can be derived from the axioms of 
Groups I-V (Chapter 2) in a logical manner, by speaking about the 
consistency of Euclidean geometry we mean the consistency of the 
system of the axioms of Groups I-V. 

In the following pages it will be proved that Euclidean geometry 
is consistent if so is arithmetic. The question of consistency of arith- 
metic falls outside the scope of foundations of geometry. 

In investigating the axioms of elementary geometry, we examine 
the following three problems: 

(1) the problem of consistency, 

(2) the problem of minimum number of axioms, 

(3) the problem of completeness. 

Since these problems arise in the investigation of any system of 
axioms—whether it is the system of axioms of Euclidean geometry 
or of Lobachevskian geometry or any other system—the problems 
should be formulated and methods of their solutions explained in 
a general form. 

Suppose that a system of axioms establishing mutual relationships 
of certain objects is given. From the accepted axioms one may draw 
logical conclusions regarding properties of these objects without 
taking into account other possible properties if they have not been 
mentioned in the axioms. 

Thus objects of a given system of axioms may be considered objects 
of any nature and relationships between them mentioned in the 
axioms may be given any concrete meaning provided the require- 
ments of the accepted axioms are fulfilled. Then each theorem derived 
in a logical way from these axioms will express a definite fact about 
the objects in question or, more precisely, about those properties 
of the objects which are mentioned in the axioms. 

Any concrete choice of objects playing the role of the objects of 
a given system of axioms will be called the realization or interpreta- 
tion of these axioms. 
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The set of objects itself realizing the given system of axioms wil] 
be called a “model”, as was done in the previous chapter, of the log- 
ical system defined by these axioms. 

If by some means axioms are realized for a model, then it is impos- 
sible to deduce by correct arguments two conclusions logically contra- 
dicting each other (say, the assertion and the negation of the same 
fact). Therefore, to prove the consistency of the given system of 
axioms it is enough to find one of its possible realizations. (If the 
system is inconsistent, this can be usually discovered by necessary 
arguments leading to a contradiction.) 

The proof of the consistency of a given system of axioms may be 
conditional. For example, the consistency of Lobachevskian plane 
geometry was proved in the previous chapter by constructing Poin- 
care’s model whose objects were chosen in the Euclidean plane. 
The result obtained in this way was formulated conditionally- 
Lobachevskian plane geometry is consistent if Euclidean plane ge- 
ometry is. 

The second problem is to show the necessity of all the require- 
ments mentioned in the axioms, that is, from the accepted system 
of axioms it should not be possible to omit any requirement without 
affecting the volume of propositions on the whole (the system is 
minimal)*. Solving this problem completely means showing that 
each part of the system of axioms does not depend on those remain- 
ing, that is, any part of the system cannot be obtained from the 
remaining axioms in a logical way. 

Denote by A one of the axioms of the (consistent) system in ques- 
tion. If axiom A is not a consequence of other axioms of this system, 
then replacing axiom A by another axiom A® in this system stating 
that “assertion A is false” we must obtain a consistent system. There- 
fore, in order to prove that axiom A cannot he deduced from the 
remaining axioms of the system in question, it is enough to realize 
all the axioms except A on a set of objects such that in this realiza- 
tion axiom A does not hold. 

In particular, in this manner was shown the independence of 
Euclid’s fifth postulate from the remaining postulates of elementary 
geometry. Namely, for Poincare’s model, on the Euclidean half 
plane all the axioms of absolute geometry are realized but the Eucli- 
-dean parallel axiom does not hold. Thus it is not a logical consequence 
of the remaining axioms. (In this case the same interpretation of 
geometric objects shows the independence of the Euclidean parallel 
postulate and the consistency of Lobachevskian geometry.) 


* Since different systems of axioms may be taken as the basis for the same 
geometry, by omitting the superfluous conditions (if they are present) from these 
systems one may arrive, generally speaking, at various minimal systems. Thus 
.a minimal system is by no means unique. 
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Later a similar analysis will be carried out with respect to other 
important axioms of elementary geometry, but, of course, the min- 
imal problem will not be solved completely. 

The formulation of the third problem of the axiomatic theory,. 
the problem of completeness of axioms, is postponed until the end 
of the chapter. 

§ 70. We have already seen the application of the suggested meth- 
ods, in the construction of Poincare’s model. However, many 
minor details may have overshadowed the main points which should 
be made clear by taking as simple an example as possible. We shall 
now construct a model for Hilbert’s axioms of the first group only, 
treating this group as a separate axiomatic system. 

Consider a tetrahedron and call its vertices “points”, its edges. 
“lines” and its faces “planes”. Thus the set of geometric elements 
in this realization is composed of only four points, six lines and four 
planes. 

The lines and planes have a certain association with points, 
and if, for example, line a is associated with point A, then 
we say that “a passes through A” or “A lies on a’, and so on. 
In our realization, as in any concrete realization, these associations. 
must be precisely described. Let us agree to call those lines and 
planes aS passing through a point, represented by a vertex, which 
are represented by edges and faces that contain the given vertex. 

It may be easily seen that all the requirements of Axioms I.1-I.8 
are then satisfied. Let us take a look at them in a Sequence. 

Axiom I.1. Given any two points A and B, there is a line a pass- 
ing through both A and B. This axiom is satisfied for any two 
vertices of the tetrahedron are joined by an edge. 

Axiom [.2. Given any two points A and B, there is at most one 
line through both A and B. The requirement of this axiom is met 
as two vertices of a tetrahedron are joined by only one edge. 

Axiom I.3. On every line there are at least two points; there are 
at least three points not lying on one line. The conditions of this 
axiom are satisfied since on each edge there exist two vertices and 
there are three vertices (even four!) not lying on one edge. 

Axiom |I.4. Given any three noncollinear points A, B, C, there 
is a plane a passing through each of the three points A, B, C; every 
plane contains at least one point. Conditions of this axiom are 
met because through every three vertices there passes a face and 
every face contains a vertex (even three vertices). 

Axiom I].5. Given any three noncollinear points A, B, C, there 
is at most one plane passing through each of A, B, C. Our model 
satisfies this condition since through every three vertices only one 
face passes. 

Axiom I.6. If two points A and B of a line a lie on a plane a, 
then every point of a lies on a. This axiom is satisfied. Indeed, if 
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two vertices of one edge lie on some face, then every vertex of this 
edge lies on the same face since one edge contains just two ver- 
tices. 

Axiom |.7. If two planes a and £ have one point A in common, 
then they have at least one more point B in common. The require- 
ment of this axiom is met because any two faces have two common 
vertices. 

Axiom I|.8. There are at least four points not lying in one plane. 
The conditions of this axiom is also met because four vertices of 
the tetrahedron do not all lie on one face. 

Thus, our realization satisfies the requirements of all the axioms 
of the first group. By the way, observe that this realization of Axi- 
oms |.1-I1.8 is minimal among all possible realizations in the sense 
that every line has only a pair of pointsy the points are four in num- 
ber, etc. Just as many elements are required by the axioms. True, 
Axiom I.4 requires every plane to have at least one point whereas 
in our realization every plane contains three points; however, Theo- 
rem 3 of § 12 shows that this number is the minimum. 

Since a concrete realization has been pointed out for Axioms I-1-1.8,. 
it may be said that the axioms of the first group form a consistent 
system. 

In the preceding article, the general principle for establishing 
the independence of two propositions from each other was described. 
Here a simple illustration of this principle may be given. Let us 
pose, for example, the question: Is it possible to show with the 
aid of Axioms I|.1-I.8 that the set of elements of geometry is infinite? 
The answer to this question is negative, since Axioms [.1-I.8 have. 
been realized on a finite set of objects. In other words, the proposi- 
tion that the set of elements of geometry is infinite does not depend 
on the axioms of the first group. 


4,2. Consistency of the axioms of Euclidean geometry 


§ 71. We shall now prove the consistency of all the five groups 
of axioms of Euclidean geometry. 

We are used to imagining these axioms realized on a set of objects 
which we visualize and in our imagination they appear as abstrac- 
tions of objects from the real world as observed by us. But points, 
lines and planes as images of our geometrical imagination cannot 
be described mathematically. Therefore in proving the consistency 
of the axioms of Euclidean geometry a model must be found which, 
apart from our geometric visualization of it, is meaningful. To this 
end, a realization of Axioms I-V will be constructed, which wil] 
be called arithmetic because its objects will be combinations of 
numbers. This will establish the consistency of Euclidean geometry 
provided arithmetic is consistent. 
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In order not to overshadow the main points by minor details 
of a computational nature, we confine ourselves to the case of plani- 
metry, that is, only Axioms I.1-I.3 and the Axioms of Groups II-V 
will be taken into account. 

In the arithmetical realization a “point” will mean any pair of 
real numbers (z, y) and a “line” the ratio of three real numbers 
(u — v ~ w) with the condition that at least one of the two numbers 
u or v is not zero.* 

We shall say that “a point (z, y) lies on the line (u ~v ~ w)” 
or “the line (u + v ~ w) passes through the point (z, y)” if 


ux +vy+w=0 


Then it is easy to check that the conditions of Axioms [.1-I.3 are 
satisfied. 

Indeed, if (z,, y,) and (x,, ys) are two distinct points, then the 
ratio of three numbers uw = y, — Yo, V = Lg — X1, W = LyY2 — Ley, 
is a line (the numbers y, — y, and x, — 2, cannot be both zero simul- 
taneously since the points (z,, y,) and (2», y.) are distinct) passing 
through both the points (z,, y,) and (2.5, y,) because 


UL, + VY, + WwW = (Yr — Yo) T+ (Lo — 2) Yr + (MY2 — Toy) = 0 
UL, + VYg + WwW = (Yr — Yo) Te + (Le — TZ) Yo + (LiY2 — Ley) =O 


This shows that Axiom I.1 is satisfied. 
Next, the equations 


ux, + vy, +w=0 


UL» + Wyo + w =0 
imply that 


U-v > w= (Yy — Yo) + (®e — 2%) + (LiY2 — Tey) 


Thus the points (z,, y,) and (2, y,) determine only one line (u — v + 
+ w), and the requirements of Axiom I.2 is fulfilled. 

The conditions of Axiom I.3 are also met. In fact, since the equa- 
tion 


ux + vy +w =0 


always has an infinite number of distinct solutions, there are not 
only two but infinitely many points on a line. As an example of 
three points not lying on one line, one may cite the points (0, 0), 
(1, 0) and (0, 1); there is no line joining these pointssince, evidently, 
there are no three numbers u, v,:w which are not all zero simulta- 


* The ratio of three numbers u, v, w is the aggregate of numbers u, v, w 
‘with the condition that the aggregates u, v, w and Au, Av, Aw, where A is any 
:number =40, are identical. 
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neously and still satisfy the equations 
u-0 +vO+w=0 
uitis+vO+w=0 
uOt+t+uvi+tw=+=0 


Now we shall define the “betweenness” relationship. Let a line 
(uw — v—+w) and three points (z,, y;), (22, Yo), (%3, Ys) on it be 
given. Suppose first that v “0. The point (z,, y,) will be said 
to lie between the points (z,, y,) and (x3, y;) if 


Ly Xg<l 2X3 OF Ly SX. > 73 


But if v = 0, then necessarily 7, = x, = x, = —w/u for the points 
of this.line and the preceding conditions are inapplicable. In this 
case (x2, y,) is said to lie between (z,, y,) and (z3, y;) if 


Yi Yeo Ys OTF Yi > Yo > Ys 


The “betweenness” relationship thus defined satisfies the condi- 
tions of all the axioms of betweenness, Axioms [II.1-II.4, 

It is obvious that the requirements of linear Axioms [].1-II.3 
are fulfilled. We shall show that the requirements of Axiom II.4 
is also met. 

First note the following fact: if (z,, y,) and (x2, y.) are the end- 
points of a segment, then all the interior points of this segment are 
of the form (Ax, + (1 — A) Ze, Ay, + (1 — A) y.), where A is any 
number satisfying 0 << A < 1. Further, ifa line (wu ~ v ~ w) passes 
through a point of a segment having the endpoints (z,, y,) and 
(Zo, Ye), then the numbers uz, + vy, + w and uz, + vy, + w have 
opposite signs. Indeed, if the interior point of the segment through 
which the line passes corresponds to A, then 


u lax, + (4 — A) aq] + uly, + (1 —d)yol + w =0 
whence | 
A (ux, + vy, + w) = — (1 — A) (uz, + vy, + w) 


and since 4 and 1 — A are positive, the numbers uz, + vy, + w 
and uz, -+ vy, + w have opposite signs. 

Now let A (z,, y;), B (te, y2) and C (z3, ys) be three points not 
lying on one line and (u — v ~ w) be the line passing through none 
of these points. We must show that if the line (u ~ v ~ w) passes 
through a point of the segment AB, then it passes through either 
a point of the segment AC or a point of the segment BC. 

Since the line (wu ~— v ~ w) does not pass through any of the 
points A, B, C, the numbers. 


Q, = ur, + vy, +w, a, =Urye + vy, + WwW, Aa = UTZ + VYg +W 
13-0779 
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are nonzero, and, by the preceding result, a, and a, have opposite 
signs. Suppose that the sign of a, is different from that of a,; then 
the line (u ~ v ~ w) intersects the segment AC. To establish this, 
take a number A determined by the equation Aa, + (1 — A) a, = 0, 
that is, 


A = a3 + (@3 — )) 
Noting that a, and a, have opposite signs, we find that 
Vite: OR as | ds | 
1, — Oy las|+] a, | 
whence 0 <A < 1. Consequently, the point (z, y), where 
t=hat+(1—A)z3, y=dyt(t—A) ys 
is a point of the segment AC. On the other hand, the point (z, y) 
lies on the line (u ~ v ~ w) because 
ux + vy +w =A (uz, + vy, + w) + (1 — A) (ux, + vy, + W) 
Thus the line (u — v ~ w) indeed intersects the segment AC. 
Similarly, when a, and a, have opposite signs, it may be established 
that the line (u — v ~ w) intersects the segment BC. But since 
a, and a, are of opposite signs, the sign of a, is necessarily opposite 
to that of either a, or as. Thus the desired assertion is proved. 
Now we Shall define the notion of congruence. To this end, we con- 


sider a class of transformations known in algebra as orthogonal 
transformations. Let the following equations be given: 


x =ayrt+byte, ! 
y =agr + byy+ cy (*) 
which, given a,, ..., C2, map every point (z, y) into a definite 


point (zx, y’). The transformation is called an orthogonal transfor- 
mation if the coefficients a,, b,, a,, b, satisfy the condition 


a, b\ (a, a, 1 0 
( == (#*) 
a, bo) \b, bo O 1 
First, let us mention some properties of orthogonal transforma- 
tion (*). The condition (+*) yields 
ai+bi=14 
atbr=! (1) 


These three equations are equivalent to equation (**) and therefore 
characterize the orthogonality of transformation \(+). 
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Equations (1) first of all imply that both a, and a, as well as 
both b, and b, cannot be zero simultaneously. Indeed, if, for example, 
a, =a, =O, then the third equation in (1) implies }b,b, = 0, 
which together with the assumption a, = a, = 0 contradicts one 
of the first two equations of (1). Next, the equation a,a, +'b,b, = 0 
gives ata? = bib?. Noting this and multiplying the first equation 
in (1) by b3 and the second by aj and subtracting, we obtain 


0 = b?—a? 
whence b, = 6,a,, where 6} = 1. Similarly, b, = 5,a,, where 5° = 
= 1. But b,b, = —a,a, and hence 6,6, = —1; thus either 
b, = —4,, by = a, 
or '" 
b; = ay, b, = —aQ, 


We see that transformation (*) may be written in one of the fol- 
lowing forms: 


xz’ =axr—fy+e, 

y’ =Br+ ay+ ec, ” 
or 

x’ =ar+ py+ cy 

y’ = Pr—ay + cy 


where a and 6 denote a, and a.; in either case the orthogonality con- 
ditions (1) reduce to the relation 


Ce he = 


The transformations (I) and (II) are referred to respectively as orthog- 
onal transformations of the first and second kinds. 

The following property of orthogonal transformations will play 
an important role below: the points lying on a half line are mapped 
by any orthogonal transformation into points also lying on a half 
line. Before proving this property, we describe a convenient way 
of defining half lines. ) 

Let a line a (u + v ~ w) and a point O (Zo, yo) on it be given; 
since O lies on line a, we have | 


Uy + VYog + w = 0 
If M (z, y) is any point of the line a, then similarly 


ux +vuy+w=0 
Whence 


U(X — Xp) +v(Y — Yo) = O 
13¢ 
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Setting m = Av, n = —Au, where A is any number =-0, we can 
write the last equation in the form 
t—2IX _  Y—Yo 
mon 


Denoting each of the equal ratios by t, we find 


X= 2+ mt 

Yy = Yo + nt } (2) 
For each value of ¢ equations (2) determine a certain point of the 
line, moreover, to various numerical values of ¢ of the same sign 
there correspond points lying on the same side of the point O (zo, yo), 
while to numerical values of ¢ with opposite signs there correspond 
points lying on opposite sides of O. This becomes immediately clear 
if one examines the definition of “betweenness’ given above. 

Thus to positive values of ¢ there correspond points of one of the 
two half lines into which O divides the line a; to negative values of tf 
there corresponds points of the second half line. 

A more convenient way of defining the points of a half line is to 
use equation (2) in which ¢ is always positive, and then to distin- 
guish between the half lines with a common vertex at O of line a 
according to the signs 0 of the quantities m and n; if for one of the half 
lines m = p and n = q, then for the other m=—p,n = —4@. 

~The quantities m and n are called normalized parameters of a half 
line if they satisfy 


sai m? +n? = 1 


When A = + (u? + v*)-1/", this equation is satisfied. 

A half line is clearly determined by the vertex (z), yo) and the 
normalized parameters m and n. Conversely, as soon as a half line 
is given, its vertex (Z», y,)) and the normalized parameters m and 
n are uniquely determined. A half line will be denoted by (zo, Yo; 
m, ‘n), necessarily assuming that m? + n? = 1 

Now it is a simple matter to establish the aforementioned property 
of orthogonal transformations: any orthogonal transformation maps 
points. constituting a half line into points also constituting a half 
line. 

: Let a half line (zo, yo; m, m) be given. All the points of this half 
line are obtained from the formulas 


x= Zor mt 
y ~ Yo a Me . 4 
in which ¢ assumes all possible positive values. Consider an orthog- 
onal transformation of the first kind: 
xz’ =ar—fy+ec, 
© y= Prpayte, 
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or of the second kind 
x’ =ax-+ Byte 
‘= BPr—ay+ ey 
Any point (z, y) of the given half line is mapped into a point 
x’ = (am — Bn) t-+ (Ho — Byo + ¢4) 
y’ = (Bm + an) t+ (Bro + &Yo+ Ce) 
in the first case, and into a point 
x’ = (am-+ Bn) t + (429+ BYo+ ¢4) 
y’ = (Pm — an) t + (Bro — &Yo + Cp) 


in the second. In either case these expréssions may be put in the 
form 


zg’ =m't+- x; 
y’=n't+y, 
and, accordingly, points (z’, y’) obtained by varying ¢ lie on the 


half line with parameters m’, n’. This proves the desired property. 
Note that the parameters 


m’ = am — Bn 


, 


n’ = Bm + an 


m’ =am-+ Bn 
, 


n’ = pm — an 


or 


are normalized. Indeed, 
m’? + n’? = (am = Bn)? + (Bm + an)? 
= (a? + B*) m? + (a? + 6%) 2? = m+ nn? = 1 


We shall say that the half line (z,, yj; m’, n’) is obtained from 


the half line (1), yp; m, n) by an orthogonal transformation. Thus 
we have the following assertion: 


An orthogonal transformation of the first kind (1) or the second kind (II) 
of points (x, y) into points (x’, y’) is determined by the orthogonal 
transformation of the first kind or the second kind, respectively, of half 
lines (29, Yo; m, n) into half lines (x, yj; m’, n’). 

The quantities x}, yj; m’', n' are expressed by the formulas 

Ly = ALy—BYo + cy 

Yo = B20 + Ayo Cy ‘ 
. (I*) 

m =am—fBn 

n'=Bm-+an 
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in the case of a transformation of the first kind and by 


Lyo= A429 +Pyot cy 
= Bro — aYo+ Cy 

m' =am- Bn 

n' =pm—an 


(II*) 


in the case of a transformation of the second kind; moreover, if the points 
(xz, y) lie on the half line (Zo, Yo; m, n) their images (x’, y’) lie 
on the half line (x,, yj; m’, n’) 


Now we are in a position to define congruence of segments and 
angles for our realization. 

A segment AB will be said to be congruent to the segment A’B’ 
if there is an orthogonal transformation (of points) mapping A into 
A’ and B into B’. 

An angle (hk, k) will be said to be congruent to the angle (h’, k’) 
if there is an orthogonal transformation (of half lines) mapping the 
half line / into the half line h’ and the half line & into the half line k’. 

We have to show that these definitions obey Axioms III.4-III.5. 
To this end, we examine successively all the axioms of the third 
group. 

Axiom III.1 requires that for any preassigned segment AB there 
is just one point B’ on a given side of a preassigned point A’ of 
a linea’ determining segment A’B’ such that AB is congruent to A’B’. 

Let the segment A (Xo, yo) B (z, y) and a point A’ (xj, y,) on 
a line a’ (u' + v' + w’) be given. The quantities 


id 


tf 

! Vv ? —U 
m =? n I 
Vu? Vur+v 


are normalized parameters of one of the two half lines determined 
on line a’ by the point A’ (the quantities —m’ and —n’ will be nor- 
malized parameters for the second half line). 

If we let m and nm denote the normalized parameters of the half 
line AB, then the point B(z, y) is determined by formulas 


= Xp + mt 
Y=Yo tnt 


for some definite positive ¢. 

We shall find an orthogonal transformation mapping the half 
line (2%), Yo; m, mn) into the half line (2, yg; m’, n’). Using (I*), 
we see that the equations 


a 


am — Bn 
Bm + an =n’ 
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immediately yield | 
a =mm' + nn’ 
8 = mn’ — nm’ 
What is more, 


a? + B? 


(mm’ + nn‘)? + (mn’ — nm‘)? 
= m? (m’? + n’*) + n? (m" + n’) 
=—-m+n*=1 
Determining c, and c, from the first pair of equations in (1*), we 
obtain just one orthogonal transformation of the first kind, 
x =ax—Bpy+ ce, 
y=Br+ayte, * 
which maps half line (x), yo; m, mn) into half line (xz), yj; m’, n’). 
It may be shown in the same way that there is exactly one trans- 
formation of the second kind which also maps the half line (Zp, 
Yo; m, n) into the half line (z,, yj; m’, n’). 
Both,the transformations map the point B (z, y) into the same 
point B’ (z’, y’): 
xz’ =2,-+m't 
‘=Yotn't 
Therefore there is only one point B’ of line a’ on a given side 


of A’ such that AB = A’B’, proving the truth of Axiom III.1. 
Axiom III.4 further requires that 


AB =BA 
which is also true. In fact, the orthogonal transformation 
xi = — 2+ (24+ 29) 
y= —Yy+(¥i+ Ye) 
maps the point A (z,, y,) into the point B (z., y,) and, conversely, 
the point B (zg, y,) into the point A (z,, y,). Thus all the require- 


ments of Axiom III.1 are met. 
Consider now Axiom III.2, according to which the congruence 


relations 
A'B’ =AB and A"B"=AB 
imply 
A’B’ — A”B’” 
For our realization this condition is met in view of the group 


properties of orthogonal transformations. Namely: (a) every orthog- 
onal transformation has an inverse which is also an orthogonal 
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transformation, (b) if an orthogonal transformation maps points: 
(x, y) into points (z’, y’) and dnother orthogonal transformation 
maps (z’, y’) into (z”, y”), then the resulting transformation (that 
is, their product) which maps (z, y) into (x”, y”) is also orthogonal. 
Indeed, consider any orthogonal transformation whose matrix 
is M. Denoting its transpose by @’ and the identity matrix by J, 
the orthogonality condition (#*) (see p. 194) may be written in 

the form 
OD’ = 1 (N) 


This implies that the value of the determinant of © is +1 and, 
since it is not zero, each orthogonal transformation has an inverse. 
The matrix of the inverse transformation satisfies the orthogonality 
condition; to see this, first observe that (N) implies 


M-1 = Q’ 
but D (O’D) = (OO’) © = O therefore ®’D = J and 
(O-) (bY = 1 
Thus the inverse transformation of an orthogonal transformation 
is orthogonal. 
Further, if © and W are matrices of two orthogonal transforma- 


tions, then the product of these transformations has a matrix X = 
= WO. Using the known fact 


(YO) = oy’ 


it may be easily shown that X satisfies the orthogonality condition; 
in fact, 


XX’ = VO (VO) = VO (O'W’) = ¥ (OD’) YW. = WIV’ = yw’ —] 


Thus successive applications of orthogonal transformations result 
in an orthogonal transformation. 
Having established that orthogonal transformations have group 
properties, it may now be easily shown that Axiom III.2 is satisfied. 
Let A’B’ = AB and A”B” = AB. If an orthogonal transforma- 
tion maps a point M’ into M, we shall write 


M = @0(M’) 
If A’B’ = AB, there is a transformation MM = ®(M’) such that 
A=Q9(A’), B= Q(B’) 


Similarly, if A”B” = AB, there is a transformation M = WV (M") 
such that 


A=¥(A"), B=¥(B’) 
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Denoting by W-! the inverse of transformation Y, we have 
A” = Y-1(A) = W-! (DM (A’)) 
BY = 1 (B) = Yt (® (B’)) 


In view of the group properties, the transformation Y-'® is orthog- 
onal; hence A’B’ = 

Let us examine Axiom III.3. Let A, B, C be three points of 
any line a, where B is between A and C; let A’, B', C’ be three 
points of another line a’ situated analogously. Axiom 111.3 requires. 
that 

AB =A'B’, BC =B'C' 
imply 
AC=A'C’ 


In thé light of the arguments used in connection with Axiom III.1, 
there is an orthogonal transformation mapping the half line BA 
into the half line B’A’ and simultaneously the half line BC into 
the half line B’C’. Since AB = A’'B’' and BC =B'C’, it follows. 
from the same arguments (or from Axiom [JI.1 itself) that the afore- 
mentioned transformations maps the point A into A’ and the point C 
into C’. Hence AC =A’'C’, and Axiom III.3 is fulfilled. 

Now we shall show that Axiom III.4 holds in the arithmetical 
realization: if 74 (h, k) is any given angle and h’ any given half 
line, then there is exactly one half line k’ on a given side of the 
half line h’ such that / (h, k) is congruent to Z (h’, k’); further- 
more, 


' 
¢ 


Z.(h, k) = Z (h, k), Z. (h, k) = Z (k, h) 


Here we need to clearly distinguish between ortogonal transforma- 
tions of the first and the second kind. 


Take a half line k and complete it to form a line hk, and consider 


the two half planes separated by line hk. Denote one of them by J 
and the other by JJ. Similarly, let h’ be any half line contained 


in a line h’ and let I’, II’ be two half planes separated by h’. 

Suppose that , and ®, are two orthogonal transformations of 
the first and second kind, respectively, each of which maps the 
half line into the half line h’. Then the following result holds: 
each of the transformations ®, and ®, maps points of the half plane J 
into points of one of the half planes J’ or JJ’ and points of the half 
plane JJ into points of the second of the half planes J’ or JI’; more- 
over, if ©, maps half plane J into half plane J’, then ®, maps / 
into II’. 

In order to prove this result, first note that to points (z,, y;) 
and (Xo, Ye) located on opposite sides of the line (u ~— v ~ w) there 
correspond numbers uz, + vy, + w and wr, + vy, + w with op- 
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posite signs (this was shown earlier while investigating Pasch’s 
axiom). Thus for points (z, y) of one half plane ux + vy +w>0 
while for points of the other half plane uz + vy +w< 0. 

If (9, Yo) is the vertex of the given half line, and m and n its 
normalized parameters, then the conditions that (z, y) belongs 


to one or the other half plane separated by line h may be expressed 
in the form 


n (x — Xo) — m(y — Yo) > 9 
or 


n(x — Lo) —m(y — yo) < OD 
Let (xj, y>) be the vertex and m’ and n’ the normalized parameters 
for half line h’. If 
x’ = oa — By +e, 
y =BPr+ay+ cy 


is an orthogonal transformation of the first kind which maps h 
into h’, then 


x —2X,=% (x— 2X) —B (Y— Yo) 
y —y,=B (x — 2X) + a (Y— Yo) 


m' = am — Bn 
n’ = pm + an 
whence 
n' (x’ —x4)— mM’ (y’ — yo) =n (xX— Xo) — mM (Y— Yo) (a) 


But if h is mapped into h’ by a transformation of the second kind 
x =ar+py+te 
y’ =Ba—ay +e, 

then 


n' (x' —- x4) —m' (y’ — yj) = —n(x— Xo) 4- mM (Y — Yo) () 


The equations (a) and (f) immediately imply the aforementioned 
property of orthogonal transformations; by the same token the 
first condition in Axiom III.4 is also verified for the realization 
in question. 

Indeed, as already noted, there is one orthogonal transformation 
of the first kind and one of the second kind mapping side h of angle 
Z. (h, k) into half line h’. Of these two transformations only one 
maps half line & into half line k’ contained in the preassigned half 
plane separated by line h’. Thus, on a given side of line h’ there 
is exactly one half line k’ defining Z (h’,k’) such that z (h, k) = 
= / (h’, k’). 
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The remaining two requirements of Axiom IJI.4 are verified 
even more easily. 

The relationship 2 (h, k) = Z. (h, k) is true because there is 
an orthogonal transformation under which h and k retain their posi- 
tions. Such a transformation is the identity transformation 

z= 
y =y 

The relationship Z (h, k) = Z (k, h) is valid since there is an 
orthogonal transformation which mapsh into k and k into h. Name- 
ly, if (x9, yo) is the vertex of an angle, and m,, n, and my, n, 
are normalized parameters of half lines h and k, then such a trans- 
formation (of the second kind) is " 
vo = (MyM, —NyNg) X + (NyMy + MyNg) Y 

+ [Xp — (MyM, — NyNg) Xo — (MyMy +- MyKo) Yo] 
yo = (NyMy + MyNg) X— (MyM, — NyNp) Y 
+ [Yo — (MyMz + MyNe) Lo + (MyM, — NyNg) Yo! 


These formulas indeed yield x, = 2 and y, = Yo, and according 
to formulas (II*) with given a and B we have m, = mz, n, = ny 
and m, = m, n, = ny. 

This completes the verification of all the conditions in Axiom III.4. 

Finally, consider Axiom III.5: if AB = A’B’, AC=A’'C’ and 
Z.BAC = ZB’'A'C’ for two triangles ABC and A’B’'C', then 
ZLABC = ZA'B'C’ and ZACB= ZA'C'B'. 

These conditions are satisfied for our realization. In fact, in view 
of the above discussion, if 4B = A’B’, there are two orthogonal 
transformations (one of the first kind and the other of the second) 
mapping point A into point A’ and point B into point B’. Since 
Z.BAC = ZB’'A'C’ one of these transformations maps the half 
line AC into the half line A’C’, and, because AC = A’C’, the same 
transformation maps point C into point C’. Accordingly, there is 
an orthogonal transformation which maps the points A, B, C into 
points A’, B’, C’, respectively; hence 2ABC = /A'B'C’ and 
ZACB = ~A'C'B’. 

Thus the proposed definitions of the congruence of segments and 
angles satisfy all the axioms of the third group. 

We now examine axioms of continuity, Axioms IV.1-IV.2. In 
our list of axioms, the fourth group is composed of the axioms of 
Archimedes and Cantor. We could have directly verified the validity 
of these axioms as we did with axioms of Groups I, II, III; how- 
ever, it is more profitable to act in a different way. We apply Theo- 
rem 41 of § 23, which establishes the equivalence (when the axioms 
of Groups I-III are satisfied) of Axioms IV.1 and IV.2 to Dedekind’s 
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principle. In view of this theorem, it suffices to show that in the 
arithmetical realization Dedekind’s principle is valid for the point 
set of every line. This may be done very easily. In fact, let (u — 
— v — w) be any line with, for example, v ~ 0;-it will be assumed 
that a point (z,, yj) precedes a point (z,, y.) on this line if r, < zy. 
Then performing a Dedekind’s cut of the set of points (z, y) by 
the line (u + v -:-w), a cut of the set of real numbers {z} is also 
simultaneously performed. Since Dedekind’s principle holds for 


the set of real numbers, there is a number z performing this cut, 
that is, this number closes one of the classes. Setting 


we see that point (z, y) lies on the line (wu + v ~ w) and closes 
one of the classes of Dedekind’s cut on this line. Therefore, for every 
Dedekind’s cut of the point set of any line there is a point perform- 
ing this cut. In other words, Dedekind’s principle holds for any 
line. Then Theorem 41 of § 23 implies that the axioms of continuity, 
Axioms IV.1 and IV.2, hold for the arithmetical realization. 

It remains to consider Axiom V, the parallel axiom. 

Let (u + v + w) be any line and (zo, y)) a point outside this 
line, that is, satisfying the condition 


UXp + Vo + w AOD 


We must find if there is only one line passing through (Zp, y)) and 
not having common points with the line (wu -- v ~ w) or if there are 
many such lines. 

Let (u’ =~ v’ + w’) denote one of such lines. The quantities 
uw’, v', w’ are subject to two conditions. First, since (u’ -- v’ + w’) 
passes through the point (29, Yo), 


U' Xo +-V' Yy + w’ = 0 (*) 
Secondly, the system of the two equations 


uwe+vytuw =0 ee 

ux + vy +w=0 : 
must be inconsistent since the two lines (u’ ~ v’ — w’) and (u + v = 
— w) have no common points. In case the system (+**) is inconsistent, 
then necessarily u’ —- u =v’ ~ v, or, denoting each of the equal 
ratios by un, 


u’ = wu, vy = ww 
Then (*) immediately yields 


Ww! == — Ul (ULa+ Yo) 
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whence 
ul vw’ =u tv > — (Utp + VY) 


Accordingly, the ratios u’ ~ v’ + w’ are completely determined, 
that is, there is gust one line passing through (Zo, yo) and parallel 
to an arbitrarily given line (u + v — w). 

Thus, for our realization the parallel properties satisfy Axiom V. 

In this way, we have found a concrete realization of the system 
of the axioms of Groups I—V; accordingly, this system is consistent. 
Since this realization is based on the notion of a real number, the 
result thus obtained is conditional and may be formulated as follows: 


The system of Axioms I-V is consistent if the arithmetic of real num- 
bers is consistent. 


Sy 


The proof of the fact that arithmetic is consistent falls outside 
the scope of the foundations of geometry and this question will 
not be discussed here. 

In conclusion, observe that all the relationships employed in 
the present subsection occur in analytic geometry while using the 
orthogonal Cartesian system of coordinates. Therefore sometimes 
the above realization will be referred to as the Cartesian realization. 

Setting the task of constructing a concrete realization of Hilbert’s 
axioms, we chose the objects of realization from arithmetic and, 
verifying axioms step by step, reached the conclusion that all the 
definitions given by us obey these axioms. No reference to geomet- 
rical visualization was made because of the purely arithmetical 
nature of objects, so the above investigation turned out to be cum- 
bersome. The investigation was carried out in full detail, since it 
was very important for us to be able to assert the consistency of 
Hilbert’s axioms (more precisely, it enabled us to reduce this ques- 
tion to the consistency of arithmetic). © 

What is more, as the reader will find in the next few pages, some 
modifications of arithmetical realization enable us to solve a number 
of questions regarding the independence of the axioms of Groups I-V. 


4.3. Proof of independence of some axioms 
of Euclidean geometry 


§ 72. In § 69 the minimal problem was noted to be one of the 
crucial problems of the axiomatic theory. In order to solve this 
problem completely, each requirement of the accepted axioms must 
be shown to be independent of the others, that is, that the number 
of axioms cannot be curtailed. Such an investigation would require 
much time and would not be appropriate for this book. We shall 
confine ourselves to the proof of the independence of some of the 
axioms of Groups I-V from the remaining axioms of this system. 
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First, it may be asserted that Axiom V, the parallel axiom, is not 
a consequence of the axioms of Groups I-IV. The question concern- 
ing the independence of Axiom V was already settled earlier and 
will not be discussed further. We shall show that the axioms of 
Group IV, the axioms of continuity, are independent. 

In the first place, it will be shown that Cantor’s axiom IV.2 does 
not follow from the remaining axioms (including Archimedes’ 
axiom IV.1). In the light of the general principle of such proofs 
(§ 69), we must construct a set of objects and define mutual relation- 
ships between these objects so that these relationships satisfy all 
the axioms except Cantor’s axiom. 

To this end, following Hilbert, we use an infinite set of numbers Q 
obtained from rational numbers by repeated applications of opera- 
tions of addition, subtraction, multiplication, division and, apart 


from these, the fifth operation VY 1 + w? where w is a number ob- 
tained from these operations. Evidently, the set Q has the following 
properties: if wm, and w, are any two numbers in Q, then the numbers 


©, + Wy, ©; — Wg, W1W,, 0,/@, (@, 40) and VY wi + of = 
= +0, V1 4+ (@,/o,)? are also in Q. 

Now we define the geometric objects: any pair (z, y) of numbers 
belonging to Q will be called a point; the ratio (u+v—~w) of 
three numbers of Q, assuming that at least one of the numbers u 
or v is not zero, will be called a line. All mutual relationships (in- 
cidence relation between a point and a line, congruence, etc.) of 
objects are defined in exactly the same manner as in § 74, where the 
Cartesian realization of the axioms of Groups I-V was constructed. 
However, the coefficients in the formulas for the orthogonal trans- 
formations are now to be taken from Q. In verifying the axioms of 
Groups I-ITJ and V, we used only comparison of numbers according 
to their magnitude, arithmetical operations (addition, subtraction, 
multiplication and division) and the operation of taking the square 
root of the sum of squares of two numbers (the latter operation was 
employed in normalizing the parameters of a half line). As already 
noted, these operations as applied to numbers in Q yield numbers 
belonging to Q. Therefore, the conclusions drawn in the course of 
verifying the axioms of Groups J-III and V for the Cartesian realiza- 
tion remain valid when the numbers are taken from Q. It may be 
thus asserted that the axioms of Groups I-III and V are fulfilled for 
the new realization in question. 

The matter is different with the axioms of Group IV. We verify 
separately Archimedes’ axiom IV.1 and Cantor’s axiom IV.2. 
First, note that. by means of congruence (in our realization, by means 
of an orthogonal transformation) every half line may be superposed 
on a given half line. Therefore, it suffices to verify Archimedes’ 
axiom on any one line. The z-axis, that is, the line containing points 


Investigation of the Axioms of Elementary Geometry 207 


of the form (z, 0), is the most convenient for this purpose. Evidently, 
%he points A, (0, 0), A, (a, 0), A, (2a, 0), ..., A, (ma, 0), ... 


., @ >O, determine a sequence of segments A,A, = A,A, =... 
... =A,Ani1 =... congruent to each other. Indeed, there is an 
orthogonal transformation 

So - ul 
y=y 


mapping each of these segments into its neighbouring segment on the 
right side. Let B (b, 0) be any point subject only to the condition 
b >a. In order for Archimedes’ axiom to hold for the realization 
in question, there must be a positive integer n such that B lies be- 
tween A,and A,. The points Ay, B, A, will:lie in this order, provided 
na >b. But Archimedes’ proposition is true in arithmetic: what- 
ever the numbers a >0, b >0O, b >a, there is a positive integer 
n such that na >b. Thus Archimedes’ proposition also holds for 
the realization in question. 

In contrast, Cantor’s axiom fails to be valid in this realization. 
Indeed, if Cantor’s axiom IV.2, besides the axioms of Groups I-III 
and Axioms IV, 4 and V, also holds for the system of points and 
lines, then it can be shown that in this system there is always a 
segment whose length is equal to a preassigned number (see Chap- 
ter 2, § 21, Theorem 35); however, for our realization the lengths of 
segments are expressed only by numbers of Q. 

Thus we may conclude that there is a system of objects mutual 
relationships among which satisfy the axioms of Groups I-III and 
Axioms IV.4 and V but not Cantor’s axiom IV.2. In other words, 
Cantor’s axiom is not a consequence of the remaining axioms of 
elementary geometry. 

If one notes that the set Q2 is denumerable, then the result obtained 
can be expressed in an alternative form: the uncountability of the 
set of elements of geometry cannot be established by means of the 
axioms of Groups I-III and Axioms IV.1 and V, only, without 
Cantor’s axiom. 

§ 73. Now we shall show that the first axiom of Group IV, that 
is, Archimedes’ axiom, does not depend on the axioms of the remain- 
ing Groups I-III and V either. 

To do this, we should find a realization for the axioms of Groups 
I-III and V in which Archimedes’ proposition does not hold. Such 
a realization will be pointed out below; it is based, like the realization 
just considered, on arithmetic, but on arithmetic in a generalized 
sense which concerns a non-Archimedian system of numbers. 

In order to make the following discussion completely clear, the 
fundamental propositions regarding properties of real numbers are 
listed (these propositions will be referred to as axioms of arithmetic). 
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(1) There is an operation “addition” which out of a number a 
and a number b yields a certain number c; in symbols, 


a+b=e 


(2) There is another operation “multiplication” which out of 
a number a and a number D yields a definite number d; in symbols, 


ab =d 
(3) If a, b,c are any three numbers, the following relations hold: 


at+(b+c)=(a+ b+ c 
atb=b-+a 
a (bc) = (ab) c 
a(b+c)=ab-+ac 
ab = ba 


(4—definition of difference) If a and b are two given numbers, 
then there is only one number zx such that a + z = b. 
Axioms 3 and 4 imply that there is only one number, called zero 
and denoted 0, such that 
a+0O=a 
for every number a. 
(5—definition of quotient) If a and b are two given numbers and 
a = 0, then there is only one number x such that ax = b. 
Axioms 3 and 5 imply that there is only one number, called identity 
and denoted 1, such that 
a-1=a 


(6—property of order) If a and b are two distinct numbers, then 
one of them is always greater (>) than the other, and then the second 
is less (<<) than the first. In symbols, either 


a>b and b<a 


or 
b>a and a<b 


Moreover, ifa >band b >c, thena >c; ifa >b, thena +c > 
>b+c¢; if a >b andc >0O, then ac > bc; there is no such a for 
which the relation a >a is true. | 

(7—Archimedes’ proposition) If a@ and b are any two positive 
numbers (a >0O and b >0O), then the number a may be added to 
itself as many times as to make the sum greater than bD: 


at+...ta>b 
(8—Cantor’s proposition) or any other equivalent proposition. 


Investigation of the Axioms of Elementary Geometry 209 


All these axioms are applicable to the set of real numbers and 
arithmetical operations on them. Whether the above Propositions 1-8 
constitute a complete system of axioms for arithmetic, that is, 
whether any theorem of arithmetic can be proved with their aid 
is immaterial for the present discussion. But a careful analysis of 
the arguments and computations employed in the course of verifying 
the geometric axioms for the Cartesian realization would reveal 
that we need only the properties of numbers which are expressed in 
Propositions 1-8. In view of this the notion of number may be exam- 
ined from the axiomatic point of view and thus the class of objects 
of arithmetical realization may be widened; such a possibility is 
important for our investigation. 

Consider a set A, the nature of whose elements is irrelevant for us. 
Suppose that with every pair of elements a,:b of set A (b may coincide 
with a) an element c of the same set is associated. We shall call 
this association addition and element c the sum of elements a and b; 
the sum jwill be expressed in the usual notation: c = a + b. Suppose 
further that with every pair of elements a, b of A (b may coincide 
with a) an element d of the same set is associated in a different way. 
This association will be called multiplication and d will be called 
the product of a and b and we shall write d = ab. 

Finally, assume that the elements of A are situated in a definite 
order, that is, for any two elements a and 0 one of them is considered 
as preceding the other; we shall call the preceding element “less than” 
the element which follows it. 

The elements of set A will be called generalized numbers if the 
operations of addition and multiplication and the order among the 
elements are defined in such a way that all the conditions of Pro- 
positions 1-8 are fulfilled. 

Now suppose that geometric elements and relationships between 
them are defined in exactly the same way as in course of constructing 
the Cartesian realization but, instead of usual numbers, generalized 
numbers are taken. Obviously we obtain a certain realization for 
the geometric axioms of Groups I-V, no matter what is the nature 
of generalized numbers employed. It is perfectly clear that the 
realization thus constructed differs little from the Cartesian realiza- 
tion. Indeed, although in constructing geometric objects elements 
of arbitrary nature are used, the operations on these elements obey 
the usual rules of arithmetic. 

However, a further generalization of the notion of a number is 
possible. This proves to be useful and enables us to solve the following 
problem: we want to show that the Archimedes’ axiom is indepen- 
dent of the axioms of Groups I-III and V. Suppose that a set A 
is given on whose elements the operations of addition and mul- 
tiplication are defined and a certain order is established; the set A 
will be called a non-Archimedian system of numbers (generalized) 
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if the elements of A satisfy Propositions 1-6 but Archimedes’ pro- 
position 7 does not hold. A non-Archimedian system is described 


below. 
Consider the set of all possible rational functions of the form 


agit? +-a,t7 1+ ...tap 
bot + b,i™-1-+... +bm 


with real coefficients a, and 6;,. To this set we adjoin all the func- 
tions obtained from rational functions by repeated applications of 
the operations of addition, subtraction, multiplication, division and 
the fifth operation V1 + w? (¢), where o (¢) is the result of these 
operations. Denote the set of functions thus obtained by Q (ft). 
The set Q (t) evidently contains all rational functions and, in par- 
ticular, the functions of the form o (t) = const., that is, functions 
whose values remain a fixed number as ¢ varies. 

We wish to treat the elements of Q (¢) as generalized numbers. 
To do so, the operations of addition and multiplication must be 
defined first. Take two functions a (t) and 6 (t) of Q (t); having 
agreed to treat them as generalized numbers, we shall simply write 
a and b instead of a(t) and 5b (t). Clearly, a (t) + 6 (t) = c (t) is 
a function belonging to Q (¢), and so is a(t) b (t) = d(t). Thus 
c (t) and d (t) are generalized numbers c and d; the former will be 
called the sum of a and 6 and the latter their product. Since for each ¢ 
the operations a (t) + b(t) and a (¢) b (t) obey the usual rules of 
arithmetic, the operations of addition and multiplication just 
defined meet all the requirements of Propositions 1-5. The zero in 
the system of generalized numbers is the function which is identically 
equal to the usual zero and the generalized identity is the function 
which is identically equal to the usual identity. 

Since the given system of generalized numbers satisfies Propo- 
sitions 1-5, all four arithmetical operations are defined. Observe 


that the operation V a? + 0? is also defined in our system. Indeed, 
if a (t) and b (¢) are two functions in Q (¢), then 


V a2 (t) +b? (t) = a(t) V 1+(28)’ 


is also a function in Q (t). This function may be treated as a, gener- 
alized number V a2 ++ b? which is defined by the two given numbers 
a and b. 

Now order in the set Q (¢) will be defined. Let w (t) be any function 
in Q (¢) which represents number w in our system. If w + 0, that is, 
if w (t) is not identically zero, then, with sufficiently large ¢*, for 
any ¢ >t* the function o (¢) retains a definite sign.* If w (¢) >0 


wo (t) = 


* This is the consequence of the fact that w (¢) is an algebraic function (any 
algebraic function changes its sign a finite number of times). 
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Figure 86 


for t >t*, the generalized number w will be considered positive, 
@ >O0. If, however, w (t) << 0 for t >i*, it will be assumed that 
wo <0. Dividing all the generalized numbers (except zero) in this 
manner into positive and negative numbers, we compare the numbers 
according to their magnitude in the usual way: a >) ifa — b >0. 

It can be easily verified that all the conditions of Proposition 6 
are satisfied. 

At the same time, in our system of generalized numbers Propo- 
sition 7 does not hold; accordingly, the system is non-Archimedian. 
To show this, it is profitable to formulate the above definition of 
the inequality a >b in terms of the following geometrical form: 
a >b if the graph of the function a (t) rises, as t-—» +00, above 
the graph of the function b (t). As already noted, among the elements 
of set Q (t) there are functions which retain, as ¢ varies, a constant 
value: w (t) = c. The graphs of such functions are lines parallel 
to the t-axis. From our point of view, each function  (¢) =cisa 
generalized number; we denote it simply by c so that if number 410 
or 20 is written this means that the function @ (¢) is identically 
equal to 10 or 20. Consider the two functions a (¢) = 1 and b (t) =t¢ 
which are contained in Q (t) and may therefore be considered as 
generalized numbers a and b. If the number a is added to itself n 
times, the sum belongs to the set Q (¢) and the graph of this sum 
is a line parallel to the ¢-axis and is situated in the positive half 
plane at a distance nm from the ¢t-axis. The graph of b (t) =t is a 
bisector of the first coordinate angle. But, as t > -+oo, the graph 
of function b (t) =¢ rises higher than any line parallel to the ¢-axis 
(Fig. 86). This implies that no matter how many times number a 
is added to itself, always 


at..eta<b. 


Thus in our system of generalized numbers Archimedes’ proposition 
does not hold. 


14* 
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Now it is a simple matter to construct a system of geometrical 
objects for which the axioms of Groups I-III and V hold but Archi- 
medes’ axiom does not. 

By a point we shall mean a pair (z, y) of numbers of the non- 
Archimedian system Q (t), by a line the ratio (u — v ~ w) of three 
numbers wu, v, w of Q (t) subject to the only condition that one of 
the two numbers wu or v is not zero. All the mutual relationships 
between geometric objects are defined in exactly the same manner 
as in the Cartesian realization for Hilbert’s axioms. In the system 
Q (t), the operations of addition and multiplication of elements as 
well as the relationships “greater than” and “less than” are defined 
in accordance with axioms of arithmetic 1-6. Moreover, the operation 


V a? + 5? is defined for any two elements a and b. Therefore, all 
the arguments and computations used in the verification of the 
axioms of Groups I-III and V for the Cartesian realization may be 
fully repeated when generalized numbers from Q (t) are being used 
instead of ordinary numbers. Therefore, for the realization thus 
constructed, all the axioms of Groups I-III and V are valid; at the 
same time, since the set Q(t) is non-Archimedian, Archimedes’ 
axiom IV.1 does not hold in this system. This implies that Archime- 
des’ axiom is independent of the axioms of Groups I-III and V. 

Summing up the above discussion, the following propositions 
may be stated: 


Archimedes’ Axiom IV.1 cannot be proved with the aid of the axioms 
of Groups I-III and V. 

Cantor’s axiom IV.2 cannot be proved with the aid of the axioms of 
Groups I-III and Axioms IV.1 and V. 


It is natural to raise the question as to whether Archimedes’ 
axiom can be proved by means of the remaining axioms, including 
Cantor’s axiom. The answer is negative. To demonstrate this, one 
must construct a non-Archimedian system of numbers for which 
Cantor’s axiom holds. An example of such a system is given below*. 

Let us call a number any power series 


where dy, 4,, ad), ... are any ordinary real numbers, and n any 


ordinary integer (positive, negative or zero). The ordinary real 
numbers are included in this{system as series of the type 


at+0O-¢+0-2+... 
By zero we mean the series 
0O+0-¢+0-7+... 


‘ 


* This example was pointed out to me by A.N. Kolmogorov. 
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If the number 
Ayt”™ + + a,tnt! eee 


is not zero, then the ordinary number a, is also assumed not to be 
Zero. 

Let the operations of addition and multiplication coincide with 
the formal operations of addition and multiplication of power series 
(that is, by the sum of two numbers of our system represented by 
power series we shall mean the power series obtained by adding 
like members of the series; by the product of two numbers of our 
system represented by certain power series we mean the power series 
obtained by multiplying the two series termwise and then arranging 
the terms in ascending powers of 2). 

It may be easily seen that Axioms 1-5 of arithmetic are fulfilled. 


What is more, defined in our system is the operation 1+ o?, 
where w is any number of the system. (Seeking the quotient z = b/a, 
a=£ 0, leads to successive determination of unknown coefficients 
of the series for x by comparing the two sides of the equation 


ax = 6 
The number 
(= V1 + @? 
is similarly found by means of the equation 
z*?=1-+ ow’) 


Now we shall introduce order in our system of numbers. We shall 
call the number 


Oo? Aa te. 
a) =~ 0, positive (greater than zero) if ay >0O, negative (less than 
zero) if ag < 0. If a and 6b are two numbers of our system, then 
a>b ifa—b>0 anda<b if a—b< 0. This order satisfies 
Axiom 6 of arithmetic. 


We will now show that Cantor’s axiom holds in our system. Let 
a monotonically increasing sequence of numbers of our system ~ 


arm) — alm)ypm m=1,2,... 


and a monotonically decreasing sequence 
BO) se BY, | m= 1, 2,... 


be given, where (i) any member of sequence a™ is less than every 
member of sequence b‘™, and (ii) for any positive number e (of our 
system) there is a number m such that 


b™ a hide) < e 
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We show that there is a (unique) number in our system which lies 
inside each of the segments (a™, b‘™). 

First note that sequences of ordinary numbers p,, and qm (m = 
= 1, 2,...) are bounded from below. In fact, if the ordinary num- 
bers pm contain numbers situated as far as possible on the left of 
zero, then from the powers of p,, a subsequence may be chosen which 
monotonically converges to —oo; the corresponding initial coeffi- 
cients must be positive; otherwise the condition that the numbers of 
sequence a) increase monotonically would be violated. In this 
case one of the members of a‘™ would be greater than some member 
of 6b’, which is impossible. 

In the same way it can be proved that the numbers g,, are bounded 
from below. We may thus assume that all the series representing 
a™ and b™ start with the like power (allowing for this proof the 
value zero for the initial coefficients). 

We rewrite these series in the form 


aim) — gir gimyntt 
HO) HOM xn pl yM et 


It is easily seen that starting with a certain number m = my, 
the nonnegative difference b{”) — a{™ becomes zero. Indeed, since 
the sequence a“ is increasing, the sequence of (ordinary) numbers 
a‘™) must be nondecreasing. Similarly, since the sequence b™ 
decreases, the sequence of (ordinary) numbers b{™ must be non- 
increasing. Thus the difference of (ordinary) numbers b{™ — am) 
cannot increase. This means that b{™ — a‘™ is either always positive 
or is zero for a certain number m and then remains zero for the suc- 
cessive numbers. Suppose that always 


ptm) __ gi) - 0) 
Taking in our system the positive number 
SSS ae ws 
we have 
b™ _ g™ we 
for an arbitrary number m, which contradicts the hypothesis. Thus 


the difference 6° — a™ cannot remain positive. 
Accordingly, starting with a certain m = m,, we have 


ban 0 


Since the sequence of ordinary numbers a{” is monotonically 
nondecreasing and the sequence b{™) is monotonically nonincreasing, 
it follows that starting with a certain m = m, the numbers a\” 
and b’") remain unchanged and coincide; set af") = b(™) = dy. 
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Then 
af <dy< 6 


If m > m,, analogous arguments are applicable to the sequences 
of ordinary numbers a{™, b{™; in exactly the same manner it is 
established that there is a number d, such that 


asm) < d, <o™ 


for m > m,; moreover, starting with a certain m = m, (m, > mj) 
the difference b(”) — a‘™ vanishes, etc. 

The number d = d,t" + d,i™1-+ ... lies inside each of the 
segments (a\™, b’™). This shows that Cantor’s axiom holds for our 
system (that number d is unique follows immediately from the second 
condition in Cantor’s axiom). 

Archimedes’ axiom does not hold for the system under considera- 
tion. Indeed, taking two positive numbers 


a=t+0-2-+... 
b=2?+0-82+... 
we have 
nbo<a 


for any natural number n, that is, Archimedes’ axiom is violated. 

In the arithmetical realization for Hilbert’s axioms based on the 
system of numbers just described, Cantor’s proposition holds (as do 
all the axioms of Groups I-III and V), but Archimedes’ proposition 
does not hold. Accordingly, one may assert that 


Archimedes’ axiom IV.1 cannot be proved by means of the axioms 
of Groups I-III and Axioms IV.2 and V. 


Thus both axioms constituting the fourth group are relevant. 

A geometric system developed on the basis of the axioms of 
Groups I-III (or the axioms of Groups J-ITI and V) in which Archime- 
des’ principle does not hold is known as non-Archimedian. In non- 
Archimedian geometry the process of measurement is not applicable 
to an arbitrary segment; what is more, many propositions of this 
geometry differ from propositions of both Euclidean and Lobachev- 
skian geometries. This is not surprising, since Archimedes’ axiom 
is needed in proving many theorems. In particular, not valid in non- 
Archimedian geometry are the results of Legendre which establish 
a connection between the parallel axiom and the proposition con- 
cerning the angle-sum of a triangle (for details see D. Hilbert: 
Foundations of Geometry, 2nd ed., Open Court, La Salle, Ill., 1971). 
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4.4, Axiom of completeness 


§ 74. In Chapter 2, the properties of continuity are expressed by 
two axioms: Archimedes’ axiom JV.1 and Cantor’s axiom IV.2. 
In his Foundations of Geometry Hilbert lists the first axiom of con- 
tinuity which is the same as the one mentioned in Chapter 2, but 
the second axiom differs from that of Cantor’s, and Hilbert calls 
it the axiom of completeness. This axiom may be formulated in the 
following way. 


The elements (points, lines, planes) of geometry constitute a system 
of objects which is such that, if the conditions of all previously, accepted 
axioms are satisfied, this system cannot be extended, that is, the system 
of points, lines, and planes is such that no new points, lines and planes 
can be added such that all the axioms of Groups I-III and Axioms IV.1 
and V continue to hold in the extended new system. 


The continuance of the validity of all the axioms in the above 
proposition should be understood in the sense that for the extended 
system all the axioms are satisfied as before so that, in particular, 
the existing relationships between the elements, their order, con- 
gruence of segments and angles, etc. are not disturbed; for example, 
if a point lay between two points before extension, it should con- 
tinue to do so after the extension; congruent segments and angles 
continue as such after the extension of the system. In order to make 
clear the axiom of completeness of systems of geometric elements, 
let us compare the two realizations for axioms examined in §§ 71 
and 72. 

The first of these is the Cartesian realization for which all the 
axioms, without any exception, are satisfied. In the Cartesian 
realization a point means a pair of any real numbers (z, y), a line 
means the ratio (u + v + w) of three numbers which are chosen 
subject to the only condition that either w orvis not zero. The 
mutual relationships between the objects are expressed in terms 
of arithmetical formulas which will not be repeated here. 

The realization constructed in § 72 is totally analogous to the 
Cartesian realization. Here also a point is the pair of real numbers, 
a line is the ratio of three numbers; the mutual relationships be- 
tween the objects are expressed by exactly the same formulas as in 
the Cartesian realization. But in contrast to the Cartesian realization, 
the objects of this realization are not constructed from all real 
numbers but only from those numbers which belong to the set 2 
which was described earlier in detail. Thus the aggregate of the 
objects of realization in § 72 is a part of the aggregate of the objects 
of the Cartesian realization, but in both realizations all the axioms 
of Groups I-III and Axioms IV.1 and V are fulfilled. 
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Consider a set of objects defined by means of numbers belonging 
to Q as the initially given set and the set of objects of the Cartesian 
realization as having been obtained by completing the first set. 
Since the mutual relationships between the objects of the two realiza- 
tions in question are expressed by the same arithmetical formulas 
(only in the first case these formulas concern all real numbers and 
in the second they concern only real numbers from a certain set), 
all the mutual relationships between the initial objects remain 
valid for the objects of the completed set. For example, if A, B,C, D 
are four points of the initial set and AB =CD, then AB=CD 
continues to hold after the addition of new elements. What is more, 
the relationships between the new objects and the initial objects 
as well as the relationships between the new objects are completely 
defined.and all the initial axioms are satisfied. 

Therefore the set of objects defined in the manner described with 
the aid of numbers in QQ possesses the very extension denied by the 
axiom of completeness. In other words, this aggregate of objects 
does not satisfy the completeness condition. 

There is an infinite number of such systems. To obtain these 
systems, it is enough to modify the construction of the set from 
which the required numbers are drawn. For example, in the con- 
struction of objects one may use, instead of 9, the set of numbers 
expressed in terms of radicals, a wider set of algebraic numbers, etc. 
Among the arithmetical realizations thus obtained only the Car- 
tesian realization (based on the set of all real numbers) satisfies the 
completeness axiom. In order to show this, it should be noted first 
that among all arithmetical realizations only the Cartesian realiza- 
tion satisfies Cantor’s axiom (or Dedekind’s condition) and, secondly, 
that Cantor’s axiom together with the remaining axioms implies 
the completeness axiom. The first fact needs no proof because, as 
shown earlier, Cantor’s axiom holds for the Cartesian realization 
and, on the other hand, among all the arithmetical realizations 
Cantor’s axiom is satisfied only for the Cartesian realization since 
Cantor’s axiom (or Dedekind’s principle) is valid only for a set 
containing at least one number. 

The second fact will be proved. It will be shown that not only 
does Cantor’s axiom combined with the remaining axioms imply 
the completeness axiom but also that, conversely, Cantor’s axiom 
follows by adjoining the completeness axiom to the remaining 
axioms. The stated assertion may be formulated in detail int the 
following manner: 


If a system of elements of geometry satisfies the axioms of Groups I-V, 
then this system cannot be extended to a system‘in which the completeness 
axiom holds, that is, the completeness axiom is a consequence of the 
axioms of Groups I-V. If the system of elements of geometry satisfies 
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the axioms of Groups I-III, Axioms IV.1 and V and the completeness 
condition, then Cantor’s axiom holds in this system, that is, Cantor’s 
axiom follows from the axioms of Groups I-III, Axioms IV.1I and V 
and the completeness axiom. 


We start with the proof of the first part of this proposition. Let 2 
denote the set of elements of geometry, that is, a system of points, 
lines and planes whose mutual relationships satisfy the axioms of 
Groups I-V, and let =’ denote the completion of 2 by introducing 
new elements satisfying the conditions mentioned in the complete- 
ness axiom. The mutual relationships between the elements of the 
extended system also satisfy the axioms of Groups I-V. In § 22 
it was shown that the elements of geometry may be arithmetized by 
means of the axioms of Groups I-III and Axiom IV.1 such that 
every point has as its coordinates a completely defined triple of 
numbers (z, y, 2) and that the same triple cannot be assigned to 
distinct points. 

Let a coordinate system be introduced for elements of 2X’, where 
as the unit of measurement a segment with endpoints lying in 2 
is chosen. Suppose that X’ contains points that are not in x. Let 
M’ be one of such points and let (z, y, z) be its coordinates. By 
hypothesis, the original elements of % satisfy the axioms of Groups I- 
V; therefore, taking note of Theorem 30 of § 21, we see that among 
the points of & there is always one which has the preassigned coor- 
dinates. Let M be a point of 2 with coordinates (zx, y, z). Since M’ 
is not contained in %, it follows that MW’ and M cannot coincide. 
Thus the triple (x, y, z) is assigned to two distinct points M and M'’. 
This contradiction demonstrates that =’ does not contain more 
points than are already contained in 2%. 

Assume that 2’ has lines not contained in 2. Take one such line a’. 
According to Axiom I.3, line a’ contains at least two points A 
and #. These points are in & because &%’ does not contain new points. 
But 2 realizes Axiom [.0 in its own right; therefore the pair A, B 
determines a certain line a contained in &. Lines a’ and a cannot 
coincide, since a’ is not contained in 2. Thus A and B determine 
two distinct lines, a fact which violates Axiom [.2. The contradiction 
shows that %" does not contain new lines apart from those already 
in >. Similarly, it may be shown that &’ does not contain new 
planes. Hence it may be concluded that 2 cannot be extended, that 
is, it satisfies the completeness axiom. 

Now we prove the second part of the proposition, and for con- 
venience confine ourselves to the case of plane geometry. Assume 
that = now denotes the set of points and lines satisfying the axioms 
of Groups I-III and Axioms IV.1 and V. The validity of Cantor’s 
axiom is not assumed beforehand; instead it is assumed that & 
satisfies the completeness axiom. 


Investigation of the Axioms of Elementary Geometry 219 


We must derive Cantor’s axiom from the accepted axioms. To 
do this, we introduce in % a coordinate system by choosing, as was 
done in § 22, two mutually perpendicular lines and a segment as 
the measuring scale. Then to every point there is assigned a pair 
of coordinates (z, y). If we could apply Cantor’s axiom, then, by 
Theorem 309 of § 21, it could be concluded that the coordinates of 
points of & exhaust all possible pairs of numbers. But now we try 
to establish this result by using the completeness axiom in place of 
Cantor’s axiom. Having done this, the truth of Cantor’s principle 
for & may be directly established. 

For points and lines of the set = all the theorems of Euclidean 
geometry are valid except possibly those which concern properties 
of continuity (because Axiom IV.2 is not accepted now). In any 
case, the chosen coordinate system will have all the basic properties 
of the Cartesian coordinate system. In this system a line is deter- 
mined by a first degree equation 


ux + vy +w = 0 


and thus to every line there corresponds the ratio of three numbers 
(u — v + w). Employing the usual tool of analytical geometry, all 
the mutual relationships between points and lines of & required by 
the axioms of Groups I-III and Axioms IV.1 and V may be charac- 
terized by arithmetical formulas containing coordinates z, y of 
points and coefficients u, v, w in equations of lines. Evidently, the 
forms of these formulas are identical to those obtained in describing 
the Cartesian realization of geometric axioms. 

Suppose now that there are pairs of numbers (z, y) which are not 
assigned as coordinates to any point of % and ratios (u + v ~ w) 
which are not assigned as ratios of coefficients of any equations 
representing lines belonging to 2. As will be shown now, in this 
case the set of elements of geometry & may be extended such that 
the completeness axiom is Satisfied. 

Now, to the set & let us add new points and lines defining them in 
the following manner: a new point is any pair of numbers (z, y) 
which does not happen to be a pair of coordinates for any point of 2, 
and a new line is the ratio of any three numbers (u — v + w), 
where either wu or v is not zero, such that uw, v, w are not coefficients 
of any equation representing a line of 2. The set of points and lines 
thus extended will be denoted by &’. The points and lines of 2%’ 
are uniquely determined by the pairs of numbers (zx, y) and by the 
ratios of three numbers (uw ~— v + w), respectively, and as arithme- 
tical representatives of the elements of 2 all possible combinations 
of all real numbers will be found. 

All the mutual relationships between the elements of 2%’ will be 
defined by exactly the same arithmetical formulas as in the de- 
scription of the Cartesian realization. Then, evidently, the points 
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and lines of ’ satisfy all the axioms of Groups I-III and Axioms IV.1 
and V because these are satisfied in the Cartesian realization. More- 
over, it is clear from the previous remarks that those elements of d’ 
which also belong to % retain the same mutual relationship as before 
the extension. In fact, before and after extensions these relationships 
are expressed by the same arithmetical formulas. Thus the set 2 
has been extended in a way such that the conditions mentioned in 
the completeness axiom are satisfied. But since we have accepted 
the truth of the completeness axiom, and it rules out any such 
extension, we must conclude that all the possible pairs of real numbers 
have been exhausted as coordinates (z, y) of points of the given set 2. 
In that case every line of & may be treated as the number axis whose 
points represent real numbers. Since Cantor’s principle holds for 
the set of real numbers, it must also hold for the set of points of 
every line in 2. 

Summing up the discussion, we may state the following: 

We have shown that assuming the validity of the axioms of 
Group I-III and Axioms IV.1 and V, the continuity of a set of 
elements may be demonstrated in two equivalent ways: accepting 
as an axiom either Cantor’s proposition of the nested system of 
segments or Hilbert’s proposition on the completeness of the system 
of geometric elements. If one of these propositions is accepted with- 
out proof, the other may be proved as a theorem. 

We note one more interesting feature of the completeness axiom. 
This axiom cannot be retained in the list of axioms if Archimedes’ 
axiom is omitted. This is due to the fact that without satisfying 
Archimedes’ axiom, the system of geometric elements may be com- 
pleted by new elements such that the mutual relationships between 
the initial elements continue to be valid. Therefore without Archi- 
medes’ axiom the completeness axiom yields a contradiction. Thus 
in Hilbert’s exposition both the axioms of continuity are connected 
organically, the first of these prepares being the ground for the 
continuity requirement, while the second expresses this requirement 
by the completeness condition. 


4.5. The completeness of axioms of Euclidean geometry 


§ 75. In § 69, three fundamental problems of axiomatic theory 
were pointed out: the problem of consistency, the minimal problem 
and the problem of completeness. These problems arise in a natural 
way in the investigation of any axiomatic system. The first two 
problems for Hilbert’s system of axioms were disposed of in the 
previous articles. Now we shall deal with the third problem. 

First we will try to explain its meaning. Let us review the situation 
which prevailed, due to the development in geometry, in the second 
half of the nineteenth century. By this period all the main geometrical] 
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disciplines had completely taken their shapes and the main question 
was their axiomatic substantiation. It was already clear that Euclid’s 
ancient system of axioms could not serve as a base for the logical 
development of geometry. What was required was a complete system 
of axioms (and definitions), that is, a system containing all pro- 
positions which could be used in proving theorems of elementary 
geometry without referring to any diagrams. Our discussion in 
Chapter 2 convinced us that, by using Hilbert’s axioms, theorems 
can be proved in a strictly logical manner. 

A natural question arises: How is the completeness of Hilbert’s 
system of axioms to be precisely understood? Of course, one may 
think that the completeness of Hilbert’s system was discovered by 
analyzing all the theorems of geometry known prior to, say, 1900. 
Such an answer would be satisfactory only if elementary geometry 
was to be regarded as a discipline whose growth is completed. But, 
although from the historical point of view the problem of substan- 
tiating elementary geometry was being solved at the time when 
elementary geometry was sufficiently developed, from a purely 
mathematical point of view this problem cannot be posed by treating 
geometry as enclosed in some sort of frame because the number of 
possible theorems of geometry has no bound. Therefore, we try to 
define the notion of completeness in such a way that it could be 
applied to a given system of axioms irrespective of the degree of 
development of that geometry which is to be substantiated by these 
axioms. 

Suppose that the axioms of a given system are realized on two 
distinct sets of objects. Two realizations of the axioms will be called 
isomorphic if a one-to-one correspondence may be established between 
the objects of these sets such that the corresponding objects have 
identical mutual relationships. (For example, if a point A and line a 
of the first realization correspond to point A’ and line a’ of the 
second and if point A lies on a, then point A’ lies on a’; if the segments 
AB and CD of the first realization correspond to segments A’B’ and 
C'D’' of the second and if AB = CD, then A’B’ =C’'D’, and so on. 
The relationships “lies on”, “between”, “congruent to” must be 
understood for each realization in the specific sense of the realization 
in question.) 

We explain this definition by examples. 

It was shown in § 46 that the axioms of Lobachevskian plane 
geometry are realized on any equidistant surface. Let us consider 
a system of equidistant surfaces with a common base o, and let 
and &’ be any two equidistant surfaces of this system. A point of = 
will be said to correspond to a point of &’ if they lie on one ray 
orthogonal to o; two equidistant curves of 2 and &’ will be said to 
correspond if they lie in one plane orthogonal to the base o. In this 
way a correspondence between the objects of the realizations of 
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Lobachevskian geometry on 2 and %’ is established. This corres- 
pondence is evidently an isomorphism. 

Let us treat the first three axioms in Hilbert’s Group I as an inde- 
pendent system of axioms. A realization for this system will be 
obtained if by points we mean three vertices of a triangle while by 
lines the sides of the triangle. The conditions of Axioms 1.1-I.3 
are satisfied although there are only six objects in all (this realization 
reminds us of the realization described in § 70, but the present one 
is simpler because now only a part of Group I axioms are taken into 
account). On the other hand, let us recall the arithmetical realizations 
of Hilbert’s axioms presented in § 71 and § 72; here they will be 
treated as a realization only of Axioms ].1-I.3 (that is, the fact 
that for these realizations other axioms are also valid is of no interest 
for the present discussion). All these realizations are nonisomorphic. 
Indeed, in the first case Axioms I.1-I.3 are realized only on six objects 
whereas in § 72 they are realized on an infinite but countable set of 
objects and in § 71 the set, being infinite, is uncountable. Thus, no 
matter which two of the three realizations are taken, no correspon- 
dence, let alone isomorphic, between their elements can be established. 

Evidently, the smaller the number of conditions imposed in the 
axioms of a given system the larger the number of realizations for 
this system. For example, a system containing only Hilbert’s axioms 
I.1-I.3 may be realized in any one of the three mentioned ways. But 
if the axioms of Group II are adjoined to Axioms I.1-I.3, then the 
first way is no longer applicable because the axioms of Groups I-II 
imply that the set of geometric objects is infinite. Furthermore, the 
axioms of Groups J-III and Axiom IV.1 may be realized as described 
in § 71 or § 72. But if Axiom IV.2 is also adjoined to these axioms, 
then the realization described in § 72 becomes inapplicable, since 
Axiom IV.2 is not valid for this realization. Thus, if a system of 
axioms is extended by adjoining new axioms which neither depend 
on the old axioms nor contradict them, then the class of admissible 
realizations of the system is narrowed. 

Now the notion of the completeness of a system of axioms may be 
precisely formulated. 


A given system of axioms is called complete if all the realizations of 
this system are isomorphic. 


That the system of the axioms of Groups I-V is complete is proved 
below.* 

Consider a realization & for the axioms of Groups I-V. According 
to § 22, a coordinate system may be introduced in the set of objects 
called points in the realization such that to every point there cor- 
responds a unique pair of coordinates (z, y) and to every pair of 


* We again confine ourselves to the case of plane geometry. 
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numbers (z, y) there corresponds a unique point with coordinates 
(x, y). What is more, since Axiom V (the parallel axiom) is true, 
the coordinate system constructed in § 22 is Cartesian. Therefore the 
coordinates of points located on some line are characterized by the 
equation 


uz + vy + w = 0 


Hence to the points of realization of X there uniquely correspond 
pairs of real numbers (z, y) and to lines the ratios of the form 
(u—-vU—~>w). 

Thus a one-to-one correspondence is obtained between the objects 
of realization & and the objects of arithmetical realization discussed 
in § 71. This correspondence is isomorphic. To see this, it suffices 
to observe that the axioms of Groups I-V of elementary geometry 
enable ‘us to derive the basic Cartesian formulas expressing the 
mutual relationships of objects of & arithmetically in exactly the 
same manner as the relationships between the objects of the realization 
obtained in § 71. 

It is seen that every realization of the axioms of Groups I-V is 
isomorphic to the Cartesian realization. But two realizations which 
are isomorphic to a third are evidently isomorphic to each other. 
Consequently, all the realizations of the axioms of Groups I-V are 
isomorphic to each other. Therefore it can be concluded that the 
system of the axioms of Groups I-V is complete. 

Similar arguments can be used to establish that the system of 
axioms of Lobachevskian geometry is complete (the basic formulas 
of this geometry are to be established beforehand starting from the 
axioms; see §§ 216-224). 


4.6. The axiomatic method in mathematics 


§ 76. Up to now we examined only two concrete systems of axioms: 
the system of axioms of Euclidean geometry and the system of 
axioms of Lobachevskian geometry. 

Of course, in this chapter a few systems were examined which 
were obtained by omitting one or several axioms from Hilbert’s list, 
but in essence such systems, being parts of Hilbert’s system, do not 
offer anything new. 

At the same time, the general point of view on geometrical objects 
and geometric axioms which was achieved in the investigation of 
the basic problems of axiomatic theory in elementary geometry 
enabled us to discover the possibility of applying the axiomatic 
method in wider fields. 

At present many branches of mathematics are based on suitably 
constituted systems of axioms. Such, for example, are the theory 
of groups, set-theoretic topology, and various branches of functional 
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analysis. These axioms, on which the branches just mentioned are 
based, take note of only some properties of the mathematical objects 
under study. As a rule, these properties are common to numerous 
classes of objects whose other properties are different. The theorems 
obtained from the accepted axioms are applicable to all such classes 
of specific mathematical objects. That the mathematical conclusions 
are common is one of the very important factors connected with the 
application of the axiomatic method. 

It is important to note that at the foundation of the majority of 
mathematical theories lie incomplete systems of axioms. For example, 
the axioms of the group theory constitute an incomplete system, 
since there are nonisomorphic groups. Also based on an incomplete 
system of axioms are the spaces studied in set-theoretic topology. 
The fact that topology and group theory have at their foundation 
incomplete systems of axioms is the chief reason for their extensive 
applications. 

If new axioms are adjoined to the axioms of topology, then the 
class of spaces whose elements satisfy the extended system of axioms 
will be narrower than the original class. Thus, by adjoining newer 
and newer axioms to the axioms of a topological space one may 
obtain one of the complete systems of axioms defining Euclidean space 
or Lobachevskian space or some other space. Note that the larger 
the number of axioms contained in a chosen system the richer the 
contents of the theory based on this system but the narrower the 
field of its applications, that is, the less general its theorems. 


Part 2 


Projective Geometry 


Chapter 5 


The Foundations of Projective Geometry 


0.1. The subject matter of projective geometry 


§ 77. In the first decades of the nineteenth century, simultaneously 
with the successful progress of the investigation on the foundations of 
geometry, a new branch of geometric knowledge, projective geometry, 
grew. The sources of its growth were graphic art and architecture. 
At first the field of applications of projective geometry was very 
narrow. But as this branch grew, it entered into various geometrical 
fields and at the end of the nineteenth century the investigations on 
the foundations of projective geometry and on the foundations of 
elementary geometry were united. The striking result of the union 
was the development within the framework of projective geometry 
of the deep theory which knitted in a common scheme the geometries 
of Euclid, Lobachevsky and Riemann. 

§ 78. The famous French geometer J. V. Poncelet (1788-1867) chose 
for his investigation some special properties of geometrical figures 
which he called projective. What these properties are will now be 
explained. 

Let A be any figure lying in a plane a, let B be any other plane 
and let O be a point of space contained neither in @ nor in 6 (Fig. 87). 
The point O and a point M of A determine a line OM. The line OM 
intersects B at some point M’; this point M’ will be called the pro- 
jection of point M (from the centre O on the plane £). The projections 
of all points of figure A on plane B constitute a figure A’, which is 
called the projection of figure A. The operation resulting in figure A’ 
is known as the central projection from point O. Varying the choice of 
O and B, we can obtain an infinite number of figures by projecting A 
centrally; some of these figures are partly like A but in many respects 
they differ considerably. For example, by projecting a circle one 
may obtain an ellipse or a parabola or even a hyperbola, by projecting 
a right triangle one may obtain a triangle of any form, and so on. 
Thus many properties of figures are not carried on to its projection. 
A right triangle may not retain its properties under a projection, 
which, generally speaking, does not result in a right triangle again; 
the basic property of a circle expressed in its definition may also 
be violated as a result of projection, since by projecting a circle 
one may obtain, for example, an ellipse, and so on. Similarly, many 
quantities connected with a figure may undergo a change as a result 
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Figure 87 


of projection. For example, by projecting a segment of a given 
length a one may obtain a segment whose length is arbitrarily large 
or arbitrarily small; by projecting a triangle of a given area A a 
triangle may be obtained whose area is greater or less than A. 

On the other hand, there are properties of figures that are preserved 
under any projection, and with figures one may associate quantities 
which are preserved under any projection. Such properties and 
quantities are called invariants of projection. 

The properties which remain invariant under any projection were 
called by Poncelet projective properties; he chose them as objects of 
investigation in projective geometry. What is more, the objects of 
projective geometry are the quantities that remain invariant under 
projection. 

Examples. If the points P,, P,,..., P, of a figure A lie on a line, 
then their projections P,, P;, .. ., P;, also lie on a line. Accordingly, 
the property of rectilinear location of the points of a figure is pro- 
jective. In other words, a line is an object of projective geometry. 

If the points Q,, Q.,..., Q, of a figure A lie on some conic section k, 
then their projections Q}, Q}, . . ., Q;, also lie on a conic section k’. 
In other words, a conic section is an object of projective geometry. 
It should be noted that the properties characteristic of only a circle 
or an ellipse or a parabola ora hyperbola are not projective prop- 
erties; therefore, in projective geometry, unlike in elementary 
geometry, no distinction is made between conic sections. Thus al- 
though conic sections are objects of projective geometry, their 
individual forms—the circles, ellipses, parabolas, and hyperbolas— 
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Figure 88 


are not distinguished in projective geometry and therefore are not 
treated separately. 

§ 79. The problem of investigating projective properties of figures 
attracted the attention of many geometers of which, besides Poncelet, 
mention must be made of the French mathematician M. Chasles 
(1793-1880) and the Swiss mathematician J. Steiner (1769-1863). 
They worked out a number of general questions of projective geometry 
in which Steiner, Chasles and their fellow geometers saw the revival 
of the synthetic method in geometry. In developing the synthetic 
method, as opposed to the analytic method, these geometers were 
successful in perfecting the tool of projective geometry and in ap- 
plying it to various geometrical problems. 

However, the principal value of projective geometry in the develop- 
ment of geometrical ideas is by no means determined by the number 
of individual cases where the methods of projective geometry prove 
to be more convenient than the methods of analytic geometry. As 
will be demonstrated, the value of projective geometry lies in its 
generality, which enables us to unite various geometric systems into 
one; in particular, it enables us to include elementary geometry in 
the projective scheme. But at the time of Steiner and Chasles pro- 
jective geometry appeared to be a part of elementary geometry. 
It developed into an independent discipline towards the end of the 
mineteenth century. 

An important factor in this development was the use in projective 
geometry of geometric elements at infinity. The next few subsections 
are specially devoted to this question. 

§ 80. Let A be any point in space and a a line not through A 
(Fig. 88). Pass a plane @ through A and a and consider all possible 
lines through A lying in a. These lines form a pencil in plane with 
centre A; this pencil will be referred to as pencil A. 

A correspondence may be set up between the rays of pencil A and 
the points of line a by associating with each point M of a the ray m 
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of pencil A that intersects a at M (Fig. 88). The ray m is said to project 
the point M. 

Obviously, no matter how the point WM is situated on the line a, 
to this point there always corresponds a definite ray. But it cannot 
be asserted that to every ray of pencil A there corresponds a point 
of line a. Namely, the ray a’ of pencil A which is parallel to a does 
not intersect this line and therefore there is no point corresponding 
to the given ray. Thus the correspondence between the rays of pencil A 
and the points of line a is not one-to-one. This fact causes a lot of 
inconvenience in the study of projections. In order to salvage this 
situation, parallel lines are assumed to intersect at infinity. Then 
the ray a’, like any other ray, of the pencil A that is parallel to a 
will have a corresponding point which is not an ordinary point but 
a new object, called the point at infinity of the line a. 

The point at infinity of a line is also assumed ‘to lie in every plane 
that passes through this line. Next, it is assumed that all parallel 
lines have one common point at infinity, and, accordingly, the system 
of parallel lines lying in one plane is called a pencil with centre at 
the point at infinity. 

Note that under projection a pencil having its centre at the point 
at infinity may become an ordinary pencil. For example, in Fig. 89 
the pencil in @ having its centre at the point at infinity, S., is 
projected from centre O on the plane 6 into an ordinary pencil with 
centre S. 

The points at infinity of nonparallel lines are treated as distinct 
points. Thus any plane contains infinitely many distinct points at 
infinity. The aggregate of all points at infinity of a plane is known 
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as the line at infinity of this plane. The aggregate of all points at 
infinity of space is called the plane at infinity. Such terminology may 
be ustified by the following two factors. 

(1) Two parallel planes have common points at infinity, in view 
of which the aggregate of points at infinity of the plane may be 
treated as a figure obtained by the intersection of two planes; it is 
then natural to treat the aggregate of points at infinity of a plane 
as a line at infinity. 

(2) When the set of all points at infinity of the space intersects 
an ordinary plane, it determines a line at infinity. Therefore this 
set is naturally called a plane at infinity. 

§ 81. All that has been said may be summed up as follows. 

The set of objects of the Euclidean space is adjoined by new elements 
which are called “the point at infinity”, “the line at infinity” and 
“the plane at infinity”. The new elements are adjoined subject to 
the following conditions. 

(1) A point at infinity is added to the set of points of every line; 
a line at infinity is added to the set of lines of every plane; a plane 
at infinity is added to the set of planes in space. 

(2) The mutual incidence relationships among the geometric 
elements of the extended set must satisfy all the conditions of axioms 
of incidence (that is, Group I of Hilbert’s axioms). 

(3) The properties of mutual incidence among the geometric 
elements of the extended set must be such that any two planes have 
a common line; every line and plane have a common point; any 
two lines lying in one plane have a common point. 

A line to which a point at infinity has been adjoined is called the 
projective line. A projective line should be viewed as a closed curve. 
A plane to which a line at infinity has been adjoined is called the 
projective plane and the space to which a plane at infinity has been 
adjoined is called the projective space. 

§ 82. The elements at infinity are quite often introduced in elemen- 
tary geometry also. But there they are essentially used only for 
expressing certain geometrical facts (instead of saying that lines 
are parallel, they are said to meet at infinity; a cylinder is treated 
as a cone whose vertex is at infinity, etc.). In contrast, the elements 
at infinity play the same role in projective geometry as the ordinary 
geometric elements and are an organic part of the projective space. 

The reason for this difference will become clear if one compares 
elementary geometry with projective geometry. To a large extent, 
elementary geometry studies the so-called metric properties of 
figures, that is, properties that are connected with the measurement 
of geometric quantities (lengths, angles, and areas). A segment AB 
with ordinary endpoints may always be measured and the result 
is a definite number expressing the length of the segment AB. But 
when one of the endpoints is at infinity, the measuring process loses 
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its meaning because for such a segment the linear unit is applied an 
infinite number of times. Similarly, an angle cannot be measured 
if one of its sides is at infinity, and the “naive” techniques of measuring 
areas are inapplicable to figures which contain elements at infinity. 

Thus, in elementary geometry the elements at infinity necessarily 
play an important role, and differ considerably from ordinary geo- 
metric elements in their relationships with the latter. In contrast, 
in projective geometry, the above-mentioned feature distinguishing 
elements at infinity from ordinary elements loses its meaning, since 
metric properties of figures are not its objects. What is more, since 
elements at infinity may become ordinary elements by projection, 
they do not possess any projective properties distinguishing them 
from ordinary elements. Therefore in projective geometry there is 
no difference between ordinary elements and elements at infinity. 

§ 83. The idea of elements at infinity originated a long time ago. 
But to put the elements at infinity and ordinary elements on equal 
footing, which is natural from the point of view of projective geome- 
try, remained an illusion up to the time when projective properties 
of figures were investigated by the methods of elementary geometry, 
because these methods are based on measurement and the metric of 
elementary geometry necessarily leads to the difference between the 
finite images and the images at infinity. In order to precisely define 
the notion of the projective space, it became necessary to totally omit 
from projective geometry everything connected with measurement. 

The task of freeing projective geometry from the measuring process 
was accomplished, in principle, by the German mathematician 
K. G. C. von Staudt (1798-1867). 

Projective geometry, freed from the metric, became a discipline 
studying only properties of the location of geometric figures. At the 
same time projective geometry grew up as an individual geometrical 
discipline with its own axioms and its own set of objects (such as 
the projective line, projective plane and projective space). 


5.2 Desargues’ theorem. Harmonic sets of elements 


§ 84. Projective geometry will be developed on the basis of a 
system of axioms expressing the mutual relationships between its 
basic objects. The main objects are points, lines and planes; their 
mutual relationships mentioned in the axioms are those of incidence 
and betweenness. Axioms of projective geometry and the theorems 
obtained from them express the known properties of the Euclidean 
space augmented by elements at infinity. Of course, any objects 
may be treated as points, lines and planes of projective geometry 
and mutual relationships between these objects may be suitably 
interpreted, the only condition being that the axioms of projective 
geometry are satisfied. The conclusions thus drawn would represent 
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definite facts regarding the chosen objects. Accordingly, a projective 
space is any set of objects, called points, lines and planes; the mutual 
relationships between these objects satisfy the axioms given below. 
The axioms of projective geometry may be divided into three 

groups: 

Group I contains nine axioms of incidence; 

Group II contains six axioms of betweenness; 

Group III contains one axiom of continuity. 


The axioms of Group I and its important consequences will be 
dealt with in the present section. 


Group I. Projective axioms of incidence. 


It is assumed that lines and planes have definite correspondence 
with points which are expressed by the words “a line passes through 
a point” or “a point lies on a line”; “a plane passes through a point” 
or “a point lies in a plane”. The correspondence must satisfy the 
conditions of the following Axioms [.1-I.9. 


(1.1) Given any two points A and B, there is a line a passing through 


(1.2) Given any two distinct points A and B, there is at most one 
line passing through A, B. 

(1.3) There are at least three points on a given line. There are at 
least three points that do not lie on one line. 

(1.4) Through any three points A, B, C, not lying on one line, there 
passes a plane a. Every plane contains at least one point. 

(1.5) Through any three points A, B, C, not lying on one line there 
passes at most one plane. 

(1.6) If two points A, B of a line a lie in the plane a, then every 
point of a lies in a. 

(1.7) If two planes a and B have a common point A, then they have 
at least one more common point B. 

(1.8) There are at least four points not lying in one plane. 

(1.9) Two lines in one plane have a common point. 


If Axioms 1.1-I.9 just formulated are compared with Hilbert’s 
axioms of Group I (see Chapter 2, § 12), then it may be remarked 
first that all the requirements of Hilbert’s axioms of Group I are 
also contained in projective Axioms I.1-I.9. Therefore all the theorems 
of elementary geometry based only on axioms of incidence are also 
valid in projective geometry. Projective axioms of incidence differ 
from axioms of incidence of elementary geometry in only two respects. 

(1) Axiom I.3 of the projective system requires that a line con- 
tain at least three points whereas the corresponding axiom of 
Hilbert’s system requires a line to have at least two points. 

(2) Projective axioms of incidence contain Axiom I|.9, which is 
not assumed and not fulfilled in elementary geometry. Because of 
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Figure 90 


Axiom J].9 there is no parallelism in projective geometry, since- 
any two lines lying in one plane intersect. 

Thus the projective axioms of incidence require more conditions 
to be satisfied than the axioms of incidence of elementary geometry; 
thanks to this, there are many theorems which can be derived from 
the projective axioms of incidence but not from Hilbert’s axioms 
of incidence. In particular, Axioms I.1-I.9 imply that 

(i) a line and a plane always have a common point; 

(ii) two planes always have a common line; 

(iii) three planes always have a common point. 

§ 85. Omitting the trivial consequences of Axioms [|.1-I.9. we 
proceed directly to the proofs of the Theorems of Desargues, which 
play a fundamental role in the study of plane projective geometry. 

By a three-point we shall mean a set of three noncollinear points 
and three lines joining these points pairwise. The three points in 
question will be called vertices and the lines joining them the sides 
of the three-point (we avoid calling such figures triangles reserving 
this term for a figure of different form which will be dealt with after 
discussing the projective axioms of betweenness). 

Consider two three-points with vertices 4. B, C and A’, B’, C’. 
The vertices denoted by the same letter will be called the corre- 
sponding vertices (A and A’; B and B’; C and C’) and the sides con- 
taining the corresponding vertices the corresponding sides. 

Theorem I (Desargues’ first theorem—direct theorem). If the 
corresponding sides of two three-points ABC and A’B'C’ intersect at 
points P, Q, R lying on one line, then the lines joining the corresponding 
vertices are concurrent (Fig. 90). 
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Theorem 2 (Desargues’ second theorem—converse theorem). [/ 
the lines joining the corresponding vertices of two three-points ABC 
and A’B’C" are concurrent, then the corresponding sides of these three- 
points intersect at points lying on one line.* 

The line on which the points of intersection of corresponding sides 
lie will be called the azis of perspective and the point through which 
the lines joining the corresponding vertices pass will be called the 
centre of perspective. Then the two theorems of Desargues may be 
formulated in short as follows: 

If two three-points have an axis of perspective, then they also have 
a centre of perspective. and conversely. 

We prove Desargues’ first theorem. 

Let ABC and A’B'C’ be two three-points lying in one plane a 
and wu the axis of perspective (Fig. 91). Thus the line u contains 
points P, Q, R, where the corresponding sides AB and A’B’, BC 
and B’'C’, AC and A’C’ intersect, respectively. We have to show 
that the lines 4A’, BB’ and CC’ pass through one point, that is, 
the given three-points have a centre of perspective.** 


* Only the case where both the three-points ABC and A’B’C’ lie in one 
plane is important for us. 

** Tt is assumed that line u does not contain the vertices of the given three- 
points (otherwise the theorem is evidently valid). 
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For the proof, take a point 8” not lying in the plane @ (the existence 
of B” is ensured by Axiom I[.8). The points P, Q and B” are non- 
collinear; therefore there is a unique plane £ passing through these 
points. By Axiom I|.3, a point C” distinct from B” and Q may be 
chosen on the line B’Q. By Axiom I.6, this point, as well as the 
point R, lies in B; accordingly, line RC” is in £8. Since lines RC” 
and PJ” lie in one plane, Axiom |.9 implies that they have a common 
point; call this point A”. A three-point A”B"C" is thus formed in 6 
and it is located in a special way with respect to the three-points 
ABC and A’B'C’; namely, the three-points ABC, A’R’C’ and 
A"B"C” have a common axis of perspective u, and the corresponding 
sides AB, A’B’, A”B” of the three three-points pass through one 
point P, while, similarly, the sides BC, B’C’, B"C” pass through Q 
and the sides AC, A’C’, A”C” pass through R. 

Because of the manner in which the thrée-points ABC and A”B"C" 
as well as A’B’C’ and A”B’C” are located, they have a centre of 
perspective. This result may be easily proved. Although this amounts 
to showing the same fact regarding the three-points ABC and A”B"C" 
(or regarding A’B’C’ and A”B’C") as Desargues’ theorem asserts 
regarding the three-points ABC and A’B’C’, the proof here is extreme- 
ly simplified due to the fact that the three-points ABC and A”B’C" 
(or A’B’C' and A’”B"C") lie in different planes. 

Consider the three planes PAA”, QBB”" and RCC”. As noted at 
the end of § 84, any three planes have a common point; denote by S 
the common point of the three planes in question. Note that the 
line AA” is the common line of the planes PAA” and RCC”. Next, 
it is very important to establish that the planes PAA” and RCC” 
are distinct. In fact, the plane PAA” contains the line BB”, but, 
by the choice of B”, the lines BB” and u do not have a common point. 
This means that R does not lie in the plane PAA” and thus the 
planes PAA” and RCC” are indeed distinct. Thus AA”, being the 
common line of the two planes, contains all their common points, 
including S. In other words, the line AA” passes through S. Similar 
arguments show that the lines BB” and CC" also pass through S, 
establishing the existence of the centre of perspective for the three- 
points ABC and A”B"C”. In the same manner, it may be shown that 
the three-points A’B’C’ and A”B"C” have a centre of perspective S’. 

Draw a line s through the points S and S’; this line meets the 
plane a at some point O. It may be easily established that this point O 
is the centre of perspective for the three-points ABC and A’B'C’. 
In fact, let us project from centre S the spatial figure formed by the 
three-points A’B'C’ and A”B"C" and the point S’ on the plane a. 
Obviously, A’B'C’ is projected onto itself, while the projection of 
A”B"C" is the three-point ABC. The lines A’A”, B’B” and C'C’ 
are projected respectively on the lines 4A’, BB’, CC’. And since 
the lines A’A”, B’B” and C’'C" pass through S’, their projections, 
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the lines 4A’, BB’, CC‘, will pass through the projection of S’, that 
is, through O. Thus it has been shown that the lines joining the 
corresponding vertices of three-points ABC and A’B’C’ pass through 
one point. @ 

We shall now prove the converse theorem. 

Let two three-points ABC and A’B’C’ be given in a plane which 
have a centre of perspective, that is, the lines 4A’, BB’, CC’ pass 
through one point O. We have to show that these three-points have 
an axis of perspective, that is, that the points P, Q, R, where the 
corresponding sides AB and A’B’, BC and B’C’, AC and A’C’ meet, 
lie on one line. | 

It will be convenient at the outset to drop from consideration the 
trivial case when the two three-points have a common side, for 
example, when the lines BC and B’C’ coincide. In this case, the 
point Q becomes indeterminate and one may assume that this point 
lies on one line with the points P and AR. Thus the theorem is valid 
in this case. It is assumed below that the corresponding sides of the 
two three-points ABC and A’BR’C’ are distinct. 

The theorem will be proved by the method of contradiction. Assume 
that AB and A’B’, BC and B’'C’, AC and A’C’ intersect at three 
points P, Q, R which do not lie on one line. Then the points P and Q 
are necessarily distinct and determine a line uw which intersects the 
lines AC and A’C’ at distinct points R, and R, such that R,, A’ and 
C’' do not lie on one line (Fig. 92). Therefore the line R,A’ meets 
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the line B’C’ at a point C” distinct from C’. The point C” is not on 
the line C’CO. In fact, if C” were on the line C’CO, then the point B’ 
would also lie on this line and so would point B. But in that case 
the corresponding sides BC and B’C’ must coincide, a case which 
we have already discarded. Thus the line C”C does not pass through 
the point O. Consider the three-points ABC and A’B’'C”. In view 
of what has just been proved, these three-points do not have a centre 
of perspective, but they have an axis of perspective, namely u, 
where the three points P, Q, R, lie. 

Thus a contradiction has been obtained with Desargues’ direct 
theorem. 

We now proceed to the most important definition of projective 
geometry and to the construction of harmonic elements. Our sub- 
sequent arguments will be based on Desargues’ theorem. 

§ 86. A plane figure composed of four points, no three of which 
are collinear, and six lines joining these points pairwise is called 
a complete four-point. 

The points in question are called vertices and the lines joining 
them pairwise are called sides of the four-point. In Fig. 93, a four- 
point has been drawn with vertices A, B, C, D. The sides having no 
common vertex are called opposite. For example, the four-point 
ABCD has pairs of opposite sides AB and CD, AC and BD, BC 
and AD. The points of intersection of the opposite sides are known 
as the diagonal points of the four-point. In Fig. 93, the diagonal 
points are P, Q, R. 

With the aid of a complete four-point we define the notion of the 
harmonic set of elements. A pair of points S, T of any line wu is said 
to be harmonic conjugate to the pair of points P, Q of the same line 
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if P and Q are diagonal points of a four-point and S and 7 are points 
of intersection of the line uw with the pair of opposite sides of the 
four-point passing through the third diagonal point (Fig. 93). 

In this definition, the points P and Q of the first pair enjoy equal 
status as do the points S and 7 of the second pair (but so far the 
same cannot be asserted regarding the pairs P, Q and S, TY). 

The point 7 will be called the fourth harmonic to the three points 
P,Q, S if the pair S, 7 is harmonically conjugate to the pair P, Q 
(it is important to note that the first two places are occupied by the 
points constituting the first pair of the harmonic set). Evidently, 
if T is the fourth harmonic to the three points P, Q, S, then S is 
the fourth harmonic to the three points P, Q, T. 

The stated definition of the harmonic pairs of points contains also 
the technique for obtaining the fourth harmonic to the three given 
points. In order to obtain the fourth harmonic to any three given 
points P, Q, S of a line u, one has to choose in the plane a point B 
outside u and a point A, distinct from P and B, on the line PB 
(the existence of A follows from Axiom ].3). Then a point C is deter- 
mined by the intersection of lines BS and AQ, after which a point D 
is determined by the intersection of lines PC and BQ. Now by draw- 
ing line AD we obtain the desired point 7. 

The most important thing is to establish the fact that given 
points P, Q, S, the fourth harmonic point 7 is located uniquely, 
that is, its location does not depend on the choice of the points B 
and A. 

This result is a direct consequence of the following 

Theorem 3. Let ABCD and A’B'C’D' be two four-points with common 
diagonal points P and Q (Fig. 93). If the sides BC and B’C’ of these 
four-points intersect at a point S of the line PQ, then the sides AD 
and A'D’ intersect at a point T of the same line. 

The proof of this theorem is based on Desargues’ theorem. 

Consider the three-points ABC and A’B’C’. Their corresponding 
sides meet at three points P, S, Q lying on one line. Then Desargues'’ 
first theorem implies that the lines AA’, BB’ and CC’ meet at one 
point O. The corresponding sides of the three-points BCD and 
B'C’'D’ also meet at three points of one line, the same points P,Q, S. 
Another application of Desargues’ first theorem shows that the lines 
BB’, CC’ and DD’ have a common point O’. The points O and O' 
evidently coincide because both of them are determined by the 
intersection of lines BB’ and CC’. Thus all the lines AA’, BB’, CC’ 
and DD’ intersect at one point O, establishing, in particular, that 
the lines 4A’, BB’ and DD’ meet in one point. Then, by Desargues’ 
second theorem, the corresponding sides of the three-points ABD 
and A’B’D’ intersect at three points of one line. This means that 
the point 7, where the lines AD and A’D’ meet, is situated on the 
line PQ. @ 
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The definition of a harmonic set of points and the theorem just 
established immediately imply the following proposition expressing 
the fact that the fourth harmonic point is located uniquely. 

Theorem 4. If the pair S, T is harmonically conjugate to the pair 
P, Q and ABCD is any four-point with diagonal points P, Q and side 
BC passing through S, then the side AD passes through T. 

Let us show the following important theorem. 

Theorem 5. If the pair of points S, T of a line u is harmonically 
conjugate to the pair P, Q, then the pair P, Q is harmonically con- 
jugate to S, T. 

To prove this theorem, take a four-point ABCD having diagonal 
points P, Q and the pair of opposite sides BC and AD that intersect u 
at the points S and 7 (Fig. 94). Denoting by R the third diagonal 
point of the four-point ABCD, draw the lines PR and QR. These 
lines intersect the sides of the quadrangle at four points X, Y, V, W, 
as shown in Fig. 94. 

Now consider the four-point AX RW. This four-point has diagonal 
points P, Q and its side AR passes through the point 7. Since the 
point S is the fourth harmonic to the three points P, Q, 7, it follows 
from Theorem 4 that the side XW of four-point AXRW must pass 
through S. Thus the points W, X, S lie on one line. Similar arguments 
applied to the four-points RWBY, YDVR, RVCX show that each 
of the triples of points W, Y, T; Y, V, S; X, V, T lies on one line 
each. 

This implies that XVY W is a four-point with diagonal points S, T 
and with sides XY, VW passing through the points P, Q, which 
means that the pair P, Q is harmonically conjugate to the pair S, 7.8 

The above theorem establishes the mutual harmonic conjugateness 
of two pairs of points. Therefore, in what follows, if a pair of points 
of a line is harmonically conjugate to another pair of points of this 
line, we will not stress which of the pairs is conjugate to the other 
pair, and the two pairs will be called mutually harmonic. 
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One of the important properties of a harmonic set of points is 
expressed by 

Theorem 6. Let p, q and s, t be two pairs of rays of a pencil with 
centre O and let them intersect the line u at pairs of points P, Q and 
S, T and the line u’ at pairs P’, Q’ and S’, T’. Then, if the pairs P, Q 
and S, T are mutually harmonic, the pairs P’, Q’ and S’, T’ are also 
mutually harmonic. 

Proof. First we consider the particular case where a pair of the 
corresponding points P, Q, S, T and P’, Q’, S’, T’ coincide; for 
example, the points 7 and 7’ coincide (Fig. 95). 

Draw the line SQ’ and let R be its point of intersection with the 
line OT. Since the pairs P, Q and S, T are mutually harmonic, the 
line RS’, by Theorem 4, must pass through P (to see this, consider 
the four-point ROS'Q’ with diagonal points S, 7). This results in 
a four-point RPSO with diagonal points S’, T’ and with sides OP 
and RS that pass through the points P’ and Q’. This implies that 
the pairs P’, Q’ and S’, 7’ are mutually harmonic, proving the 
theorem for the particular case in question. 

Consider now the general case of the location of lines uw and uw’. 
Draw the line P’T (Fig. 96). The rays p, q, s, ¢ intersect the line 
P'T at points P”, Q”, S”, T”. Since the points T and 7’ coincide, 
the fact that the pairs P, Q and S, 7 are mutually conjugate implies 
that so are the pairs P”, Q” and S”, T”, and, because the points P” 
and P’ coincide, the harmonic conjugateness of the pairs P”, Q” 
and S”, T” implies the harmonic conjugateness of the pairs P’Q’ 
and S’, 7’. @ 

According to this theorem, if two pairs of rays are met by a line 
at two pairs of harmonically conjugate points, then the pairs of 
points obtained by intersecting any other line by the same pairs of 
rays are also harmonically conjugate. Thus the property that two 
pairs of rays of a pencil determine harmonically conjugate pairs of 
points on a given line does not depend on the choice of the line and 
belongs to the pairs themselves. The pairs of rays possessing this 
property are known. as harmonically conjugate rays. 
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We shall say that the rays p, q, s, . . . originating from O towards 
P,Q, S, ... project these points from QO. The construction of rays 
P; 4, 8, -.. projecting the given points P, Q, S, ... will be called 
the operation of projection, and the construction of points P,Q, S,... 
on the basis of rays p, gq, Ss, . . . the operation of section. 

Using this terminology, we can formulate the following statement 
(as a corollary to Theorem 6): 


If the operation of projection or the operation of section are applied 
to harmonically conjugate pairs of elements (points of a line or rays of 
a pencil), they result in harmonically conjugate pairs of elements. 


Or alternatively, 


The property of harmonic conjugateness is invariant under the 
operations of projection or section. " 


Using the terminology similar to the one used with respect to a 
harmonic set of points of a line, we will call the ray. t of a pencil the 
fourth harmonic to the triple of rays p, q, s of the same pencil if the 
pairs p, g and s, ¢ are harmonically conjugate (in the triple p, q, s 
first two places are occupied by the pair p, q). 

The reader can easily follow the construction of the fourth harmon- 
ic ray ¢ on the basis of three given rays p, gq, s from Fig. 97 (in 
Fig. 97, first the lines a and 6b are arbitrarily drawn through any 
point of ray p, then line c and, finally, line d are drawn; the position 
of ray t is then uniquely determined). 

§ 87. All the theorems proved in this section concern plane pro- 
jective geometry. The source of these theorems is Desargues’ theorem 
which, according to its meaning, is also a theorem of plane geometry. 
However, this theorem was proved by arguments which used space 
geometry. It is natural to raise the question whether Desargues' 
theorem can be established without using any spatial configuration. 


Figure 96 Figure 97 
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Such theorems exist in literature, but all of them are of a metric 
nature and hence unacceptable for projective geometry. An analysis 
of this question undertaken by Hilbert showed that Desargues’ 
theorem cannot be proved within the framework of projective 
geometry without using spatial configurations. 

To be more precise, if all the assertions in the list of Axioms I.1- 
I.9 that concern space are omitted, then Desargues’ theorem cannot 
be proved by the remaining Axioms I.1-I.3 only. The independence 
of Desargues’ theorem from Axioms [].1-I.3 (even from the axioms 
of an extended list which includes, apart from Axioms I.1-I.3, 
projective axioms of betweenness and continuity; these axioms will 
be discussed later) may be shown in principle by the same method 
as the one discussed at great length in Chapter 4, where it is used 
several times. (Hilbert’s proof is given in his Foundations of Ge- 
ometry.) 

In view of the reasons just mentioned, Desargues’ theorem may be 
treated as an axiom of plane projective geometry. 

§ 88. We conclude this section with two remarks. The first remark 
concerns the proof of the fact that a harmonic set of elements is 
invariant under the operation of projection. This proposition was 
proved by using plane geometry. If we were to use spatial configura- 
tions, this proposition could Le proved in a more obvious manner. 

Let u, uw’ be two lines in a plane a (Fig. 98), P, Q, S, T points of 
the line u and P’, Q’, S’, T’ their projections from centre O on w’ 
(O also lies in ~). Assume that the pairs P, Qand S, T are harmonical- 
ly conjugate. Through wu and wu’ respectively there pass planes 8 
and f’ distinct from a. Since the pairs of points P, Q and S, T are 
harmonically conjugate, a four-point (2 may he constructed in B 
such that the points P, Q are diagonal points and the pair of opposite 
sides pass through S and 7. Projecting, as on a screen, the four-point 
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Q from centre O on plane £’, we obtain a four-point 2’ in 6’ which 
bears the same relations with the pairs P’, Q’ and S’, T’ as does 2 
with the pairs P, Q and S, 7. This immediately implies that the pairs 
P’, Q’ and S’, T’ are harmonically conjugate. 

The second remark concerns the possible generalization of the 
theorem on invariance of a harmonic set of elements under projection. 

Hitherto projection from a centre was discussed. But sometimes, 
besides central projection, one has to consider (in space projective 
geometry) projection from an axis. 

Let o be a line and P, Q, S,... be a system of points on another 
line uw which does not lie in one plane with o (Fig. 99). A system of 
planes x, x, 0, .. . passing through line o and points P,Q, S,... 
is called the pencil of planes with axis o projecting the points 
P,Q, S,.... fu’ is any other line intersecting the planes n, x, 0,... 
at the points P’, Q’, S’, ..., then P’, Q’, S’ are said to have been 
obtained by axial projection of P, Q, S,.... 

It turns out that the invariance of harmonic conjugacy of pairs 
of points is preserved under an axial projection. 

Let an axial projection map a harmonic quadruple of points 
P,Q, S, T of a line u into a quadruple of points P’, Q’, S’, T’ of 
another line wu’ (in general, the lines u and w’ do not lie in one plane). 
We shall show that the quadruple P’, Q’, S’, T’ is also harmonic. 

To do this, draw line wu” intersecting both u and w’ (Fig. 99). 
Lines u and u” lie in one plane a and lines wu’ and u” lie in one plane B. 
Let A, B be the points where planes a, B meet the axis of the pro- 
jecting pencil of planes and P”, Q”, S”, T” be the points where the 
planes of the pencil meet line uw”. Evidently, points P”, Q”, S”, T” 
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may be treated as having been obtained by projecting P, Q, S, T 
from the centre A inside the plane a. Therefore the fact that the set 
of points P, Q, S, Tf is harmonic implies that the set of points 
P",Q", S", T” is also harmonic. Next, treating the points P’,Q’, S’, T’ 
as having been obtained by central projection of P”, Q”, S”, T” from 
centre B, we may conclude, noting that the quadruple P”, Q”, S”, T” 
is harmonic, that the quadruple P’, Q’, S’, T’ is also harmonic. 

Thus, if by intersecting a line two pairs of planes x, x and o, tT 
of a certain pencil determine two pairs of harmonically conjugate 
points, then they determine two pairs of harmonically conjugate 
points by intersecting any other line. In this case, the pairs of planes 
m, * and o, t are called harmonically conjugate. 

It is easy to see that if a plane not passing through the axis of 
a pencil intersects the pairs of harmonically conjugate planes of this 
pencil, then in this intersecting plane two pairs of harmonically 
conjugate rays of a linear pencil are obtained. The proof of this fact 
is straightforward and is omitted. 


9.3. Order of points on the projective line 


§ 89. As we know, the definition of the order of points on a lin] 
in elementary geometry is based on the notion of a point lying 
between two other points (see Chapter 2, § 13). In projective geome- 
try, where a line is treated as a closed curve, this notion becomes 
meaningless because in considering any three points of a projective 
line (or three points of a circle) it is not possible to label any par- 
ticular point as lying between the other two. 

To be able to define order among points on a projective line, one 
has to start with two pairs of points. We shall first use a diagram 
as a visual aid. Let A, B, C, D be four points of a projective line u 
located as shown in Fig. 100 (here the projective line has the form 
of a closed curve). If we want to displace C along u so as to make 
it coincide with D, then at least for an instant C has to coincide with 
eithe A or B. Similarly, for A to coincide with B, the point A must 
pass through either C or D. In this case, the pair A, B is said to 
divide the pair C, D. 

In the same set of points A, B, C, D, the pairs A, D and B, C 
are such that there is no need for B or C to pass through A or D 
if B and C are to coincide or, similarly, if A and D are to coincide 


The Foundations of Projective Geometry 245 


there is no need for A or D to pass through B or C. Regarding the 
pairs A, D and B, C we say that they do not divide each other. 
Similarly, the pairs A, C and B, D do not divide each other. In this 
manner, our visualization of a projective line (or a circle) enables 
us to distinguish between dividing and nondividing pairs of points. 

In the logical development of projective geometry, the division 
of pairs of points is taken as the basic “betweenness’ relation. The 
necessary properties of this relation are set out in the axioms of the 
second group. 


Group Il. Projective axioms of betweenness. 


It is assumed that two points of a line have a certain relationship 
with two other points of this line, and thjs relationship is expressed 
by the word “divide”. This relationship satisfies the following axioms 
which are referred to as the axioms of betweenness. 


(11.1) Given any three distinct points A, B, C of a line u, there is 
a point D on this line such that the pair A, B divides the pair C, D.- 
If the pair A, B divides the pair C, D, then all the four points A, B,C; 
D are distinct. | 

(11.2) If the pair A, B divides the pair .C, D, then the pair B, A 
divides the pair C, D and the pair C, D divides the pair A, B (that is, 
the division property is mutual and does not depend on the order of the 
points of the pair). 

(11.3) Given any four distinct points A, B, C, D of a line u, it is 
always possible to form uniquely two dividing pairs. 

(I].4) Given points A, B, C, D, E ona line u, if the pairs C, D 
and C, E divide the pair A, B, then the pair D, E does not divide the 
pair A, B (Fig. 104). 

(11.5) Given points A, B, C, D, E ona line u, if the pairs C, D 
and C, E' do not divide the pair A, B, then the pair D, E does not divide 
the pair A, B (Fig. 102). 

(11.6) Let A, B and C, D be two pairs of points of a line u and let 
A’, B’ and C’, D’ be their projections from a centre to a line u’. If 
the pairs A, B and C, D divide each other, then so do the pairs A’, B’ 
and C’, D’. In short, the division property of two pairs of points is 
invariant under projection. 


On the basis of Axiom II.6, divisions of pairs of lines of a plane 
pencil may be defined. 
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Namely, if a, b and c, d are pairs of lines passing through a point 
and s is any line intersecting a, b and c, d at the points A, B and 
C, D, respectively, then Axiom II.6 implies that for any choice of s 
the pairs A, B and C, D always either divide or do not divide each 
other. In the former case, we shall say that the pairs of lines a, b 
and c, d divide each other, while in the latter case the pairs of lines 
do not divide each other. Thus the notion of division of pairs of 
lines reduces to that of pairs of points, but the latter is a fundamental 
notion for us and cannot be replaced by a more primitive notion. 

In discussing projective geometry, we shall not attempt to develop 
it on the basis of a minimum number of requirements. Therefore we 
shall not examine the question as to whether all the axioms for- 
mulated are indeed necessary or whether some of these may be proved 
as theorems. It is important that these axioms suffice for proving 
theorems constituting the subject matter of projective geometry.* 

Theorem 7. Let A, B be two given points of a line u. Then all the 
points of u may be divided into two classes so that any two points of the 
same class form a pair not dividing A, B, while any pair of points 
from different classes divides the pair A, B. 

Proof. By Axiom I.3, there is a point C, distinct from A, B, on wu. 
To the first class we assign C and also those points of uw which form 
with C a pair not dividing the pair A, B. To the second class is 
assigned every point which forms with C a pair dividing the pair A, B. 
Then all the points of u (except A and B) are classified into two 
classes. We have to show that this classification satisfies the con- 
ditions stated in the theexsem. 

Take two points C, and C, of the first class. According to the 
construction, the pairs C, C, and C, C, do not divide the pair A, B. 
Therefore, by Axiom IJ.5, the pair C,, C, does not divide the pair 
A, B. Further, if D, and D, are two points of the second class, then, 
by construction, C, D, and C, D, divide A, B. Consequently, by 
Axiom II.4, the pair D,, Dg, as in the first case, does not divide A, B. 
Thus, if two points lie in the same class, they do not divide A, B. 

Take now two points M and WN from two different classes. For 
example, suppose MM is in the first class and N in the second. Then 
the pair C, M does not divide the pair A, B but the pair C, N divides 
the pair A, B. If the pair M, N does not divide the pair A, B, then, 
since in this case the pair M, C does not divide the pair A, B, 
Axiom II. implies that the pair C, N does not divide the pair A, B, 
contradicting the assumption made. Accordingly, M, N divide 
A,B. @ 

It is worth noting that if the above two classes are constructed 
not by means of C but by using other point of the first class, then 


* These axioms together with the axiom of continuity, presented in § 94, 
constitute a complete system. 
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the same two classes are obtained. And if the construction is carried 
out by means of a point in the second class, then again the old classes 
are obtained but in reverse order. 

Using the common terminology of visual geometry, each of the 
two classes occurring in the above construction will be called a seg- 
ment. Then the above theorem may be restated in the following form. 


Two points A, B of a line divide the points of this line into two classes; 
if the points M and N lie on the same segment, then the pair M, N 
does not divide the pair A, B and if the points M and N lie on different 
segments, then the pairs M, N and A, B divide each other. 


In order to distinguish between the two segments in question, a 
certain point of this segment must be mentioned. Therefore, in 
projective geometry, a segment is sometimes denoted by three let- 
ters; for instance, ACB denotes a segment with endpoints A, B and 
an interior point C. If the pair C, D divides A, B, then ACB and 
ADB are two distinct segments with endpoints A, B. The segments 
ACB and ADB are called complementary to each other. 

We shall now prove a theorem that will enable us to define a figure 
in projective geometry that is completely analogous to the Euclidean 
triangle. 

Theorem 8. Let A, B, C be three noncollinear points and u, u’ two 
lines not passing through either A, B or C. Assume further that P,Q, R 
are points at which u intersects the lines AB, BC, AC and P’, Q’, R’ 
are points where u’ intersects the same lines. Then, provided the pair 
P, P’ does not divide the pair A, B and the pair Q, Q’ does not divide 
the pair B, C, the pair R, R’ does not divide the pair A, C (Fig. 103). 

Proof. Let O be the point of intersection of the lines u and uw’. 
Projecting the pairs A, B and P, P’ from O as the centre on line AC, 
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we obtain the pairs A, S and R, R’. By hypothesis, the pairs A, B 
and P, P’ do not divide each other. Then, by Axiom IJ.6, the pairs 
A, S and R, R’ do not divide each other either. Projecting from 
centre O the pairs B, C and Q, Q’ on line AC, we obtain the pairs 
S, C and R, R’. Since the pair B, C does not divide the pair Q, Q’, 
it follows, by the same Axiom II.6, that.S, C and R, R’ do not divide 
each other. Thus, the pairs S, A and S, C do not divide the pair 
R, R’. Therefore Axiom II.5 implies that the pair A, C does not 
divide R, R’. & , 

Taking three noncollinear points A, B, C, choose one of the two 
segments with endpoints A, B and one of the two segments with 
endpoints B, C (in Fig. 104, the chosen segments are shown by heavy 
lines). Let AB and BC denote the segments thus chosen. Choose a 
point P on the segment complementary to AB and a point Q on the 
segment complementary to BC and draw the line PQ. Let R be 
the point of intersection of the lines PQ and AC. Now we arbitrarily 
change the positions of P and Q, retaining them, however, on the 
segments complementary to AB and BC, respectively. Then the 
previous theorem immediately implies that the point AR, while dis- 
placed along the line AC, always remains inside one of the two seg- 
ments determined by the points A and C. The segment with the 
endpoints A and C that is complementary to the segment containing 
R will be denoted by AC. We see that the segment AC is uniquely 
determined by the segments AB and BC. The figure formed by the 
points A, B, C, and the segments AB, BC and AC will be called a 
triangle and the segments AB, BC and AC its sides. 

It may be easily shown that every three-point ABC determines 
four triangles with common vertices A, B, C. The sides of these 
triangles are mutually complementary segments on lines serving as 
the sides of the three-point. Figure 105 shows triangles /, J/7, JZ, 1V 
determined by one three-point ABC. 
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We shall now show that Pasch’s axiom (see Chapter 2, § 13) holds 
in projective geometry, that is, if a triangle ABC and a line a passing 
neither through A, B nor C in its plane are given and if this line 
passes through a point of side AB, then it passes through either a 
point of side BC or a point of side AC. 

To prove this, we note first that, by the definition of a triangle, 
there is a line u which intersects the lines AB, BC, AC at points. 
P,Q, R, respectively, such that point P lies on the segment comple- 
mentary to AB, point Q lies on the segment complementary to BC 
and point R on the segment complementary to AC (Fig. 106). Next, 
since we are discussing projective geometry, Axiom I.9 implies that. 
the given line a has a common point T with the line BC and a com- 
mon point U with the line AC. Let S be the point of intersection 
of a and AB. . 

Assume that 7 lies on the segment BQC and U on the segment ARC. 
Then, by Theorem 8, point S must lie on the segment APB, which 
contradicts the condition that S lies on the segment AB. Thus line a: 
intersects either the side BC or the side AC of the given triangle. 
This proves Pasch’s axiom. @ 

§ 90. In the projective space, take a plane a... We shall call it 
the “plane at infinity”. All the points and lines lying in a, will be 
assumed to be “at infinity”. The remaining elements of the space 
will be referred to as “finite”. (The terms “finite” and “at infinity” 
are in quotation marks because the plane a, has been chosen arbi- 
trarily and the difference between “finite” elements and elements “at 
infinity” is conditional.) | 

Obviously, every “finite” line contains only one point at infinity, 
namely the point of intersection of this line with a... In the set of 
remaining, that is, “finite”, points of any “finite” line, we introduce 
the “betweenness” relation by means of a completely defined con- 
dition which is common to all the lines. 

Let a be any “finite” line and O,, its “point at infinity”. Take any 
three “finite” points A, B, C of a. If the point B forms with O, 
a pair B, O,. that divides the pair A, C, then we shall say that in 
the set of “finite” points of a the point B lies between the points 4, C. 
It may be easily shown that the “betweenness” notion thus defined 
satisfies Hilbert’s axioms of betweenness II.1-II.3. 

Indeed, according to projective Axiom II.2, if the pair B, Ow 
divides the pair A, C, then it also divides the pair C, A. Consequently, 
if, by our definition, B lies between A and C, it also lies between 
C and A. This shows that Hilbert’s Axiom IJ.1 is valid. 

Furthermore, whatever the “finite” points A and C, there is always, 
by projective Axiom II.1, a point D, such that the pair C, O., divides: 
the pair A, D. Accordingly, in the set of “finite” points of a there 
is always a point D such that C lies between A and D. Thus, Hilbert’s. 
Axiom II.2 is also satisfied. 
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Finally, by projective Axiom I1I.3, from the four points A, B, C, 
O ~ two dividing pairs can be formed in only one way. Thus, of three 
points A, B, C only one lies between the other two. Accordingly, 
Hilbert’s Axiom II.3 is satisfied. 

Having established the “betweenness” notion in the set of “finite” 
points of a line, one may state the definition of a segment, the same 
as in visual geometry, as a collection of points of a line which lie 
between any two of the line’s points. Obviously, a segment thus 
defined is nothing but one of the two mutually complementary seg- 
ments in which the points A, B divide the projective line passing 
through these points, namely, the segment which does not contain 
the point at infinity. 

It is also obvious that a triangle in the sense of the relationships 
introduced in the system of “finite” elements of the projective space 
is simultaneously a triangle in the sense defined in projective geome- 
try (see § 89). Therefore one may assert that Pasch’s axiom is valid 
for the system of “finite” elements of the projective space because 
this axiom has been shown to be valid for the projective space as 
a whole. 

Thus the “betweenness” notion has been defined for the system of 
“finite” elements so that all the Hilbert’s axioms of order are true. 

Now suppose that the plane “at infinity” a. is completely omitted, 
together with points and lines “at infinity” contained in this plane, 
from the projective space, or, to use a common phrase, the projective 
space is cut along the plane aq. It is easily seen that the remaining 
elements satisfy Hilbert’s axioms of order. Thus, on the basis of 
this fact and the previous result, we can assert that all theorems of 
elementary geometry based only on Hilbert’s axioms of the first 
two groups are valid for the projective space cut along one of its 
planes. In particular, one can assert that there are an infinite num- 
ber of points, lines and planes in the projective space. 

The process just described is the opposite of the one in the pre- 
ceding section. It was shown there that by introducing new elements 
into it, a Euclidean space may be turned into a projective space. 
Here we find that if a certain plane is deleted from the projective 
space defined by means of special axioms, it turns into a space a- 
nalogous to the Euclidean space. 

We shall use, the method of cutting the space along one of the 
planes to prove a number of projective theorems; in the process we 
shall use the results that follow from the first two groups of axioms 
of elementary geometry, which were studied in Chapter 2. In par- 
ticular, we shall now use this method to establish the order of points 
characteristic of a projective line. 

Let A and B be two points of a projective line u; these points 
divide u into two mutually complementary segments. Consider one 
of them, calling it AB. We introduce an order for the set of interior 
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points of AB by assuming that M precedes N if the pair A, N divides 
the pair M, B. We have to show that this order relationship is 
transitive, that is, if JZ precedes N and WN precedes P, then M pre- 
cedes P. To do this in the simplest possible way, we introduce a 
point at infinity on wu. For this point at infinity we take B. Then 
the condition “N precedes P” may be expressed thus: “in the set of 
finite points of u the point N lies between A and P” or “WN lies inside 
the segment AP”. In this case, for proving the transitivity of the 
order relation introduced, it suffices to prove the following propo- 
sition for the set of finite points of u: “if M7 lies inside the segment AV 
and N lies inside AP, then M also lies inside AP”. But this result 
was obtained earlier from the first two groups of Hilbert’s axioms 
(see Chapter 2, § 14). 

We shall say that the order defined on AB corresponds to the 
direction of the segment from A to B. On the segment complemen- 
tary to AB, we introduce an order corresponding to the direction 
from B to A. Having done this, a completely defined order relation 
may be introduced inside any segment S7 of line wu by requiring 
that for the common portions of the segment ST with the segment 
AB and its complement the order of points of ST coincides with 
the order of points of these segments. Considering all the possible 
cases of location of S7, namely (i) the segment ST7 is contained 
in the segment AB, (ii) the segment ST is contained in the seg- 
ment complementary to AB, (iii) the segment ST covers the seg- 
ment AB, (iv) the segment ST covers the segment complementary 
to AB, (v) the segment ST covers a part of segment AB and a part 
of the complementary segment, the reader will easily find that in all 
these cases the set of interior points of the segment S7 may be u- 
niquely ordered and this order satisfies the above-mentioned condi- 
tions. 

The property of mutual location of points of a projective line due 
to which on every segment an order relation satisfying the above- 
mentioned conditions is induced will be called a cyclic order. Depend- 
ing on the way the initial segment AB has been ordered—from A 
to B or from B to A—two distinct cyclic orders are established on 
a projective line. They happen to be the reverse of each other in 
the sense that if, according to the first of the two orders, among the 
points M, N lying inside the segment ST point M precedes NV, then 
in the second cyclic order for the points of ST point M follows N. 

Axioms II.1-I1.6 are referred to as projective axioms of between- 
ness, since they justify the cyclic order introduced on a projective 
line. 

§ 91. We close the present section by introducing a topology on 
the projective line, that is, we define the closeness of its points. 
This can be achieved by constructing a system of neighbourhoods 
for every point of the projective line. 
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Consider a projective line u. By a neighbourhood of a point M 
of u we mean an open segment (that is, a segment with endpoints 
excluded) containing M. The following propositions hold (on them 
the topological theorems of elementary analysis are based). 

(1) Each neighbourhood of M contains this point. 

(2) The common part of two neighbourhoods of M contains a 
neighbourhood of M. 

(3) A neighbourhood of M is also a neighbourhood of any other 
point of this neighbourhood. 

(4) For two distinct points MW and N there are neighbourhoods 
without common points. 

Of these assertions, the first and the third are direct consequences 
of the definition of a neighbourhood; the second and fourth, although 
visually: obvious, require proofs. 

In order to simplify the proofs as far as possible, the projective 
line should be cut and thus everything reduced to the consideration 
of segments in the Euclidean sense. The detailed proofs are, however, 
omitted. 

By constructing a system of neighbourhoods on the projective line, 
we have opened up the possibility of speaking about limiting points 
of sets, limits of point sequences, continuity of functions defined 
on the projective line, etc.; generally, about many facts that are 
termed}topological. This possibility will be exploited in the follow- 
ing sections. | 


2.4. Division of harmonic pairs. 
Continuity of the harmonic correspondence 


§ 92. It is important for the sequel to show that the diagonal 
points of a complete four-point are noncollinear. 

Let ABCD be a complete four-point with the diagonal points 
P,Q, R (see Fig. 93). We have to show that line PQ does not: pass 
through R. We cut the plane along the line PQ (that is, the line PQ 
is deleted), and for the remaining elements we introduce order as 
in § 90. Then the axioms of Groups I and II of elementary geometry 
are valid. 

In the sense of the order relation defined, the point D lies on the 
same side of line AB as the point C and on the same side of line AC 
as the point B. 

Consequently, point D lies inside ~ BAC. On the basis of this 
result and Theorem 11a, § 16 of Chapter 2, it may be concluded that 
the line AD intersects the line BC, that is, these lines have a com- 
mon point. This means that point R has not: been removed in the 
cut performed, proving the assertion. From this we have the fol- 
lowing 
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Corollary. Jf P, Q, S are .three distinct points of a line and T is 
the fourth harmonic to them, then all the four points P, Q, S, T are 
distinct. 

From Fig. 94, where the construction of mutually harmonic pairs 
P,Q and S, T is illustrated, it is easy to obtain the following visu- 
ally obvious theorem. 

Theorem 9. Mutually harmonic pairs of points divide each other. 

This theorem will play an extremely important role later. We 
present its rigorous proof. 

Let two pairs of mutually harmonic points P, Q and S, T be 
given on a line uw. Consider a quadrangle ABCD with P, Q as diago- 
nal points and S, T lying on the opposite sides BC and AD that pass 
through the third diagonal point R (Fig. 94). 

From centre B project P, Q, S, T on line AD; their projections 
are A,'D, R, T, respectively. The points thus obtained are now pro- 
jected on u from centre C. The projections of A, D, R, T are Q, P, 
S, 7, respectively. 

Thus after two projections the set PQST is mapped into itself 
but its individual members change their positions as shown in 
( ee , where the lower row represents the points into which 
the points of the upper row are mapped by the above process. 

Note that the four points P, Q, S, T may be classified into two 
pairs in only three ways: (a) (PQ), (ST); (b) (PS), (QT); (c) (PT), 
(QS). It may be easily seen that the pairs (PS) and (Q7) do not 
divide each other. In fact, if they did, then, by Axiom II.6, (QS) 
and (PT) would also be dividing pairs since they are obtained by 
projecting the pairs (PS) and (Q7) twice. Hence, in this case, the 
second and third of the three possible classifications of the points 
PQST yield pairs which divide each other. But this contradicts 
Axiom II.3, according to which dividing pairs of four points can be 
formed in only one way. 

In exactly the same way, if we assume that (PT) and (QS) are 
dividing pairs, then again we will arrive at a conclusion that the 
pairs (PS) and (QT) divide each other, which is again a contradic- 
tion. Since, by Axiom II.3, one of the three ways of forming pairs 
out of four points necessarily leads to dividing pairs, it follows 
that the dividing pairs are the pairs (PQ) and (ST).@ 

This theorem proves more useful in the following formulation. 
If the pair /, M’ is harmonically conjugate to the pair A, B, then 
the points M, M' lie on different complementary segments deter- 
mined by the points A, B. If the points A, B are fixed, then M’ 
depends only on M; this fact is symbolically expressed by writing 
M’ =f (M). Since MM’AB and M’'MAB are in equal measure 
harmonically situated sets of points, the relation M =f (M’), 
besides the relation M’ =f (M), also holds. The correspondence 
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M’ = f (M) iscalled harmonic. Obviously, mutually complementary 
segments with common endpoints A, B are mapped into each other 
in a one-to-one manner by a harmonic correspondence. This map- 
ping will be examined below in detail. 

§ 93. Take three points M,, M.,, M, ona projective line u. Let M 
be the fourth harmonic to the three chosen points, namely MW is a 
point such that the pair M, M, is harmonically conjugate to the 
pair M,, M,. We shall use the notation M =f (M,, M,, Ms), 
treating M as a function of three points M,, M,., M,. Obviously, 
f (M,, M,, Ms) — f (M,, M,, M;), and, if M = f (M,, M,, Ms), 
then M, = f (M,. M,, M). 

If we fix M, and M, and write M, = A, M, = B and M instead 
of M., then the function f(A, B, M) coincides with the function 
f (M) which was examined at the end of the preceding subsection. 

The following important theorem holds. 

Theorem 10. The function M= f (M,, M., M,) is continuous for 
all possible locations of points M,, M., Ms. 

In the light of the definition of neighbourhoods of points of a pro- 
jective line given in § 91, this theorem may be formulated as follows: 
Whatever the points M,, M,, M, and whatever the open segment A 
containing point M, three open segments A,, A,, A; containing 
points M,, M,, M3, respectively, may always be found such that 
if these points remain inside, while varying, the segments Aj, Az, As, 
then point M remains inside, while varying, segment A. 

Thus the proof of Theorem 10 must be purely constructive because 
it leads to the construction of segments A,, A,, A; on the basis of 
segment A. We shall carry out the proof for two particular cases 
only, which are of interest to us: (a) the third argument of function 
{(M,, M., M,) is a fixed point M, = C, and (b) the first two argu- 
ments of f (M,, M,, M,) are fixed points M, =A, M, = B. 

In the first case we have a function of two arguments, VW = 
= f(M,, M., C). Suppose that definite positions of M, and M, 
are given. The corresponding point M is illustrated in Fig. 107a, 
where Q,, Q., G, H is a four-point with diagonal points M,, A/,, Q 
and one side Q,Q, passing through C and the other side HG 
through M. 

Assume that the projective plane is cut along the line Q,Q,. Then 
in discussing a certain segment with known endpoints we need not 
point out which one of the two mutually complementary segments 
with given endpoints is heing considered because in the projective 
plane thus cut any two points determine a segment uniquely. 

Figure 107b illustrates the same construction with the same nota- 
tions, but now the line Q,Q, is visually removed to infinity; in this 
figure the lines going towards Q, (or towards Q, or Q) are parallel 
and M is the midpoint of the segment M,M,. For further discussion, 
it is easier to follow Fig. 107b. 
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(a) (5) 
Figure 107 


Suppose that M, and M, change their positions on line wu. Since C 
remains unchanged, for finding M we can always use the four-point 
with fixed vertices Q,; and Q,. Then, as can be easily verified, the 
diagonal point Q also remains fixed since it is the fourth harmonic 
to the three fixed points Q,, Q., C. 

If the point A7, remains, while varying, inside a segment M/M, 
and AZ, remains, while varying independently of .V,, inside a seg- 
ment M:M”, then the variable vertex H of the four-point, with whose 
aid the point Af is found on the basis of points M,, .7,, C, remains, 
while varying, inside the quadrangle PSTR. The projection of H 
from Q to u yields just M. When the points M, and .\7, occupy the 
extreme positions MW, and M,, point AH coincides with T and M 
falls upon a point W/’; when M, and M, occupy the extreme posi- 
tions M, and M;, point A coincides with P, and M falls upon V”. 
For the remaining positions of M, and .V, the point M remains be- 
tween M’ and M”. 

It may now be easily conceived how, by preassigning a neigh- 
hourhood A = M'M” of point M, to construct neighbourhoods 
A, and A, of points M, and M, such that if these points remain, 
while varying, inside A, and A,, respectively, then M remains, 
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M; 
Figure 108 


while varying, inside A. To do this, one has to proceed in the follow- 
ing manner: project M’ and M” from Q; on the projecting rays mark 
off segments ZU and XY on the lines Q,M, and Q,M,; choose any 
point V inside ZU and any point W inside XY. Projections of V, W 
from Q, to u will be the points M,, M\, which close the segment 
A, = M,M,,; projections of the same points V, W from Q, will be 
M:, M;, which close the segment A, = M)M;, 

The segments A, and A, thus constructed are the desired neigh- 
bourhoods of MM, and M., that is, if M, and M, change their posi- 
tions but remain inside A, and Ag, respectively, then M = f (M,, 
M,, C) changes its position but remains inside A. Since the neigh- 
bourhoods A,, A, with such properties may be constructed for any 
given points M,, M, and neighbourhood A, it follows that M = 
= {(M,, M,., C) is continuous for any positions of points M, and 
M, on the projective line uw. 

Turning to the second aforementioned case, namely when M, = 
= A and M, = B are fixed in the relation VM =f (M,, M., M,), 
we refer to Fig. 108; this figure makes clear, without any explana- 
tion, how, by preassigning a neighbourhood A == M'M” of M, to 
construct neighbourhood A; = M,M, of Mz such that when M, 
varies remaining inside A, the point M remains inside A. That 
such a construction is possible implies that the function M = 
= f(A, B, M,) is continuous. 

We shall not prove the continuity of the function M = f (M,, M,, 
M,) in all its arguments since for our purpose Theorem 10 in its 
general form is not required. On the other hand, the function of one 
argument, M’ =f (A, B, M), will be examined from another 
point of view. 

Suppose that a cyclic order is introduced on line wu such that the 
set of points of one of the segments with endpoints A, B is ordered 
in the direction from A to B and the set of points of the comple- 
mentary segment is ordered in the direction from B to A. Let AB 
denote the first of these segments. 
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If M lies inside the segment AB, then, by Theorem 9, M’ = 
= f(A, B, M) must lie on the segment complementary to AB. 
Let M, and M, be two arbitrary positions of M inside AB and 
let M,, M; be the corresponding positions of M’. We shall now show 
that as soon as M, precedes M, on AB, point M, follows M, on 
the complementary segment (Fig. 109). 

For the proof, construct the complete four-points CDP,Q, and 
CDP.Q. with common diagonal points A, B such that the opposite 
sides DP, and CQ, of the first quadrangle pass through M, and M, 
and the opposite sides DP, and CQ, of the second through M, and 
M;. From centre D project the set of points ABM,M, on line CB. 
This yields a set of points CBP,P,. This set is projected from centre A 
to line DB. The set of points CBP,P, is then mapped into DBQ,Q.. 
Finally, projecting the set of points DBQ,Q. from centre C to line u, 
we obtain the set of points ABM,M,. Thus a chain of projections 
maps the points ABM,M, into ABM,M,, respectively. 

If M, precedes M, in the order introduced on the segment AB, 
then, according to the definition of this order relation, the pair A, 
M, divides the pair M,, B. In view of the invariance of the division 
of two pairs under projections (see Axiom II.6), the pair B, M, must 
divide the pair A, M,. And this means that WM, follows M; if the 
set of points of the complementary segment to AB is ordered in the 
direction from B to A. 

The result obtained can be described clearly in the following way: 
When a variable point M moves along the segment AB in the direc- 
tion from A to B, its harmonic conjugate M’ moves in the opposite 
direction along the segment complementary to AB, that is, also 
from A to B. 

If a set of points M,, M., ..., M,, are located on the segment AB 
so that the point with the smaller index precedes each point with 
the larger index, then with the given set there are associated points 
M;, M;, ..., Mn, on the segment complementary to AB such 
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that every point with smaller index follows each point with larger 
index. 

A mapping of a directed segment into another (directed) segment 
under which the order of points of any ordered set is either always 
preserved or always goes into reverse order is called an ordering 
(direct or reverse, respectively) mapping. Employing this terminology 
and taking note of what has been described until now, we may for- 
mulate the following 

Theorem 11. The harmonic mapping M’ =f (A, B, M) of the 
segment AB into its complementary segment is a continuous and reverse 
ordering mapping. 

Remark. So far the points of the harmonic set were supposed to be 
distinct, and the definition of the fourth harmonic to the given three 
points concerned only this case. Therefore, for the case where the 
arguments M,, M,, M, in the function M =f (M,, M., M3) 
coincide, Theorem 10 must be, strictly speaking, proved separately. 
Without discussing this question for the function M = f (M,, M,, 
M,), we examine the function M' =f (A, B, M) with M=A 
and M = B. 

Let AB be one of the two segments determined on the projective 
line by the points A and B&B. Theorem 11 implies that if M moves 
closer, remaining inside AB, to A monotonically, then M’ moves 
closer, remaining inside the complement of AB, towards A for 
meeting M. Therefore, if we wish to define the function M’ = 
= f(A, B, M) with M =A so that it becomes continuous for 
this position of MM, we must take, apart from M = A, also M’ = A, 
that is, we must assume f(A, B, A) = A. Similarly, f(A, B, B) = 
= DB. 

In the mapping of the projective line into itself in which point 
M’ =f (A, B, M) corresponds to point M, and points A and B 
correspond to themselves. They are known as double (or fixed) points 
of the harmonic mapping. 


5.5. The axiom of continuity. Projective system 
of coordinates on a line 


§ 94. We have now reached a very important stage in the exposi- 
tion of projective geometry—the enunciation of the principle that 
determines a point of projective space by means of coordinates. 

In Euclidean geometry the coordinates of points are very easily 
determined with the aid of measurement. In projective geometry, 
where the axioms of congruence are absent, the construction of 
a system of coordinates requires some ingenuity. In the exposition 
of this question we follow F. Klein. 

Besides the two groups of projective axioms—axioms of incidence 
and betweenness—we shall also require Dedekind’s axiom of con- 
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tinuity, the only axiom of the third group. For its formulation we 
introduce necessary terminology. 

Suppose that the projective space has been cut along a plane which 
is taken as the plane at infinity. Then for the set of points on every 
finite line (that is, a line not lying in the plane atJinfinity) a “be- 
tweenness’ relation may be introduced (see § 90). Namely, if O. 
is the point at infinity of a finite line a and A, B, C are three other 
points on this line, then C is said to lie between A and B if the pair 
C, O. divides the pair A, B. As we know, the finite elements of 
space then satisfy all Hilbert’s axioms of the first two groups. On 
the basis of these axioms the set of finite points of the line may be 
ordered so that if C follows A and precedes B, it lies between A 
and B in the sense just described. Subject to this condition, the set 
of finite points on a line may be ordered in just two different ways 
and the two orders are the reverse of each other (see § 14). Each 
of these orders will be called a linear order on the deleted projective 
line.* 

Now we may formulate the axiom of continuity, the only one 
in the third group and the last of projective geometry. 


Group IIT. Dedekind’s axiom of continuity. 


(III) Let a be any deleted projective line from which the point O,, 
has been excluded. If the set of remaining points of this line is divided 
into two classes such that (i) every point belongs to only one class, 
(ti) each class contains points, and (iii) each point of the first classin 
one of the two linear orders on line a precedes every point of the second 
class, then either the first class contains a point which follows every 
point of this class or the second class contains a point preceding all the 
other points of this class. This axiom may briefly be stated as follows: 


In every Dedekind’s cut of an ordered set of points of a deleted pro- 
jective line only one of the two classes contains a closing element. 


§ 95. The next few pages deal with the introduction of a coordinate 
system on the projective line. 

Take three points, denoted by 0, 1 and oo, on a projective line a 
(Fig. 110). The point oo will be called the point at infinity and the 
remaining points of a will be called finite points. Assuming oo 
to be excluded from a, we introduce on this line a linear order in 
which point O precedes point 1. Next, by 2 we denote the point 
which together with 0 forms a pair harmonically conjugate to the 
pair 1, oo. By Theorem 9, the pair 0, 2 divides the pair 1, oo. There- 


* By the deleted projective line we shall mean a projective line from which 
the point at infinity hae been excluded. Similarly, the terms deleted projective 
plane and deleted projective space will be used to signify the projective plane 
and the projective space from which the line at infinity and the plane at infinity, 
respectively, have been excluded. 


Li* 


Figure 110 
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fore in the linear order introduced on a point 1 lies between 0 and 2; 
in other words, point 2 follows points 0 and 1. Next, we label by 3 
the point which forms with 1 a pair harmonically conjugate to the 
pair 2, 00; by 4 the point forming with 2 a pair harmonically conju- 
gate to the pair 3, oo, and soon. Thus we obtain an infinite set of 


points labelled by numbers 0, 1, 2, 3, 4, .... Obviously, the 
point p for any p > 1 in this set follows each of the points 0, 1, 
aD ee | 


Next, we label by —1 the point which forms with 1 a pair harmo- 
nically conjugate to the pair 0, oo; by —2 the point forming with 0 
a pair harmonically conjugate to the pair —1, oo; and so on. In 
this way, we obtain the points —m, —m + 1, —3, —2, —1, 
0, 41, 2, 3, 4, ..., , ..., which follow each other in the linear 
order defined on the deleted line a. These points will be called the 
integer points of the projective scale. 

In order to construct them in the most convenient way, we pro- 
ceed in the following manner. 

Draw two lines, one denoted by 1 and the other by wu, through 
point oo of the line a, and choose a point A on wu (Fig. 110). Draw 
also the lines AO and A1 joining point A with points 0 and 1. These 
lines intersect line 1 in two points, which we denote by (1, 0) and 
(1, 1). Next, by drawing a line through points 0 and (1, 1), we find 
a point B where this line meets uw. After this, drawing a line through 
points B and 1, we determine a point (1, 2) on line 1 and projecting 
this point from centre A to line a, we obtain the point which was 
earlier denoted by 2, since this is the point which forms with 0 
a pair harmonically conjugate to the pair 1, oo. To see this, i 
suffices to consider a complete four-point with vertices A, B, (4, 1), 
(1, 2); the points 1 and oo are diagonal points of this four-point and 
the points 0 and 2 lie on its two opposite sides, which implies the 
harmonic conjugateness of the pairs 0, 2 and 1, oo. Having found 
point 2, we project this point from B to line 1 to obtain the point 
(1, 3), and projecting this last point from centre A to line a, we 
get the point 3; having located point 3, we project this point from 
B to line 1 and obtain the point (1, 4), and then project this point 
from A to line a to get the point 4; and so on. 

The integer points with the negative sign can be obtained simi- 
larly. To illustrate, if we project point (1, 0) from B to line a, 
we obtain point —1, and projection of this point from A to line 1 
yields the point (1, —1) whose projection, in turn, from B to a 
results in the point —2, and so on. 

By construction, two lines one of which joins B with integer 
point n and the other joins A with integer point m + 1 meet on line 4 
for any n. 

Besides this result, one can also show that two lines one of which 
joins B with an integer point nm and the other joins A with integer 
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pointfn + 2 also intersect on a certain line for any n. This line 
has been denoted by number 2 in Fig. 110 and the points of inter- 
Sections, on this line, of the above lines have been denoted by . 

Similarly, two lines one of which joins B with n and the other 
joins A with n + 3 intersect on a certain line 3 for any n, resulting 
on this line in a system of points ..., (3, —3), (8, —2), (3, —1), 
(3, 0), (38, 1), (8, 2), ... 

Two lines one of which joins B with n and the other joins A with 
n-+ 4 intersect on a certain line 4 for any n, etc. 

The proof of these assertions will be given only for the system of 
points ..., (2, —3), (2, —2), (2, —1), (2, 0), (2, 1), ...; this 
proof can be extended to other systems without any difficulty. 

Thus we shall show that the points ..., (2, —3), (2, —2), 
(2, —1), (2, 0), (2, 1), (2, 2), ... lie on one line. 

To do this, note first that for any n the pair of points A, (1, 7) 
is harmonically conjugate to the pair of points (2, n), n. 

Indeed, by construction, these pairs are obtained by projecting 
from point B two mutually harmonic pairs of points oo, n — 1 
and n — 2, n of a; accordingly, by Theorem 6 of § 86, the given pairs 
are themselves harmonically conjugate. 

Let 2 denote the line emanating from oo towards (2, 0). As we 
see, two pairs of rays u, 1 and 2, a emanating from oo project two 
pairs of harmonically conjugate points A, (1, 0) and (2, 0), 0. 
Therefore the rays in question meet any line in two pairs of har- 
monically conjugate points (see §}86, Theorem 6). 

In particular, the line joining A and n intersects the rays u, 1 
and a at three points, A, (1, ) and 7, and the ray 2 at the point 
which is the fourth harmonic to the three points mentioned. But, 
as we know, such a point is (2, m). And because the fourth harmonic 
to three given points is determined uniquely, the point (2, m) must 
lie on line 2 for any n. 


Having established that the points ..., (2, —3), (2, —2), 
(2, —1), (2, 0), (2, 1), (2, 2), ... lie on one line, it can easily 
show that the points ..., (3, —3), (3, —2), (3, —1), (38, 9), 
(3, 1), (3, 2), ... also lie on one line. For this, it should first be 


noted that for any 7 the pair A, (2, n) is harmonically conjugate to 
the pair (3, n), (1, m). Then, using the fact that each of the two 


systems of points ..., (1, —2), (4, —1), (1, 9), (4, 1), (4, 2), 

and ..., (2, —2), (2, —1), (2, 9), (2, 1), (2, 2), ... lies on one 

line each, one may show in the above manner that the system of 

points ..., (3, —2), (3, —1), (8, 0), (3, 1), (8, 2), ... is also 

situated on one line. Similarly, it may be shown that the points 
, (4, —2), (4, —1), (4, 0), (4, 1), (4, 2), ... lie on one line, 


and so on. We are now in a position to prove the following auxiliary 
theorem which will be frequently used. 
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Theorem A, I/f x, y and z = (x + y)/2 are integers, then the integer 
point z forms with oo a pair which divides the pair of integer points x, y 
harmonically. 

The point which forms with ooa pair dividing two given points P 
and Q harmonically on line a will be referred to as the projective 
centre of the segment PQ (a projective centre, of course, depends 
on oo). Then the theorem mentioned just now may be formulated 
as follows: 


If x, y and z = (x + y)/2 are integers, then the integer point z is 
a projective centre of the segment determined by the integer points 
x and y. 


For the proof of this theorem, we assume that y > xz. The given 
condition implies that the number y — z is even. If y — x = 2, 
the conclusion of the theorem is evidently valid because with y — z = 
= 2 the point (x + y)/2 is the projective centre of the segment zy 
since this fact is the basis of the definition of the projective scale. 
The construction shown in Fig. 110 is based on this very fact; one 
may find from Fig. 110 that the lines joining A with y and B with z 
intersect line 1 at two points which together with A and B are ver- 
tices of a four-point with diagonal points (x + y)/2 and oo and the 
pair of opposite sides passing through the points x and y. And this 
means that (x + y)/2 is the projective centre for the segment zy. 
The theorem may be verified in the same way for y — x = 4, y — 
—z=6, etc. 

For instance, suppose y — x = 4. Consider the lines joining A 
with y and B with z and the points of intersection of these lines with 
line 2. These points of intersection together with A and B are ver- 
tices of a four-point with diagonal points (x + y)/2 and oo and the 
pair of opposite sides passing through z and y. And this means that 
the point (x + y)/2 is the projective centre for the segment zy. 
In Fig. 110, a four-point is represented in heavy lines whose ex- 
amination reveals that the point 1 = (3 + (—1))/2 is the projective 
es of the ay a with endpoints 3 and —1; in this case, y — x = 
= 3 — (—1) = 4. 

When y — x = 6, the theorem is verified in the same way, only 
now one has to use line 3, and when y — x = 8, line 4 is to be used, 
and so on. 

In Fig. 110, a heavy dashed line shows a four-point. Upon ex- 
amination one finds that the point 2 = (5 + (—1))/2 is the projective 
centre of the segment with endpoints 5 and —1, and in this case 
y—x=95— (—1) = 6. 

So far we have considered only integer points. Now we shall 
“condense” the projective scale by introducing new points labeled 
by fractions. 
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First we find the projective centre of the segment (0, 1) and call 
this centre > Then, starting with three points 0, =z» oo, We con- 


struct a projective scale in the same way as we did by starting with 
the points 0, 1, oo. We thus obtain a set of points fulfilling the 
role of integer points in the new scale; these points are labeled 


4 3 2 1 1 2 3 4 : 
eG eee ee ee ae ae ... It is easy to see 
that all the points of theform .. se aS .5.> , -.. In the 
new scale coincide respectively with the points ..., —2, —1, 0, 1, 


2, ... in the old scale. Indeed, the point = of the new scale coin- 
cides with the point 1 of the old scale, since the segments ( 0, =) 
and (0, 1) have a common projective centre, namely the point a 


the point 4 of the new scale coincides with point 2 of the old as the 
segments (0, >) and (0, 2) have a common projective centre. In 
fact, Theorem A implies that the segment (0, >| has for projective 
centre the point + of the new scale, and the same theorem shows 


that the projective centre of the segment (0, 2) is the point 1 of the 
old scale, but, as just noted, the points = and 1 coincide. Further, 


the point > of the new scale coincides with the point 3 of the old 
because the segments ($ >) and (4, 3) have a common vertex (we 
already know that the points ct and 1 coincide) and a common pro- 


jective centre which is point < of the new scale and simultaneously 


point 2 of the old scale. Continuing in this manner, we establish 


that the point of the form ~ and n coincide and similarly that the 


points — 2 and —n coincide. 
Now it is clear that all the points of the new scale, that is, of the 
scale determined by the points 0, + , co, may be obtained by adjoin- 


ing to the points of the old scale the projective centres of the seg- 


ments of the form (n, n + 1). 
Moreover, the following generalization of Theorem A may be 


formulated. 
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Theorem B. Given any two integers x and y, the number z = 
= (x + y)/2 always determines the projective centre of the segment xy. 
The condensation of the scale which was carried out above by 
adjoining to integer points the projective centres of the segments 
(n, m +1) may be continued beyond the first step. Considering 


the points of the form = (which includes all integer points in the 
form of fractions with common factors), we obtain the projective 


centre of each segment Gz a) and label it by the number 


nh /2 == ate . Thus we shall obtain points determined 
by numbers of the form 5 , which are already present in the scale; 
applying the same technique to the new points, we obtain points 


determined by the numbers of the form = and so on. 


(f+ 


Thus, whatever the binary fraction om , there is one completely 


determined point on the deleted projective line a which is labeled 


a in our construction. On the basis of the preceding result, we may 


assert that for any given m the points of the form sai (m=..., —2, 
—1, 0, 1, 2, ...) constitute the projective scale determined by 
the points 0, sa and coo. Thus we have the following generalization 


of Theorem B. 

Theorem C. Given any two binary fractions x and y, the number 
z = (x + y)/2 is always the projective centre of the segment xy. 

In fact, putting z = 3 and y = 55 we first reduce them to frac- 


tions with a common denominator and then represent them in the 


form z = = and y = al . Now x and y can be treated as integer points 
of the scale determined by the points 0, = and oo. Then Theorem CG. 
is evidently a direct corollary of Theorem B. 

§ 96. We shall now show that the points labeled by binary frac- 
tions (henceforth they will be referred to as rational-binary) every- 
where cover the projective line a densely. 

The proof will use the “method of contradiction”. Suppose that 
a segment PQ does not contain rational-binary points and suppose, 
for the sake of definiteness, that P precedes Q in the linear order 
introduced on the deleted projective line a. From the assumptions 
made, there arise three cases: 

(1) there are rational-binary points which precede P and rational- 
binary points which follow Q; 
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(2) there are rational-binary points preceding P but there are 
no rational-binary points following Q; 

(3) there are rational-binary points following Q but no points 
preceding P. 

Assuming that the segment PQ is free of rational-binary points, 
we have to show that all the three cases lead to contradictions. 

Consider the first case. 

We divide all the points of the deleted projective line a into two 
classes, assigning to the second class each rational-binary point 
which follows Q and every point of a which follows this point and 
to the first class all the remaining points. Evidently, such a classi- 
fication is a Dedekind’s cut. According to Axiom III, there is a 
point performing this cut, that is, a point which closes one of the 
classes; call this point Q). First, it is easy to see that Q, cannot 
precede Q. What is more, if Q and Q, are distinct, then between these 
points there is no rational-binary point, since otherwise Q, would 
belong to the second class but would not be its first point (would 
not close this class). At the same time, on a every neighbourhood 
of Q, contains rational-binary points. In fact, if there is a neigh- 
bourhood of Q, that does not contain rational-binary points, then 
all the points of this neighbourhood, including Q,, would belong 
to the first class and the point Q, would not be the last point of this 
class (would not close the class). Observe also that Q, cannot coin- 
cide with oo because, according to the hypothesis, there are rational- 
binary points which follow Q and _ necessarily separate Q, 
from oo, 

Now we divide all the points of the deleted projective line a 
into two classes assigning this time to the first class each rational- 
binary point preceding P as well as any other rational-binary point 
of a which precedes this rational-binary point, and assign to the 
second class all the remaining points of a. This again results in 
a Dedekind’s cut; call the point performing this cut P,. As in the 
above discussion, it can be established, first, that P, cannot fol- 
low P and that there are no rational-binary points between P, 
and P provided these points are distinct, secondly, that every neigh- 
bourhood of P, contains rational-binary points and, finally, that Py 
cannot coincide with oo. 

Thus the segment P,Q), like the segment PQ, does not contain 
rational-binary points but such points are contained in any neigh- 
bourhoods of P, and Qo. 

Let X, Y be any two points, distinct from oo, of line a and Z = 
= f(X, Y, o) be the point which together with co forms a pair 
Z, « that divides the pair X, Y harmonically. The point Z is sim- 
ply the projective centre of the segment XY. Suppose further that 
Ry =f (Po, Qo, ©) is the projective centre of the segment P,Q,. 
We know that the segment P,Q, contains the point Ry. By Theorem 
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10, the function f (X, Y, o) with X = P,, Y = Q, is continuous. 
Therefore there are neighbourhoods A, and A, of points P, and Q, 
such that, once X lies inside A, and Y inside A,, the point Z = 
= f(X, Y, oo) lies inside the segment P,Q). According to the 
preceding result, A, and A, contain rational-binary points. If z 
is the binary fraction corresponding to a certain X inside A, and y 
is the binary fraction corresponding to Y inside A,, then Z = 


= f(X, Y, o) is, according to Theorem C, the rational-binary 


point corresponding to the binary fraction >. Therefore the 


segment P,Q, necessarily contains a rational-binary point. But, 
by its construction, this segment is free of any rational-binary point. 
Thus, assuming that there is a segment PQ that does not contain 
rational-binary points, we arrive at a contradiction for the first 
of the three cases mentioned. 

We now turn to the second case. 

We have to show, essentially, that rational-binary points cannot 
all precede a given point P of the deleted projective line. Assuming 
the contrary, we divide all the points of the deleted line into two 
classes. To the first class we assign each rational-binary point as 
well as any other point which precedes a rational-binary point, 
and all the remaining points are assigned to the second class. Thus 
we obtain a Dedekind’s cut; by Axiom III, there is a point P, per- 
forming this cut. As in the preceding case, it can first be shown that 
if P, and P are distinct, then there are no rational-binary points 
between them; in other words, there are no rational-binary points 
on the entire line from P, to oo, and, secondly, that every neigh- 
bourhood of P, contains rational-binary points. 

This immediately leads to a contradiction. 

Indeed, let X be any point of the deleted line and Y a point which 
is determined by X so that the pair O, Y divides the pair X, 
harmonically. Employing the notation introduced above, we write 
Y =f (X, o, 0). Set R, =f (P,, ~, 0); this point lies inside 
the segment (Py, oo) because 0 precedes Py. By Theorem 10, the 
function Y =f (X, o, Q) is continuous for X = P,. Therefore 
there is a neighbourhood A of P, such that if X lies inside A, the 
point Y will lie inside the segment (Py, co). The neighbourhood A 
contains, like any other neighbourhood of Po, rational-binary points. 
Let x be the binary fraction corresponding to a point X inside A 
and let y = 2x be the binary fraction corresponding to the point Y. 
According to Theorem C, point X is the projective centre of the seg- 
ment (0, Y) and therefore Y is related to X by Y =f (X, ~w, QO). 
But since X lies inside A, point Y lies inside the segment (P5, ©). 
Thus this segment contains a rational-binary point, contrary to its 
construction. Therefore the second of the three possible cases men- 
tioned above must be rejected. 
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There is no need for treating the third case separately because 
in essence this case is not different from the preceding case. This 
completes the proof of our assertion. 

§ 97. We see that rational-binary points everywhere cover the 
projective line densely. But they do not exhaust all the points of 
the projective line. There are infinitely many other points, with 
which we shall associate, according to some rule, real numbers 
other than binary fractions. 

Let M be any point of the deleted projective line. Let {P} and 
{Q} be the sets of rational-binary points preceding and following M, 
respectively; if M itself is a rational-binary point, then it will be 
included, for example, in {P}. Further, let {p} and {gq} denote the 
sets of binary fractions corresponding, respectively, to the points 
of {P} and {Q}. From the preceding results it follows that (a) if p 
and qg are any fractions of {p} and {gq}, respectively, then p < q; 
and (b) the sets {p} and {q} together constitute the entire set of 
rational-binary fractions. \ 

Therefore there is a unique number z which is greater than every 
member of {p}* and smaller than every member of {gq}. This is the 
number which we associate with M. 

Thus every point of the deleted projective line has corresponding 
to it a completely defined number which will be referred to as the 
projective coordinate of the point in question. 

The correspondence associating a definite coordinate with every 
point (except oo) has the following properties. 

(1) To distinct points there correspond distinct coordinates; more- 
over, if a point M, with coordinate x, precedes another point M, 
with coordinate z,, then 2, < 2p. 

Indeed, since the set of rational-binary points on the projective 
line is everywhere dense, there must exist a rational-binary point P 
with coordinate p between M, and M, such that 7, < p< 2g. 

(2) Given a real number z, there is a point with coordinate z. 

Indeed, if z is a binary fraction, then, as known from an earlier 
result, there is a rational-binary point which has for its coordinate 
this number z. But if z is any other real number, then, to prove the 
assertion, we divide all the binary fractions into two sets, {p} and 
{q}. To set {p} we assign each binary fraction p if p< z,and to 
set {q} we assign each binary fraction q if z < q. Simultaneously, 
we may treat the set of rational-binary points as divided into two 
sets, {P} and {Q}, which are composed of the points with coordi- 
nates, respectively, from {p} and {q}. Next, we perform a Dedekind’s 
cut over the set of all points of the deleted projective line by assign- 
ing to the first class of the cut every point of {P} and every other 


* Or z is the largest of these numbers if M is a rational-binary point. 
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point of the line if this precedes a point of {P}; to the second class 
we assign all the remaining points. 

By Axiom III, there is a point M performing this cut. Evidently, 
M follows every point of {P} and precedes every point of {Q}. There- 
fore the coordinate of M must be greater than every fraction of {p} 
and less than every fraction of {q}, but such a number is only the 
given number zx. Hence the coordinate of M is z. 

(3) The correspondence between the points of the deleted pro- 
jective line and their coordinates is continuous, that is, if the sequence 
of points M,, has the limit point M, then the coordinate x of M 
will be the limit of the sequence of coordinates z, of points M,, 
and vice versa. In short, z, — x follows from M, — M, and M, — 
— M follows from z, — zx. This property is the consequence of the 
fact that (i) the correspondence betweer the points of the deleted 
number axis and their coordinates is one-to-one, (ii) every real 
number is the coordinate of some point, and (iii) the order of points 
is the same as the order of their coordinates. In view of these facts, 
if x is the coordinate of M, then to every neighbourhood of M on the 
deleted projective line there corresponds a neighbourhood of coor- 
dinate x on the number axis, and, conversely, to every neighbourhood 
of coordinate z on the number axis there corresponds a neighbourhood 
of M on the deleted projective line. Thus, if M,, falls inside a neigh- 
bourhood of M, then z,, falls inside the corresponding neighbourhood 
of x; conversely, if z, falls inside a neighbourhood of z, then M,, 
falls inside the corresponding neighbourhood of M. This means 
that if MW, — M, then xz, > z, and if z, > z, then M, > M. 

(4) If M, and M, are any two points with coordinates x, and z,, 
then the projective centre of the segment /,M, has the coordinate 
ty+2 


To prove this statement, we take two sequences of binary frac- 
tions pj” and p%” converging, respectively, to z, and z,, so that 
lim,+o pi” = x,and lim,.. p#’ = x,. Denote by P{” and Py” 
the rational-binary points with coordinates p{” and p%’, by c™ 
the coordinate of the projective centre of the segment P{’PS” and 
by c the coordinate of the projective centre of the segment M,M,. 
Theorem 10 implies that c = lim,..c™. On the other hand, by 
Theorem C (which asserts the same fact regarding rational-binary 
points what we are going to establish now for arbitrary points), 
om — a sue __ +22 


. Hence c = lim a 


nN CO 


we have as 


required. 

The first three properties of the projective coordinate system, just 
proved, may be combined thus: the projective coordinates are con- 
structed by means of a one-to-one and continuous correspondence 
between the set of all points of the deleted projective line and the 
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set of all real numbers; moreover, this correspondence is such that 
the points of the line and their corresponding numbers (the coor- 
dinates) are in the same order. It should be noted that these prop- 
erties are possessed, besides the aforementioned (projective) system 
of coordinates, by many other coordinate systems. 

In contrast, the fourth property is characteristic of this system 
and was taken as the basis of its definition right from the beginning. 
In other words, among all the possible coordinate systems on a de- 
leted projective line the projective system is distinguished by the fact 
that in this system the coordinate of the projective centre is always 
the arithmetic mean of the coordinates of the endpoints. 

In concluding this section, we emphasize that the projective sys- 
tem is defined by means of three points: 0, 1, o. By changing 
these points, we can obtain various other projective systems of 
coordinates on the same line. 


5.6. Projective coordinate systems on a plane 
and in space 


§ 98. Let a line be given in any projective plane. Denoting this 
line by oo, we shall call it the line at infinity and assume the pro- 
jective plane to be cut along this line. 

We shall now present a technique for associating in a one-to-one 
manner a pair of real numbers with points of the deleted projective 
plane. These numbers will be called projective coordinates of the 
corresponding points. 

The projective coordinate system is determined by prescribing 
the following geometrical elements: a point 0, called the origin 
of the coordinate system, two lines through 0, one of which is called 
the z-axis and the other the y-axis and, finally, a point E{not lying 
on these axes. 

Let oo, and oo, be the points at infinity of the z- and y-axes, that 
is, their points of intersection with line oo (Fig. 111). Project point EF 
from oo, to the z-axis and from oo, to the y-axis. Each of the pro- 
jections thus obtained is labeled by number /. Then, as in the pre- 
ceding section, on the x-axis we introduce a linear system of pro- 
jective coordinates determined by three points 0, 7, oo,; similarly, 
a coordinate system determined by points 0, 1, oo, is introduced 
on the y-axis. 

Consider an arbitrary point M of the deleted projective plane. 
Let M,, denote the projection of M from oo, to the z-axis and M, 
the projection of M from oo, to the y-axis. The point //,. has a cer- 
tain coordinate z in the linear coordinate system introduced on the 
x-axis; similarly, M, has a coordinate y on the y-axis. The numbers z 
and y will be called the projective coordinates of point M on the 
plane. 
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Figure 111 


Obviously, every point on the z-axis has coordinates of the form 
(x, O); every point on the y-axis has coordinates of the form (0, y); 
the coordinates of 0 are (0, 0). Both the coordinates of E are J; 
on this account this point is sometimes referred to as the “unit point”. 

We shall now prove a basic property of projective coordinates for- 
mulated in the following theorem. 

Theorem 12. In projective coordinates, every line is represented by 
a first degree algebraic equation. 

Proof. Let a line u be given. On this line take two arbitrary points 
M, and M, and denote by M,, the point at infinity of u (that is, 
the point of intersection of lines uw and oo). Taking three points 
M,, M, and M.., we shall define a projective scale on line wu (this 
will be done in exactly the same way as was done in the preceding 
section by taking three points 0, J, oo) with integer points... 
..., M_,, M_,, M,, M,, M., M3, ... . Consider three neigh- 
bouring points M,, Mz+:,, Mz+, and the point M. (Fig. 112). 
Due to the basic property of the projective scale, the point M4, 
must be the projective centre of the segment M,M,4., that is, the 
pair M,4,, M. must divide the pair M,, M,.4, harmonically. 
Projecting the four points in question from oo, onto the z-axis, we 
obtain the points M;,, M,1,, My+., o,. Since the property of har- 
monic conjugateness is invariant under a projection, the pair M;41, 
oo, divides the pair M;, M,., harmonically. In other words, the 
point M;4, is the projective centre of the segment M;,M;,4.2. There- 
fore the coordinates of points M,, Mz,4,, M,4, are connected by the 
relation 


—= Tn+4 


Tk trhs (+) 
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Figure 112 


Similarly, 


= Yrt+i (+*) 


Yr+Yhkee 
2 


Now let M be any point of the plane having coordinates x, y and 
let L (M) = Ax + By be a linear function of this point. Choose 
numbers A, B, C so that 


L(M,) + C = Az + By, +C =0 
L(M,) + C = Az, + By, + C =0 
The relations (*) and (««*) yield 
L (My) + L (Mase) — 20 (My44) = 9 


Hence, if L (M,) + C = OandL (M41) -- C= 0, then L (Mise) + 
+C =0. This together with («*«) yields 


L (M,) +C = Az, + By, +C =0 


(*#x) 


for any integer point /,. Thus the coordinates of all integer points 
of line u satisfy an equation of the first degree 


Azx+By+C=0 


It is not difficult to show that this equation is satisfied not only 
by the coordinates of integer points but also by the coordinates of 
all rational-binary points. In fact, the rational-binary points were 
introduced by successively “condensing” the projective scale; the 
set of all integer points together with projective centres of the seg- 
ments determined by these points will be called a “first condensation” 
of the scale, and the set of all points of a “first condensation” together 
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with the projective centres of segments determined by these points 
as a “second condensation” of the scale, and so on. 

If the point M),+,/. is the projection centre of the segment M/,M,, 41, 
its coordinates satisfy the relations 


Lp+ Cr+ 
2 


Th+1/2= 


—_ Yrt+Yri1 
’ Yr+1/2 = peer Theale 


which yields 
L (My) +L (Muss) —2L (Mastj2) =0 


Therefore, if LD (M,) +C =0 and L(M,4,) + C =0, then we 
must have ZL (Mz41;2) + C = 0. Thus the equation Ax + By + 
+ C = 0 is satisfied by the coordinates of all points of the first 
condensation. Similar arguments show that the same equation is 
satisfied by the coordinates of points of’ the second condensation, 
and so on. Since the function Az + By + C = 0 is continuous 
and is zero at points of the set which is everywhere dense on u, 
this function vanishes generally at all points of line uw. In other 
words, the coordinates of every point of wu satisfy the equation 
Ax + By + C = 0; at the same time, it is clear that the coordi- 
nates of points on uw exhaust all the pairs (z, y) of solutions of this 
equation. Accordingly, this equation is the equation representing 
line u, which, as we find, is an algebraic equation of the first degree. m 
Besides the equation 


Axz+By+C=0 


which will be referred to as the general equation of a line, we shall 
also use the following special forms of this equation: 
(1) The equation solved for one of the coordinates (say, y) 


y=kre+l 


In this form the equation is identical to the slope-intercept form, 
which is frequently used in analytic geometry on the Euclidean 
plane. But, of course, now k& cannot be called the slope of the line 
since all the metric concepts, including the magnitude of an angle, 
are absent in projective geometry. 

(2) The equation involving the coordinates x, yo of one of the 
points on the line (point-slope form): 


Y — Yo = & (& — Zp) 
(3) The equation 
| 
aaa tan 
In appearance, this equation is identical to the intercept form, which 


is well known in elementary analytic geometry. But we must not 
interpret a, b as the lengths of the segments intercepted by the line 


18—0779 
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Figure 113 


on the axes but rather as the projective coordinates of the points of 
intersection of the line with the axes. 

§ 99. Now the projective coordinates in space will be dealt with. 

Let a plane be given in the projective space. Denoting this plane 
by oo, we shall call it the plane at infinity and assume that the space 
has been cut along this plane. 

In the deleted projective space, we introduce a coordinate system 
by prescribing a point 0, to be called the origin, three lines through 0, 
to be called, respectively, the z-, y- and z-axis, and a point £ not 
lying in any of the three planes determined by the axes taken two 
at a time (Fig. 113). 

Let 00,, 00,, oo, be the points at infinity of the axes, that is, the 
points of intersection of these axes with the plane oo. Denote by 
Ex, Ey, &, the planes determined, respectively, by the points £, 
00,, 00,; E, o0,, 00,; and EF, oo0,, oo,. The planes e¢,, ey, &, inter- 
sect the z-, y- and z-axis at some points F,, E,, E,, respectively; 
we label each of these points by 7. 

Then we introduce a linear system of projective coordinates deter- 
mined by three points 0, J, oo, on the x-axis, and, similarly, intro- 
duce coordinate systems on the y- and z-axis, respectively, by means. 
of the points 0, 7, oo, and 0, J, ©,. 

Consider an arbitrary point M of the deleted projective space. 
Let M,, M,, M, denote, respectively, points of intersection of the 
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plane Moo,oc, and the z-axis, the plane Moo,oo, and the y-axis, 
and the plane M oo, co, and tbe z-axis. Then in the linear coordinate 
system on the z-axis the point M, has a certain coordinate z, and,. 
similarly, M, on the y-axis and M, on tbe z-axis have, respectively, 
the coordinates y and z. 

The numbers z, y, z will be called the projective coordinates of 
point M in the space. We shall now establish a fundamental property 
of projective coordinates in the form of the following 

Theorem 13. Jn projective coordinates, every plane is represented 
by a first degree algebraic equation. 

Proof. In order to simplify the proof of this theorem, we shall 
examine only those planes which do not pass through the origin 
or the points 00,, 00,, O0,. 

Consider a plane a@ which meets the, coordinate axes at points 
A, B,-C, respectively. If the points A, B, C have coordinates 
a, b, c, respectively, then, by the condition imposed, we have 
a0, b=0, c+ 0. We shall show that a is represented by the 
equation 


z y z | 
eR a (x) 


Take any point M in a and let its coordinates be z, y, z. Denote 
by p the plane determined by the points M, oo,, 0,, by R the 
point of intersection of p and the z-axis, by P and Q the points where 
the line of intersection of the planes a and p meets the planes Ory 
and Oxz (Fig. 114). Obviously, the line PQ contains point MM. 


Figure 114 
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In the projective coordinate system on the plane Roo,0o, the 
line PQ is represented by an equation of the form 


S+a=1 


This equation must be satisfied by the coordinates y = y, Z=2Z 
because M lies on PQ; accordingly. 


byt (+x) 


We now determine the parameters p and q. The equation of the 
line AB in projective coordinates on the plane Oxy is 


x y 
reat as 


But on the plane Oxy the projective coordinates of P are the num- 
bers z, p (in the space, the coordinates of P are x, p, O). Therefore 


Zo, ip 
aga 
which yields 
zx 
Similarly, the equation 
oF 2 
ao 


representing the line AC on the plane Ozz, gives, with zr = xz, z = q, 


-<(1-4) 

For these values of p and q equation (**) yields 
oe: ey eee ce 
b(1—z/a) c(1—z/a) 

or 


x y Be 
te ee 


Thus the coordinates of any point of plane a@ satisfy equation 
(«).* m 

The derivation of the special forms of the equation of the plane 
when it contains the origin or the points at infinity of the axes is 


* We should have also shown that the coordinates of a point not on @ do 
not satisfy equation (*), but this result immediately follows from the fact that 
equation (*) can be solved uniquely for each of the coordinates. 
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left to the reader. All these cases are included in the general form 
Ax+ By +Cz+D=0 


Since a plane is determined by a first degree equation, a line in 
space can be determined by a pair of equations 


ie ar 
A,~+ Buy + C.z+ D, = 0 


By means of some algebra these equations may be reduced to the 
“canonical” form 


t—I%I_ Y-Yo_ 2—29 


m n _P 


? 


where 29, Yo, 2) are the coordinates of some point on the line. 

§ 100. Hitherto we have examined a coordinate system on the 
deleted projective line, on the deleted projective plane and in the 
deleted projective space. In other words, when considering the 
projective line, we associated coordinates with every point of this 
line, but one point (denoted by oo) was assigned no coordinate. In 
the projective plane and projective space with every point a pair 
and a triple of coordinates were respectively associated, but the 
points of a certain line and, in the case of space, points of a certain 
plane (both denoted by oo) were not assigned any coordinates. 

In order to arithmetize the entire projective line, projective plane 
and projective space, one has to employ the homogeneous coordinates. 
First, we shall discuss homogeneous coordinates on a projective line. 

Let a projective line a be given. Take any three points on this 
line, labeling two of them by the numbers 0 and 1 and the third 
by the symbol oo. Then on line a introduce a projective coordinate 
system by means of the points 0, 1, o. In this system every point 
of the line, except oo, has a certain coordinate. Let M be any point 
of a having coordinate zx; two numbers zx, and z,, which are not 
both zero, will be called homogeneous coordinates of M if the ratio 
XL, + XL, equals xz. To point oo we assign homogeneous coordinates 2, 
and xz, with xz, = 0. The system of homogeneous coordinates thus 
constructed has the following properties: 

(1) every point of the projective line has homogeneous coordinates; 

(2) if x, and z, are homogeneous coordinates of M, then pz, and 
ox,, where op is any number =40, are also homogeneous coordinates 
of M; 

(3) to distinct points there always correspond unequal ratios of 
their homogeneous coordinates; 

(4) if xz, > z{ and z,—> x}, then the variable point M with homo- 
geneous coordinates z,, z, tends to the point M°® with homogeneous 


coordinates z}, x}. 
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In working with homogeneous coordinates it is especially impor- 
‘tant to appreciate the meaning of the second property. Namely, 
every point of the projective line has infinitely many pairs of homo- 
geneous coordinates, which are, consequently, not determined by 
the corresponding point; only the ratios of the coordinates are deter- 
mined. By a proper choice of p one of the coordinates pz,, px, may 
be made equal to any given number (for example, equal to unity). 
For instance, homogeneous coordinates of points 0 and oo, which 
will now be denoted by A, and Ag, are the pairs of numbers (0, 1) 
and (1. 0). For homogeneous coordinates of point 1, henceforth 
denoted by FE, one may take the pair (1, 1). Obviously, the homo- 
geneous coordinates on the projective line are determined by the 
points A, (0, 1), A,(1, 0) and £ (4, 1). 

§ 101. In order to arithmetize the entire projective plane, we first 
introduce a system of nonhomogeneous projective coordinates on 
the plane by prescribing an origin O, axes Ox and Oy, a unit point EF 
not on the axes and the line at infinity oo (the points at infinity of 
the axes are denoted by oo, and oo,). Then projective coordinates 
are assigned to every point, except those on oo, of the plane. 

Now we introduce homogeneous coordinates on the projective 
plane; first this will be done for points which do not lie on line oo. 
The homogeneous coordinates of a point M not lying on line oo 
are three numbers z,, 25, 23, which are not all zero, such that 
2“, + @, = x and zr, ~ x3; = y, where zx and y are projective (non- 
homogeneous) coordinates of M. When ™ lies on line o, it has no 
nonhomogeneous coordinates and the definition of homogeneous 
coordinates just given is inapplicable for such a point. The homo- 
geneous coordinates of a point M. lying on line oo are three num- 
‘ers x1, 2, X3 subject to the following conditions: 


(i) zr; = 0; 
(ii) at least one of the numbers z,, x, is not zero; 
(iii) the ratio x, ~ x, equals the ratio B + —A, where A and 


B are the coefficients in the equation 
Az+By+C=0 
of any line passing through Mq, that is, z, and z, must satisfy 
Az, + Br, = 0 
Let us show the validity of the third condition, that is, that the 


ratio B — —A does not depend on the choice of the line passing 
through M,,. Let 


ee (x) 
A,o«x« + By + C, = 0 


be the equations of two lines passing through M.. Since these two 
dines meet only at M@.. and this point, being on line oo, has no num- 
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bers as its nonhomogeneous coordinates, the two equations (*) 
must be inconsistent. Therefore, necessarily 


A, By, 
=0 
A, By, 
whence B, + —A, = B, + —A,, showing that the third condition 


is indeed valid. 

From the definition of homogeneous coordinates it follows that 
whatever the point M lying on the line Ax + By + C = 0, its 
homogeneous coordinates satisfy the relation Az, + Bz, + Cz, = 0. 
This relation will be referred to as the equation of a line in homogeneous 
coordinates; replacing the coefficients A, B, C by wy, u., us, the 
equation can be written in the form 


UL, + Ust, + Ugrg = O 


(this equation does not contain any free term, a feature character- 
istic of homogeneous coordinates). 

The basic properties of homogeneous coordinates on the projective 
plane are analogous to those of homogeneous coordinates on the 
projective line. Namely, 

(1) Every point of the projective plane has homogeneous coor- 
dinates. 

(2) If x, X, x3 are homogeneous coordinates of a point M, then 
021, 0L_, PX3 (Pp is any number =40) are also homogeneous coordi- 
nates of M. 

(3) To distinct points there always correspond unequal ratios 
X, - 2, + 2, of their homogeneous coordinates. 

(4) If xy > x], Lo > 2, T3 > x5, then the variable point M with 
coordinates 2,, x,, rz; tends to the point M® with coordinates 
Ye Im, 

“Tt is important to emphasize that for no point are all the three 
homogeneous coordinates simultaneously zero. Any one of the three 
nonzero coordinates 02,, PX_, PX3 May be made equal to unity by 
a proper choice of p. For example, for homogeneous coordinates of 
point O one may take the three numbers 0, QO, 1; of point oo, the 
numbers 1, 0, 0; of point oo, the numbers 0, 1, 0; and of point E 
the numbers 1, 1, 1. Henceforth instead of 00,, 00, and O we shall 
write A,, A,, A; and call them the vertices of the coordinate trihedron. 
Evidently, the coordinate trihedron A, (1, 0, 0), A, (0, 1, 0), 
A; (O, 0, 1) and the unit point E& (1, 1, 1) determine a system of 
homogeneous coordinates on the projective plane. The choice of 
these four points is subject to the sole condition that no three of 
them are collinear. 

The line A,A, (earlier denoted by oo) of the projective plane con- 
tains points whose third coordinate is zero. The equation z; = 0 
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is nothing but the equation of the line A,A,. Similarly, the equa- 
tions of line A,A, and A,A; are xz, = 0 and x, =O, respectively. 
§ 102. The introduction of homogeneous coordinates in the projec- 
tive space is accomplished along the same lines. First, a system of 
nonhomogeneous projective coordinates is defined with the aid of 
axes Ox, Oy, Oz and plane o, In this system, all points of the space 
except those of plane o have coordinates assigned to them. Then 
homogeneous coordinates may be defined. If a point MM does not 
lie in plane oo, then its homogeneous coordinates are any four num- 
bers 21, 2, 3, X,, not all simultaneously zero, such that z, + 7, = 
= 2, 2%, +> % = Y, X3 + X, = 2, where x, y, z are nonhomogeneous 
coordinates of M. 
If a point M,. lies in plane oo, then its homogeneous coordinates 
X1, Ly, X3, X, are determined by the following conditions: 
(i) x, = 0, 
(ii) at least one of the numbers z,, 2X2, 73 iS not zero; 
(iii) the ratio* zx, + z,—+ 2, equals the ratio m +n — p, 
where m, n, p are parameters in the equations 


fe 20! 0 BO 
of any line passing through M q. 

Let us show the validity of the third condition, that is, we shall 
show that the ratio m — n ~ p does not depend on the line pas- 
sing through Mq. 

Let 


I~  Y—Yo _ 4—%0 (x) 


and 


id o a ? 7 , 
L—%__ Y —Yo_ 4% —%Zo ‘ 
7 car , —_ t (« ) 


m n P 


be the equations of two lines passing through point 17. of plane oo. 
Since both lines pass through one point, there must exist a plane 


Ax+ By +Cz+D=0 (a) 


containing both lines. This fact imposes some condition of an ana- 
lytic nature on the parameters of equations (*) and (**). In 
order to obtain this condition, denote each of the equal ratios (+) 
by ¢ and each of the equal ratios (#«) by ¢’. Then equations (+) 
and (««) may be written in the form of the following two systems 
of parametric equations 


L== Xy+ mt le ts 
Y=Yotnt and y=ytnrt’ (B) 
Z=2)+ pt ZZ, pt 


* See the footnote at the beginning of § 71. 
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If the first line lies in plane (@), the coordinates of every point on 
this line must satisfy the equation of this plane. Therefore the 
relation 


Ax+ By t+Cz+D = (Am-+ Bn-+Cp)t+ 
+ (Az, + By, + Cz, + D) = 0 
must hold for any ¢. Accordingly, 
Am + Bn+ Cp = 0, Azo, + By, +Cz,+D=0 
Similarly, since the second line also lies in plane (a), 
Am’ -+ Bn'+ Cp’ =0, Az, + By, +Cz,+ D=0 

Thus we obtain a system of equations ‘% 

A (to— 23) +B (Yo—Y,) + € (20.—%) = 0 

Am + Bn +Cp = 0 (y) 

Am! + Bn' +Cp’ = 0 


which can be treated as a system of homogeneous equations in the 
unknowns A, B, C. This system has nontrivial solutions because 
all the coefficients A, B, C in (a) cannot simultaneously be zero. 
Therefore system (y) has a nontrivial solution and hence 


Lo— Xp Yo— Yo Zy — 2, 
m’ nn’ p 


This is the sought for condition for two lines to lie in one plane. 

Now it can be easily demonstrated that if the two lines in question 
have a common point in plane oo, then m, n, p and m’, n’, p’ 
are proportional. Indeed, since the common point of the two lines 
in question lies in plane oo, it has no nonhomogeneous coordinates. 
Therefore for no values of ¢ and t’ can (B) be reduced to the equations 
xr=z',y=y’',z=z'. If we assume that such a reduction is pos- 
sible, we obtain a system of equations 


mt —m't’ + (xp — 24) = 0 
nt —n't! +(yo—y,) =0 (e) 
pt— pt’ + (%—2z,)=90 


in the numbers ¢, —?’, 1. Since the determinant (5) of this system 
vanishes, one of the equations is a linear combination of the other 


; mm’ 
two. If, moreover, at least one of the three determinants i n! 
n n 
Pp p’ 


? 


i a | does not vanish, then (e) possesses a solution, which, 
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-as noted above, is impossible. Thus 


m m’ = n ‘3 0 i P|=0 
non Pp p mm 
implying 
m-n-p=m' —n' +p’ 


as required. 

Thus, all points in the space, without any exception have been 
assigned homogeneous coordinates. The basic properties of these 
-coordinates are in complete analogy to the aforementioned properties 
of homogeneous coordinates on a line and on a plane. 

The most striking feature of the homogeneous coordinates just 
introduced is that whatever the point M lying in the plane repre- 
sented by the equation 


Azx+By+Cz+D=0 (4) 


in nonhomogeneous coordinates, the homogeneous coordinates 
XL, Lo, Lz, x, Of M always satisfy the relation 


Az, + Br, + Cx, + Dx, = 0 (2) 


In fact, if M does not lie in plane o, then x = 2,/x%,, y = 2X4/Xu, 
Z = x,/x, (x, 0) and (2) immediately follows from (1). If M lies 
in plane oo, then x, = 0 and xz, + rt, + 3 = mM + n + p, where 
-m, mn, p are parameters of equations of any line passing through 
point M. But, as seen earlier, A, B, C and m, n, p are connected 
by the relation 


Am + Bn+ Cp =0 


which yields 
Az, + Br, + Cxz3 = 0 


if one notes that 7, + x, + x43 = m—+n-—~ p. And this relation 
coincides with (2) if 2, = 0. 

The relation (2) connecting the homogeneous coordinates of points 
of the plane will be called the equation of this plane in homogeneous 
-coordinates. Changing the notation of the coefficients in the equation 
of the plane, we see that this equation can be written in the form 


UL, + Ul, + Ugts + UX, = O 


By the definition of homogeneous coordinates z,, r,, X3, 2 
of any point M, at least one of these numbers is not zero. Multi- 
plying the four coordinates by a suitable number, we see that the 
nonzero coordinate among them may be made equal to unity. For 
example, for homogeneous coordinates of point O one may take the 
four numbers 0, 0, 0, 1; of point oo, the numbers 1, 0, 0, 0; of 
point co, the numbers 0, 1, 0, 0; of point co, the numbers 0, 0, 1, 0; 
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and of point # the numbers 1, 1, 1, 1. In place of 00,, 00,, 00, and O 
we shall henceforth write A,, A,, A3, A, and call these points 
the vertices of the coordinate tetrahedron. Obviously, the system of 
homogeneous coordinates in projective space is determined by the 
choice of the coordinate tetrahedron A, (1, 0, 0, 0), A, (O, 1, 0, 9), 
A; (0, 0, 1, 0), A, (0, 0, 0, 1) and the unit point & (1, 1, 1, 1). 
These five points must be chosen subject to the sole condition that 
no four of them be coplanar. 

The question as to how the homogeneous coordinates are affected 
by a change in the position of points determining the given system 
will be discussed in § 114, where formulas for transformation of 
homogeneous coordinates will be derived. 


', 
3.7. Projective correspondence between element 
of one-dimensional manifolds 


§ 103. Fundamental for projective geometry is the notion of a 
projectivity. Suppose that between the points of two projective 
lines a and a’ a one-to-one correspondence is established. If M is 
any point of a and M’ is the corresponding point of a’, then M’ 
will be called a function of M and the usual symbol of functional 
dependence will be used: M’ = f (M). It is clear that M may be 
treated as a function of M’, that is M = @ (M’); the functions f (/) 
and g(M’') may be appropriately called inverses of each other. 

A one-to-one correspondence M’ = f (M) between points of two 
projective lines a and a’ is called projective if to harmonically con- 
jugate pairs of points M, N and P, Q of line a there always corres- 
pond harmonically conjugate pairs of points M’, N’ and P’, Q’ 
of line a’. 

Prescribing the points M' = f (M) of line a’ which projectively 
‘correspond to points M of line a is referred to as the projectivity of 
line a into line a’. When a and a’ coincide, we say that a projectivity 
of the line into itself is given. 

An important particular case of projectivity of one line into 
another is provided by the central projection. Let a and a’ be two 
lines lying in one plane @ and S a point of @ not on either of these 
lines. For the image of any point M of a take the point M’ == f (M) 
of a’ which lies together with M on one line emanating from S. 
Such a mapping M’ =f (M) is a projectivity. In fact, according 
to Theorem 6 of § 86, if M@,, M, and Ms, M, are arbitrary points 
of a forming harmonically conjugate pairs, then the pairs of cor- 
responding points M;, M, and M,, M, of linea’ are also harmonically 
‘conjugate. And this is the characteristic property of a projectivity. 

Thus a projectivity can be treated as a generalization of the 
central projection. Now we shall prove the following two simple 
theorems. 


284 Projective Geometry 


Theorem 14a. If the mapping M' = f (M) of line a into line a’ 
is a projectivity, its inverse M = @ (M’) is also a projectivity. 

The proof is extremely simple. Indeed, suppose that the mapping 
M = g (M’) is not a projectivity. Then on a’ there are two pairs. 
of harmonically conjugate points A’, B’ and C’, D’ to which there. 
correspond on a two pairs of points A = g (A’), B = @ (B’) and 
C=: q@(C’), D=q(D’) that are not harmonically conjugate. 
Denote by D* the point of a which together with C forms a pair 
C, D* that is harmonically conjugate to the pair A, B. Obviously, 
D and D* are distinct. 

Let D*’ = f (D*). Since the mapping M’ = f (M) is one-to-one, 
it follows that D’ and D*’ are also distinct. Because M’ = f (M). 
is a projectivity, the pairs A’, B’ and C’, D*’ are harmonically con- 
jugate. Thus to three points A’, B’, C’ one obtains distinct fourth 
harmonic points D’ and D*’, which is impossible. This contradic- 
tion proves the theorem. 

Theorem 14b. Jf M’ = f, (M) is a projectivity of a line a into a line 
a’ and M" = f, (M’) is a projectivity of line a’ into another line a" 
(the three lines may coincide, in particular), then the mapping M" = 
= fof, (M) of a into a” is also a projectivity. 

In other words, the mapping obtained by the successive applica- 
tion of two projectivities is also a projectivity. 

The stated assertion is almost obvious. In fact, since both the 
mapping f, and f, preserve the harmonic conjugateness of pairs of 
points, the mapping obtained by their successive application also 
preserves the harmonic conjugateness of pairs of points and is hence 
a projectivity. 

The properties possessed by the set of projectivities obtained in 
Theorem 414b is called the growp property (the reader should consult. 
§ 19 again, where the group property was mentioned in connection. 
with the set of motions). 

In elementary geometry a system of points M,, M., ..., M, 
lying on a line a is said to be equivalent to a system of points M,, 
M;, -..+, M, lying on the same line or on another line a’ if there. 
is a motion making the first system coincide with the second. Simi- 
larly, in projective geometry a system of points M,, M., ..., M, 
of a line a is said to be equivalent to the system of points M,, Mj, ... 

, M,, of a line a’ if there is a projectivity of a into a’ which. 
maps every point M,; into point M; (i=1, 2, ..., n). 

In particular, the system M,, M,, ..., M, is equivalent (often 
the term projectively equivalent will also be used) to the system 
M,, M,, ..., Mn if every point M; is mapped into M; by a series 
of central projections of which the first projects line a into line 
a,, the second projects a, into a,, ..., and the last projects a,_,, 
into a’. 

Theorems 14a and 14b imply that 
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(1) If a system of points lying on a line is projectively equivalent 
to the second system, then the second is projectively equivalent 
to the first. 

(2) If two systems are projectively equivalent to a third, then 
they are projectively equivalent to each other. 

Projectivity is a fundamental concept in projective geometry 
because it enables us to define the projective equivalence of two 
systems of points. In this sense it is comparable with the notion of 
congruent displacement (motion) in elementary geometry. 

A careful study of projectivities will be made in the following sub- 
sections. Our first concern is to answer the question as to how a pro- 
jectivity is determined uniquely. An answer to this question is 
provided by Staudt’s theorem. This theorem will be formulated and 
proved below after three lemmas required for the proof have been 
established. 

Lemma 1{. Let two pairs of points M, N and P, Q be given on a 
projective line a. In order for a third pair to exist on a which will be 
harmonically conjugate to both the pairs M, N and P, Q, it is necessary 
and sufficient that the pairs M, N and P, Q do not divide each other. 

Proof of necessity. Suppose that there is a pair of points X, Y which 
divides both the pairs M, N and P, Q harmonically. On line a intro- 
duce a projective (nonhomogeneous) coordinate system assigning 
the role of zero point to X and the role of point at infinity to Y 
and choosing the unit point arbitrarily. Then X (the zero point 
of the system) is the projective centre of the segment MN. There- 
fore, if xz, and xz, are coordinates of M and JN, then x, + xz, = 0. 
Accordingly, z, and x,, being of opposite signs, have the same abso- 
lute value zx. Similarly, the coordinates of P and Q have a common 
absolute value y. We know that in the projective coordinate system 
on a deleted projective line the points and their corresponding 
coordinates are in the same order. Therefore, if x << y, the points 
M, N lie inside the segment PQ, while if y< x, the points P, Q 
lie inside the segment WN. But in either case, the pairs M, N and 
P, Q do not divide each other. 

Proof of sufficiency. Assume that M, N and P, Q do not divide 
each other. We shall show that in this case there is always a pair 
X, Y which divides both the pairs P, Q and M, N harmonically. 
Since the pairs M, N and P, Q do not divide each other, both P 
and Q lie inside one of the two segments into which the points M, N 
divide the projective line. Inside this segment take any point E 
and on the projective line introduce a system of nonhomogeneous 
coordinates taking M as the zero point, N as the point at infinity 
and FE as the unit point. Let p, g be the coordinates of P, Q. The 
numbers p, qg are positive because of the unit point chosen. Assume 
further that y = f (x) connects the coordinates of points X, Y which 
divide the pair P, Q harmonically. The function y = f (z) is unde- 
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fined for z = (p + q)/2 because (p + q)/2 is the coordinate of the 
projective centre of the segment PQ, and this centre happens to be 
the fourth harmonic point to the three points P, Q, oo; accordingly, 
for x = (p + q)/2 we find y = f (x) = oo. For the remaining values 
of x the function y = f (x) has definite numerical values and is 
continuous; the latter result follows from Theorem 11 and pro- 
perty (3) of projective coordinates mentioned in § 97. Notice now 
that y— oo as x—>(p+q)/2 and y—-—oo as x> (p+ q)/2 
and x < (p+ q)/2; if x = p, then y = p (see the Remark at the 
end of § 93) and, accordingly, y >0O. Suppose that p< q. Then, 
as x varies from p to (p+ q)/2, the function @ (x) = x + f (2), 
while remaining continuous, changes its sign from plus to minus. 
Hence there must be a value of x for which x + f (7) =a2+y=0. 
Let X, Y be points with just these coordinates z, y. They determine 
a segment XY with its projective centre at the zero point, M. In 
other words, the pair X, Y divides the pair M, N (recall that V 
has been taken as the point at infinity). Since, according to the 
definition of the function y = f (x), the pair X, Y divides the pair 
P, Q harmonically, this is the desired pair of points. M 

Lemma 2. The property of division of pairs of points is invariant 
under projectivities. 

This lemma is a direct consequence of the preceding lemma. In 
fact, let two pairs of points M, N and P, Q be given on a line a 
and suppose that these pairs do not divide each other. Then, by 
Lemma 1, there exists a pair of points X, Y which is harmonically 
conjugate to both the pairs M, N and P, Q. Under a projectivity of 
line a into another line a’ the points M, VN, P, Q and X, Y are map- 
ped into points M’, N’, P’, Q’ and X’, Y’ in which the pair X’, Y’ 
is harmonically conjugate to both the pairs M’, N’ and P’, Q’ (this 
follows from the definition of a projectivity). But then Lemma 1 
implies that the pairs 7’, N’ and P’, Q’ do not divide each other. 
This shows that under a projectivity undividing pairs are mapped 
into undividing pairs, and then the dividing pairs are evidently 
mapped into dividing pairs. | 

In fact, if dividing pairs were mapped into undividing pairs, then 
under the inverse mapping (which is also a projectivity, see Theo- 
rem 14a) undividing pairs would become dividing pairs, which, as 
shown just now, is impossible. @ 

The following lemma is of purely analytic nature. 

Lemma 3. Let f (x) and @ (x) be two functions with f (x) monotone 
and @ (x) continuous defined for any x, —~2o << x< oo, Then, if 
f (x) and ¢ (x) coincide on an everywhere dense set of points of the num- 
ber line, the two functions coincide identically. 

Let A'be an everywhere dense set of points on the number line 
where the two functions f (xz) and @ (x) assume the same values, and 
let xz, be a point not belonging to A. We have to show that f (x,) = 
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= @ (x,). Assume that f (x)) > @ (25). Since the set A is everywhere: 
dense, we may choose two points z,, z, in A such that forz,<2,< 
< 2, the difference x, — zx, is as close to zero as one desires. Because: 
@ (x) is continuous, the quantities @ (z,) and @ (z,) differ so little: 
from @ (z,), provided the difference x, — z, is sufficiently small, 
that, apart from the inequality f (x9) > @ (po), also f (xo) > @ (a;) 
and f (z)) >@ (z,). But since the functions f (x) and @ (z) assume: 
the same values on A and 2), x, are arbitrary points of A, it follows. 
that @ (z,) = f (x,) and @ (z,) = f (x,). Hence we find that f (7) << 
< f (Xo), f (2) < f (x9) for x1 <I 4) << 2, and this contradicts the 
assumption that f (z) is monotone. The assumption f (zy) < @ (Z») 
similarly leads to a contradiction. 

Now we are in a position to prove the fundamental theorem, due 
to Staudt, of projective geometry. 

Theorem 15. The projectivity between two lines is uniquely deter-. 
mined by three pairs of corresponding points. 

Proof. Let a and a’ be two projective lines between which a pro- 
jectivity has been established, assigning a point M’ = f (M) of a’ 
to a point M of a. Assume that A, B, C are three distinct points 
of a and A’ = f(A), B’ =f (B) and C’ =f (C) are their corres- 
ponding points lying on a’. We must show that there is no other 
projectivity M’ = @ (M) of a into a’, under which A’ = qg (A), 
B’ =@q(B) and C’ = @ (C). 

For the proof, we introduce a projective system of (nonhomo- 
geneous) coordinates on line a by taking A as the zero point, B as. 
the unit point and C as the point at infinity. Simultaneously pro- 
jective coordinates are introduced on a’ by choosing the points 
A’, B’, C’ as the zero point, unit point and the point at infinity, 
respectively. Having introduced coordinate systems on a and a’, 
we see that every point M (except the point at infinity) of a may be 
characterized by its coordinate x and every point M’ (except the 
point at infinity) of a’ by its coordinate x’. And instead of examin- 
ing the relation M’ = f(M), one may examine its arithmetical 
equivalent x’ = f (x), where x and x’ are coordinates of the projec- 
tively corresponding points M and M’. The theorem will have been 
established if we are able to show that x’ = f (x) is a completely 
defined function. We shall now show that f (x) =z. 

One may easily discover the source of the identity f (xz) =z by 
comparing the definitions of the projectivity and projective coordi- 
nates. First, since the points A, B, C of a and their corresponding 
points A’, B’, C’ of a’, under the mapping M’ = f (M), have been 
choosen as the zero point, unit point and the point at infinity, we. 
must have f (0) = 0, f (1) = 1 and f (cw) = oo. Next, the point D, 
labelled by 2 in the projective scale on line a, together with A forms. 
a pair harmonically conjugate to the pair B, C, and, because pro- 
jectivity preserves (by definition) harmonic conjugateness, the. 
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point D must be mapped into a point D’ such that the pair A’, D’ 
divides the pair B’, C’, harmonically. Accordingly, point D’ of a’, 
like D of a, has coordinate 2, that is, f (2) = 2. Arguing in the same 
manner, we find that f (3) = 3, f (4) =4, etc., f(—1) = —1, 
f (—2) = —2, etc. Thus f (n) = n for any integer n. The definition 
of a projectivity also implies that the projective centres of segments 
with integer endpoints on line a are mapped into projective centres 
of the corresponding segments with integer endpoints on line a’; 


consequently, *(>) => . In exactly the same way, the projective 


centres of segments (>. ort) on line a are mapped into projective 
centres of segments (+ a 5 ]) on line a’; accordingly, f (=) =5 
and so on. R 


Thus f (z) = x if x is a binary fraction. We have to show that 
f (cz) = x for any xz. With this aim, note that f (x), being defined 
for all z, —o < 2< +00, is monotone. In fact, consider three 
points M,, M,, M, (all distinct from C) of line a and their corre- 
sponding points M|, M), M, of line a’, obtained through this map- 
ping. Suppose that on the deleted projective line a the point M, 
lies between the points WM, and M,; this implies that the pair M,, C 
divides the pair M,, M,. But then Lemma 2 states that the pair 
M,, C’ divides the pair M{, M;. Accordingly, on the deleted line a’ 
the point M; lies between the points WM, and M,. Thus the mapping 
M’ =f (M) in question either preserves the order of points or 
reverses it; depending on this, the function x’ = f (zx) is either mono- 
tonically increasing or monotonically decreasing. 

We have seen that f (x) = x if xis a binary fraction. Accordingly, 
two functions f (x) and (x) = x assume equal values on an every- 
where dense set of points on the number line (namely, on the set 
of binary fractions). Since the function f (x) is monotone and @ (z) = 
= xr is continuous, it follows from Lemma 3 that these functions 
coincide identically, that is, x2’ = f (x) = @ («) = @ for any 7z. 

Having established this fact, we have completed the proof of the 
theorem. In fact, as soon as three pairs of points A, A’; B, B’; 
C,C’ are given which correspond under the projectivity M’ = f (1%) 
of line a into line a’, to each point M there is assigned a point M’ 
which has the same coordinate on a’ as M has on a. This means that 
a projectivity is completely determined by three pairs of corres- 
ponding points. 

An important corollary of the present theorem is 

Theorem 16. Under a profectivity other than the identity of a pro- 
jective line into itself, the number of fixed points cannot exceed two. 

Proof. Let M' =f (M) be a nonidentity projectivity that maps 
a projective line u into itself. Suppose that it has three fixed points 
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A, B, C, that is, there exist three points A, B, C which coincide 
with their corresponding points A’, B’, C’ so that A’ = f (A) = A, 
B’ =f(B) =B, C’ =f (C) =C. Apart from M’' =f (M), con- 
sider also the identity mapping which maps uw into itself, that is, 
every point M coincides with its corresponding point WM’: M’ = M. 
All the points of wu, including A, B, C are fixed points of the identity 
mapping. Thus both the mappings M’ = f (M) and the identity 
map the points A, B, C into the same points A, B, C. Therefore 
both these mappings have three pairs of corresponding points. Since 
each of the mappings is a projectivity (the mapping M’ = f (M) 
by hypothesis and the mapping M’ = M in an obvious manner), 
the preceding theorem implies that the two mappings are not different 
from each other. In other words, the mapping M’ = f (M) must be 
an identity, contrary to the hypothesis of the theorem. Thus the 
assumption that M’ = f (M) has three fixed points leads to a con- 
tradiction. 

The same result can be alternatively formulated in the following 

Theorem 17. If a projectivity of a line into itself has three fixed 
points, then all the points of the line are fixed points, that is, the mapping 
must be the identity. 

§ 104. We shall call the following one-dimensional projective mani- 
folds: 

(1) the set of points of a projective line; 

(2) the set of rays of a plane pencil, that is, the set of lines lying 
in one plane and passing through a point of the plane, called the 
centre of the pencil; 

(3) the set of planes passing through a line in space (such a set 
of planes is called a pencil and the line through which the planes pass 
the axis of the pencil). 

The concept of a projective correspondence introduced above for 
projective lines can be extended in a natural way to the case of 
arbitrary one-dimensional manifolds. 

Let II and II’ be any two one-dimensional manifolds. Suppose 
that a one-to-one correspondence is set up between the elements 
of the two manifolds such that to any element zx of II there is assigned 
an element x’ = f (x) of II’. The correspondence x’ = f (x) will be 
called a projectivity if it assigns harmonically conjugate pairs of 
elements x,, x, and z,, x, of II’ to harmonically conjugate pairs of 
elements z,, x, and z3, x, of II. 

The following theorem generalizes Theorem 15 to the case of 
a projectivity between arbitrary one-dimensional manifolds. 

Theorem 18. The projectivity between two one-dimensional manifolds 
is uniquely determined by three pairs of corresponding elements. 

Proof. Let two one-dimensional manifolds II and II’ be given and 
let a projectivity between them be given that assigns an element 
x’ = f (x) of II’ to an element z of II. Suppose that a, b, c are three 
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distinct elements of IJ and a’, b’, c’ the corresponding elements 
of II’. We have to show that there is no projectivity other than the 
given x’ = f (xz), between II and II’ which also assigns a’, b’, c’ 
to a, b, c. 

In order to simplify the presentation, consider a definite case, 
assuming, for example, that II and II’ are plane pencils of rays. 
In II take any line u not passing through the centre of this pencil, 
and, similarly, take a line wu’ in II’. Let X be the point where the 
ray z of II intersects u, and X’ the point where the ray 2’ = f (z) 
of II’ intersects u’. Let us examine the correspondence between u 
and wu’ through which point X’ is assigned to point X, writing X’ = 
= F (X). It may easily be seen that the correspondence X’ = F (X) 
is a projectivity. This follows immediately from the definition of 
a projective correspondence between pencils (which has been for- 
mulated above for any one-dimensional manifolds) and the propo- 
sition formulated at the end of § 86 stating that a projection and a 
section preserve harmonic conjugateness. 

Thus the projective correspondence x’ = f (x) between the pencils 
II and II’ induces a projective correspondence X’ = F (X) between 
the lines uw and uw’. And it is clear that distinct correspondences 
x’ =f (x) and x’ = @ (x) between II and II’ induce distinct corres- 
pondences X’ = F (X) and X’ = @ (X) between wu and wu’. Let A, 
B, C be the points of intersection of line uw with the rays a, b, c 
and A’, B’, C’ the points of intersection of line uw’ with the rays 
a’, b’, c’. If, apart from the projective correspondence 2x’ = f (2), 
there were another correspondence x’ = @ (x) between II and II’ 
which associates, like the first, the rays a, b, c with the rays a’, 
b’, c’, then there would be distinct projective correspondences X’ = 
= F(X) and X’ = M (X) between wu and w’ so that both X’ = 
= F (X) and X’ = @M (X) would map the points A, B, C into the 
points A’, B’, C’. But this would contradict Theorem 15. According- 
ly, there is no projective correspondence other than 2’ = f (2) 
between the pencils II and II’ that maps a, b, c into a’, b’, c’. Thus 
the projective correspondence between the pencils is defined by three 
pairs of corresponding rays. 

If II and II’ are some other one-dimensional manifolds, then by 
means of a section the projective correspondence between II and II’ 
may be reduced to the one between lines and thus in all cases Theo- 
rem 18 may be obtained from Theorem 15. @ 

The following is an obvious corollary of Theorem 18. 

Theorem 19. A projectivity, other than the identity, of any one- 
dimensional manifold into itself cannot have more than .wo fixed points. 

This theorem is a generalization of Theorem 16 which concerned 
fixed points of a projectivity of a line into itself. 

§ 105. We mention one more proposition that will be required 
later. 
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Theorem 20. Let two one-dimensional projective manifolds II and II" 
be given. Suppose that an element x’ = f (x) of II’ is assigned to each 
element x of Il, where distinct elements x, = f (x) and x, = f (22) 
are assigned to distinct elements x, and z,. If harmonically conjugate 
pairs of elements of II’ correspond to harmonically conjugate pairs of 
elements of I], then x’ = f(x) is a one-to-one mapping of II into II’. 

Proof. It suffices to examine the case when II and II’ are lines 
because all other cases are reduced to this case by means of a section, 
as was done in the proof of Theorem 18. 

Suppose that II and II’ are lines, say u and w’, and suppose that 
every point M of u is mapped into a point M’ = f (M) of u’; more- 
over, distinct points of uw are mapped into distinct points of wu’ 
and harmonically conjugate pairs of points of u are mapped into 
harmonically conjugate pairs of points of'u’. We have to show that 
M’ = f (M) is a one-to-one mapping of u into wu’, that is, that every 
point of wu’ is the image of some point of wu. 

It is easy to see that this assertion immediately follows from argu- 
ments used in proving Theorem 15. Indeed, take three points on u 
and label two of them by the numbers 0 and / and the third by the 
symbol oo. Their images on w’ will also be labeled by 0, 7 and ~, 
respectively. Next, introduce nonhomogeneous projective coordinate 
systems on both u and wu’ by means of the points 0, 7 and oo. Then 
the symbolic relation M’ = f (M) may be replaced by the arith- 
metical relation x’ = f (x) between the coordinates of points M 
and M"’. 

The theorem will have been proved if we establish that the function 
x’ = f (x) assumes all the values between —oo and + oo as z varies 
from —oo to -++oo. And, repeating the arguments used in proving 
Theorem 15, we would have concluded that f (z) = 2, from which 
the desired result would follow. — 

However, in this argument there is a snag. Namely, Theorem 15 
uses Lemma 2 concerning projectivity of one line into another. The 
mapping now under discussion preserves, like projectivity, harmonic 
conjugateness of pairs of points, but, in contrast to projectivity, is 
not assumed to be one-to-one beforehand. 

Therefore, before applying Lemma 2 to the present case, the proof 
of this lemma must be freed from the one-to-oneness of the mapping. 
Recall that the proof there consisted of two parts. The first part 
contained the proof of the fact that the projectivity M’ = f (M) 
of wu into u’ maps the undividing pairs of points of u into undividing 
pairs of points of uw’; this part did not require that the mapping be 
one-to-one. The second part consisted in showing that the dividing 
pairs of u are mapped into dividing pairs of uw’. This fact was proved 
by using the mapping inverse of M’ = f (M), and the existence offan 
inverse amounts to the one-to-oneness of the mapping M’ = f (M). 
Therefore this part of the proof of Lemma 2 must be modified. This 
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modification does not require much work. Having shown that M' = 
= f (/) maps undividing pairs into similar pairs, the proof of the 
fact that dividing pairs are mapped into dividing pairs can be carried 
out by the “method of contradiction” as follows. Suppose that to 
two dividing pairs of points A, B and C, D on wu there correspond 
on u’ undividing pairs of points A’, B’ and C’, D’. Since the pairs 
A, B and C, D divide each other, Axiom II.3 implies that the pairs 
A, C and B, D and the pairs A, D and B, C must not divide each 
other. On the other hand, since the pairs A’, B’ and C’, D’ do not 
divide each other, the same Axiom I]J.3 implies that either the pairs 
A’, C’ and B’, D’ or the pairs A’, D’ and C’, D’ are dividing pairs. 
Thus our hypothesis implies that there are necessarily undividing 
pairs on u that are mapped into dividing pairs on wu’, which is con- 
trary to the initial premise of the argument. 


5.8. Projective correspondences between two- 
and three-dimensional manifolds 


§ 106. We shall now define the projectivity of two- and three- 
dimensional images. 

First consider the two-dimensional case. Suppose that between 
the points of two planes a and @’ a one-to-one correspondence has 
been set up which assigns a point MW’ = f (M) of a’ toa point M of a. 

This correspondence is called projective if to points lying on one 
line in @ there correspond points also lying on one line in a’. 

When points M’ = f (M) of a’ projectively correspond to points 
M of a, we also speak of a projectivity of plane a into plane a’. If a 
and a’ coincide, we say that the projectivity maps a into itself. 

By the definition of a projectivity of a into a’, points of every line 
ain a have images which lie in a’ on some line a’. This line a’ will 
be said to correspond to line a under the given mapping. 

The definition of a projective correspondence requires that points 
lying on one line be mapped into points also lying on one line. 
However, the definition says nothing about the points not lying on 
one line and the possibility of such points being mapped into points 
of one line is not rejected beforehand. But, it will be shown later 
that this case cannot occur, that is, if the image points lie on one 
line, their preimages also lie on one line. In other words, we shall 
show that the inverse mapping of a projectivity is also a projectivi- 
ty (Theorem 23a). At the same time, it will also be established that 
under a projectivity, the correspondence between lines, just as in 
the case of points, is one-to-one. 

An important particular case of the projectivity of a plane into 
another plane is the central projection. 

If the points of a plane & are projected from any centre to another 
plane a’ (as onto a screen), every point M of a is mapped into a 
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point M’ =f (M) of a’. The correspondence M’ = f (M) is a projec- 
tivity because any line in « is mapped into a line in a’. 

Let us prove the following 

Theorem 21. Jf a projectivity maps a plane a into a plane a’, then 
the set of harmonic elements of a is mapped into a set of harmonic ele- 
ments of a’. 

Proof. (1) Let a be any line in a, a’ its corresponding line in @’, 
and let A, B and C, D be arbitrarily chosen harmonically conjugate 
pairs of points of a. We have to show that the pairs of points A’, B’ 
and C’, D’ of line a’, which are maps of A, B, C, D are also harmoni- 
cally conjugate. First of all, note that there is a point in a outside a 
whose image does not lie on a’. In fact, if all the points of « not lying 
on @ were mapped into points lying on a’, then a set of points of @ 
would have been mapped into a set of points of a’ not lying on a’ 
(because the projectivity of a into a’ is assumed to be one-to-one), 
but this is contrary to the definition of the projectivity (which pre- 
serves the rectilinear character of the location of points). Let R be 
a point in « not lying on a whose image R’ in @’ does not lie on a’. 
Since the pairs A, B and C, D are harmonically conjugate, a four- 
point 7 may be constructed in a whose diagonal points are A, B 
and the pairs of opposite sides pass through C, D; moreover, R may 
be taken as one of the vertices of 7 (see § 86). Since the image R’ 
of R is not on a’, it follows that no three images of the vertices of T 
are colinear. Therefore the image of a four-point T is some four- 
point 7’. 

Evidently, the points A’, B’ are diagonal points of 7’ and two op- 
posite sides of 7’ pass through C’, D’, implying that the pairs A’, B’ 
and C’, D’ are harmonically conjugate. 

(2) Let P be any point in @ and P’ its image in a’, and let a, b 
and c, d be arbitrarily chosen harmonically conjugate pairs of rays 
of a pencil in a with centre P. We have to show that in the pencil 
with centre P’ the rays a’, b’ and c’, d’ corresponding to the rays a, b, 
c, d are also harmonically conjugate. This immediately follows from 
the preceding result. First of all note that in a there is a line not pass- 
ing through P whose image does not pass through P’. In fact, take 
a point Q, distinct from P, in a and denote its image in a’ by Q’. As 
shown above, there is a point R in a that does not lie on the line 
P’Q’. Evidently, the line QR is just the line which does not pass 
through P and whose image does not pass through P’. Denote the 
line QR by t and its image by #’. Let A, B, C, D be the points where 
the rays a, b, c, d intersect the line t and, similarly, let A’, B’, C’, 
D’ be the points where the rays a’, b’, c’, d’ intersect t’. Clearly, A’, 
B’, C’, D’ are images of A, B, C, D. Since the pairs of rays a, b and 
c, d are harmonically conjugate, it follows from the proposition 
mentioned at the end of § 86 that the pairs of points A, B and C, D are 
harmonically conjugate. This, in view of the first part of the present 
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proof, implies that the pairs A’, B’ and C’, D’, being images of the 
points A, B, C, D, are also harmonically conjugate. But, since the 
rays a’, b’, c’, d’ pass through the points A’, B’, C’, D’, respectively, 
the same proposition at the end of § 86 implies that the pairs of rays 
a’, b’ and ec’, d’ are harmonically conjugate. The theorem is com- 
pletely proved. @ 

Theorems 20 and 21 imply 

Theorem 22. If a plane a is mapped by a projectivity into plane a’, 
then (i) the set of points of every line a in a is mapped in a one-to-one 
manner into the set of points of the corresponding line a' in a’. and (ii) 
the set of rays of any pencil in a with centre P is mapped in a one-to- 
one manner into the set of rays of the pencil whose centre P isa point in 
a’ corresponding to the point P. 

From this theorem the following result can be easily derived. 

Theorem 23a. If M’ = f (M) isa projectivity of a plane a into plane 
a’, then the inverse mapping M = 9 (M’) of a’ into a is also a pro- 
jectivity. 

Proof. Let a’ be any line in @’. On this line take any two points A’, 
B’; to these points there correspond points A = g (A’), B = 9 (B’) 
in a. Denote by a the line determined by A and B. Since M’ = 
= f(M) is a projectivity, it maps all the points of a into points of a’. 
According to Theorem 22, this mapping of a into a’ is one-to-one, 
that is, images of points of a “fill” the line a’. In other words, every 
point of a’ is the image of some point of a, which means that if M’ 
lies on a’, the point M = 9 (M’) lies on a. Thus M = q (M’) maps 
points of a’ lying on any one line into points that lie on one line in a, 
which is characteristic of a projectivity. 

It is interesting to note that the following theorem holds, which 
at first sight appears surprising. 


Suppose that a set of all points of a plane a is mapped in a one-to- 
one manner into a set of points G’ of plane a’. If the points of a lying 
on any one line are mapped into points of a’ also lying on one line, 
then only the following two cases are possible: either (a) G’ lies totally 
on any one line in a’ or (b) G’ coincides with the entire plane a’ (in this 
case the projectivity maps a into entire plane a’). 


Proof. The first case is obtained if any point set G’ having the pow- 
er of the continuum is taken on any line in a’ and a is mapped in 
an arbitrary way in a one-to-one manner into G’. 

Suppose now that G’ contains points of a’ that do not lie on one line. 
Then the set of harmonically conjugate elements of « is mapped 
into a set of harmonically conjugate elements of a’ (the proof of this 
fact is analogous to that of Theorem 21). 

This together with Theorems 20, 21 implies that (1) the set of 
points of every line a in ~ is mapped in a one-to-one manner into the 
set of points of the corresponding line a’ in @’, and (2) the set of rays 
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of any pencil in ~@ with centre P is mapped in a one-to-one manner into 
the set of rays of a pencil whose centre P’ is a point of a’ corres- 
ponding to P. 

Take any point P ing and let its image in @’ be P’. Let M’ bea to- 
tally arbitrary point of a’ and let a’ be the line joining M’ with P’. 
In accordance with the earlier result, the line a’, as a ray of a pen- 
cil in a’ with centre P’, must correspond to some line a belonging to 
a pencil with centre P in a; moreover, the correspondence between 
the points of lines a and a’ must be one-to-one. Therefore the point 
M’ of a’ must correspond to the point M of a, that is, to some point 
of a. Thus the images of points of a necessarily fill the entire plane 
a’. of 

Next we note the following obvious theorem. 

Theorem 23b. If M’ = f, (M) is a profectivity of a plane a into 
a plane a’ and M" =f, (M’) is a projectivity of plane a’ into a plane 
a” (in particular, all three planes may coincide with each other), 
then M" = f, (f; (M)) mapping a into a” is also a projectivity. 

In other words, a mapping obtained by applying two projectivi- 
ties successively is also a projectivity. 

This assertion is obvious. In fact, since both the mapping f, and f, 
preserve rectilinear location of points, the mapping obtained by 
applying them successively has the same property and hence is 
a projectivity. 

The property expressed by Theorem 23b which a set of projecti- 
vities possesses is known as the group property. 

We shall say that a figure 2 lying in a plane a is projectively equi- 
valent to a figure &’ lying in the same plane or in another plane a’ 
if there is a projectivity of a into a’ that maps = into 2’. 

In particular, figure % is projectively equivalent to figure x’ if 
a chain of central projections of plane a into a,, of plane a, into pla- 
ne @, ..., of plane a,_, into plane qa’ results in 2 being projecti- 
vely mapped into 2X’. 

Theorems 23a and 23b imply that 

(i) if one figure is projectively equivalent to another, then the 
second is projectively equivalent to the first; 

(ii) if two figures are projectively equivalent to a third, then the 
two figures are projectively equivalent among themselves. 

Because of the above association between figures, projectivities 
play the same role in projective geometry as congruent displace- 
ments of figures (that is, motions) do in elementary geometry. For 
some time projectivities of planes will be the subject of our 
study. 

Theorem 24, If a plane a is mapped by a projectivity into a plane a’, 
then (a) every line a in @ is projectively mapped into the corresponding 
line a’ in a, and (b) every pencil of rays ina is projectively mapped into 
the corresponding pencil of rays in a’. 
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To see that this theorem is indeed valid, it suffices to combine 
Theorems 21 and 22 and the definition of a projectivity for one- 
dimensional manifolds. 

Now we are in a position to prove the following important theorem, 
which may be regarded as the extension of Theorem 15 to the case of 
two-dimensional manifolds. 

Theorem 25. A projectivity of plane a into plane a’ is uniquely de- 
termined by four pairs of corresponding points subject to the condition 
that no three of the four points in a are colinear. 

Proof. Let a projectivity M’ = f(M) of plane a@ into plane a 
be given. Suppose that A, B, C, D are four points in a, no three of 
which are colinear, and A’, B’, C’, D’ are the corresponding points 
in a (the definition of a projectivity and Theorem 23a imply that 
among the points A’, B’, C’, D’ also no three are colinear). We have 
to show that there is no projectivity, other than M’ = f (M), of a 
into a’ which would also map A, B, C, D into A’, B’, C’, D’. 

Take any point M in @ and denote by m the line AM. This line is 
one of the rays constituting the pencil with centre A. Whatever the 
projectivity of a into a’ which maps A, B, C, D into A’, B’, C’, D’, 
a mapping of the pencil with centre A into a pencil with centre A’ is 
a projectivity (see Theorem 24). Further, no matter how many pro- 
jectivities of a into a’ there are that map A, B, C, D into A’, B’, C’," 
D’, all of them define a common projectivity of the pencil with 
centre A into the pencil with centre A’. In fact, each of them maps the 
rays AB, AC and AD of the first pencil into the rays A’B’, A’C’ 
and A’D’ of the second: moreover, because of the choice of points A, 
B,C, D the rays AB, AC and AD (as well as A’B’, A’C’ and A’D’) 
are distinct. But, according to Theorem 18, a projectivity of one- 
dimensional manifolds (in particular, of pencils) is uniquely deter- 
mined by three pairs of corresponding elements. Therefore under all 
possible projectivities of @ into a’ that map A, B, C, Dinto A’, B’, 
C’, D’, the line m is mapped into a completely defined line m’ which 
is associated with m under the projective correspondence between 
the pencils in question. Accordingly, under all possible projectivi- 
ties of a into a’ that map A, B, C, D into A’, B’, C’, D’, the point M 
is mapped into a completely defined line passing through A’. Similar- 
ly, by considering the pencil of rays in a with centre B and its map 
into a one may establish that no matter how many projectivities 
of a into a’ there are which map A, B, C, D into A’, B’, C’, D’, the 
point M is mapped into a completely defined line passing through B’ 
in a’. The intersection of these lines determines the image of Mina’, 
and this image is the same for all the projectivities of a into a’ that 
map A,B,C, D into A’, B’,C’,D’. And since M is an arbitrary point, 
it follows from the above arguments that there is no other projecti- 
vity apart from the given M’ = f (M) or a into a’ that would map 
A, B, C, D into A’, B’, C’, D’. @ 


, 
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Figure 115 


Theorem ‘25 implies 

Theorem 26. Under a projectivity, other than an identity, of a plane 
into itself there cannot be four fixed points of which three are colinear. 

Indeed, let M’ = f (M) bea projectivity, other than the identi- 
ty, of a plane a into itself. Suppose that there are four points A, B, 
C, D, no three of which are collinear, which remain fixed under the 
mapping M’ =f (M). Besides M’ =f (M), consider the identity 
mapping M’ = M. It is evidently a projectivity. Further, under the 
mapping M’ = M the points A, B, C, D (as do all points of the 
plane) remain fixed. Thus both M’ = f (M) and M' = M map 4, B, 
C, D into the same points A, B, C, D. These mappings have therefore 
four common pairs of corresponding elements situated as in Theo- 
rem 20, and according to this theorem these mappings do not differ 
from each other. In other words, our assumption implies that the 
mapping M’ =f (M) must be an identity, contrary to the hypoth- 
esis of the theorem. &@ 

Remark. The condition imposed on the location of points in Theo- 
rems 25 and 26 is important. In order to see this, consider the so- 
called harmonic mapping. 

Let O be any point in plane @ and a any line in this plane not 
through O. Let M be any point of « and A the point where line OM 
intersects line a (Fig. 115). The point M’ which together with point M@ 
divides the pairO, A harmonically will be treated as the correspond- 
ing point of M@ under the harmonic mapping of @ into itself, the 
point O will be called the centre of the mapping and the line a its 
axis. Point M’ will also be denoted by M’ = H (M). 

It may be easily established that the harmonic mapping M’ = 
= H (M) isa projectivity. In fact, let u be any line in a, P its point 
of intersection with axis a and wu’ the line passing through P that 
together with u divides the pair a, PO harmonically. Evidently, if M 
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is displaced along u, its corresponding point M’ = H (M) is dis- 
placed alongu’. Thus under the mapping M’ =H (M) a line is mapped 
into a line, and this is the characteristic feature of a projectivity. 

Further, according to the Remark made at the end of § 93, if point 
M coincides with a point of axis a, then the corresponding point M’ = 
= H (M) coincides with the same point of the axis. Analogously, 
if M coincides with centre O, then M’ = H (M) also coincides with O. 
Accordingly, the centre O and all the points of axis a are fixed points 
of the mapping M’ = H (M). We find that the projectivity M’ = 
= H (M) of a into itself has infinitely many fixed points (but all of 
them, except O, lie on one line). Thus, if the projectivity of a plane 
into itself has four fixed points, one may conclude that this mapping 
is an identity only when it is known that? the} location fof the fixed 
points satisfy the condition of Theorem 26. 

§ 107. We shall be frequently using the term two-dimensional 
projective manifold below meaning thereby either the projective 
plane or the so-called bundle. A bundle is the set of lines and planes in 
the projective space which pass through’a point (centre of the bundle) 
of this space. 

A projectivity may be defined for any two-dimensional manifolds. 
In order to formulate this definition in a convenient way, by an 
element of the first kind of a two-dimensional manifold II we shall 
mean a point if II is a plane or a line if IT is a bundle; by an element of 
the second kind of a two-dimensional manifold II we shall-mean a line 
if II is a plane or a plane if II is a bundle. 

Suppose that between the elements of the first kind of two mani- 
folds II and II’ a one-to-one correspondence is set up that assigns an 
element x’ = f (zx) of II’ to any element z of II. The correspondence 
(or mapping) x’ = f (zx) is known as a projectivity if to any set of 
elements of the first kind of II belonging to one element of the second 
kind of this manifold there corresponds in II’ a set of elements of the 
first kind also belonging to one element of the second kind. 

All the theorems established in the preceding subsection can be 
generalized in a natural way to arbitrary two-dimensional manifolds. 
In order to formulate these generalizations, in all the theorems of § 106 
the words “point” and “line” should be replaced by the expressions 
“element of the first kind” and “element of the second kind’. To 
justify this change, it suffices to observe that the intersection of ele- 
ments of the first and second kind of the bundle with a plane results 
in elements of the first and second kind of this plane, respectively. 
Thus the investigation of projectivities of two-dimensional manifolds 
can be reduced to that of projectivities of planes, and this was 
carried out above. 

§ 108. Let us now examine the projectivities of three-dimensional 
projective manifolds; by three-dimensional projective manifolds we 
mean projective spaces. 
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Consider two projective spaces II and II’ (both the symbols II 
and II’ denote certain sets of objects called points, lines and planes 
among which the incidence and order relationships are defined 
in conformity with the conditions of projective axioms). Suppose 
that between the points of II and II’ a one-to-one correspondence has 
been established that assigns a point M’ = f (M) of II’ to any point 
M of Il. The one-to-one correspondence M’ = f (M) between the 
points of II and II’, is called a projectivity if the points corresponding 
to points of any one plane in II also lie in one plane in II’. 

Prescribing points M’ =f (M) in II’ which projectively corres- 
pond to points /M of II is also referred to as the projectivity of space 
II into space \1’. If II and II’ coincide, one says that a projectivity 
of space into itself is defined. 

The basic properties of projectivities of three-demensional mani- 
folds are a natural generalization of corresponding properties of 
projectivities ‘of two-dimensional manifolds, and they may be 
established by using analogous arguments as was done in § 107. 
Therefore we shall confine ourselves to formulating the main theo- 
rems on projectivities in\the three-dimensiona] case, omitting their 
proofs. 

Theorem 27. If a projectivity maps a space II into space II’, then 
a set of harmonic elements of II is mapped into a set of harmonic ele- 
ments of II’. 

Theorem 28. For a projectivity of space I into space II’ the fol- 
lowing holds: 

(1) Every one-dimensional manifold of II is mapped projectively in a 
one-to-one manner into the corresponding one-dimensional manifold of II’. 
In particular, every line in II is mapped projectively in a one-to-one 
manner into the corresponding line in II’. 

(2) Every two-dimensional manifold of Il is mapped projectively in 
a one-to-one manner into the corresponding two-dimensional manifold 
of II’. In particular, every plane in II is mapped projectively in a one- 
to-one manner into the corresponding plane of II’. 

Theorem 29a. If M’' =f (M) is a projectivity of space II into space 
II’, its inverse M = g (M’) that maps II’ into II is also a projectivity. 

Theorem 29b. If M’ =f, (M) is a projectivity of space II into space 
Il’ and M” =f,(M’) is a projectivity of space II' into space II", 
then the mapping M” =f, (f,(M)) that transforms II into II” is 
also a projectivity, that is, a set of projectivities of spaces possesses the 
group property. 

Theorem 30. A projectivity of space II into space II’ is uniquely de- 
termined by five pairs of corresponding points subject to the condition 
that no four of these five points of II are coplanar. 

Theorem 30 immediately implies 

Theorem 31. A projectivity, other than an identity, of a space into 
itself cannot have five fixed points of which four are coplanar. 
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The restriction imposed on the location of points in this theorem 
is important. One may see this by generalizing to a space the concept 
of harmonic mapping, which was presented for the plane case at the 
end of § 106. 

Besides the above theorems, we also mention the following theo- 
rem. 


Suppose that the set of all points of a projective space II is mapped 
in a one-to-one manner into a set of points G' of the projective space II’. 
If all the points of space II lying in one plane are mapped into points of IT’ 
also lying in one plane, then only the following two cases are possible: 
either (i) G’ lies entirely in one plane in II’ or (ii) G’ coincides with the 
entire space II’ (in this case the given mapping is a projectivity of space II 
into the entire space II’). 


This theorem is a natural generalization of the theorem concerning 
the mapping of a plane, which was stated and proved in § 106 after 
Theorem 23a. 

The concept of the projective equivalence is defined for spatial 
bodies along the same lines as was done for figures of one- and two- 
dimensions. A body T of space II is said to be projectively equivalent 
to body 7’ of the same space or of another space II’ if there is a pro- 
jectivity of IT into II’ under which 7 is mapped into 7’. 

That this projective equivalence is both reflexive and transitive 
follows directly from Theorems 29a and 29b. 


9.9. Analytic representation for projectivities. 
Involution 


§ 109. Our aim now will be to obtain formulas which connect 
projective coordinates of points that correspond to each other under 
a projectivity. 

First we shall examine projectivities of a plane into a plane and 
a space into a space and then examine the one-dimensional mani- 
folds, namely the projectivities of lines. 

Let a, a’ be two (not necessarily distinct) planes. In both of these 
planes introduce a system of homogeneous projective coordinates 
(if @ and @’ coincide, the coordinate systems introduced on them also 
may coincide). Next, we define a special mapping of points of a into 
points of a’; namely, choosing the numbers ¢,,, C12, C13, Ce1) Ceo) C23 
C31, C39) C33, We treat a point M’ (zx, x:, x;) of a’ as corresponding to 
the point M (x,, z,, x3) of a under the mapping in question if the 
coordinates of these points satisfy the equations 


4 eo 

0 Ly = Cy Ly > Cyo Lo + Cy3X3 
/ o t : 

0 Ly = Coy Ly + CogLe + Co3X'g (1) 
4 

0 Ly = Ca4Xy + CanLo + C3gX3 
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where 0’ is any number =40. Such a mapping will be termed a linear 
mapping and we shall write M’ = L (M). 

Recall that according to the basic property of homogeneous coor- 
dinates the choice of 0’ does not affect the location of point M’ with 
coordinates p’x,, 9’ x;, px, (see § 101). Therefore every point M can 
have only one image point M’. The quantities c;, defining a linear 
mapping will be written in the form of a matrix 


Cup C4Q C3 
C=] Cor Coo Coz (2) 
C34 C30 C33 


which will be called the matriz of the linear mapping, and the quanti- 
ties c;, will be called the coefficients of the mapping, while the deter- 
minant 


Cry Cyn C43 
A= |Coy Con Cog (3) 


o_J 


C3, C30 C33 


will be called the determinant of the mapping. 
It is important to notice that if A = 0, not every point of a has 
an image. Indeed, if A = 0, the system 


Cy40q + CyoLe + C4373 = v 
CoyLy “1 CopLe + Cost3 = 0 €)) 
Cay X4 + Ca Lo + CygX3 = 0 


has a solution z{, x}, 23, which are not zero simultaneously; the 
point M (z x3, x.) has no image in @’ because in this case (1) lead 
to x, = 0, x, =0, x; = 0, which. is Reig since 2,, X,, 23 
are the homogeneous coordinates (see § 101). Thus the domain of 
definition of the mapping M’ =L(M) may not be the entire plane 
a but a with a certain point set a, (M) excluded. It may be easily 
demonstrated that if A = 0, the set a, (M) is either a point or a line 
or the entire plane a. Namely, if the system (*) contains two sepa- 
rate (that is, linearly independent) equations, then (*) determines the 
ratio of the unknowns 2, 25, x3; in this case a, (M) consists of one 
point. If the system (*) contains only one separate equation, then 
& (M) is obviously a line (represented by this equation), and, finally, 
if the system (*) does not contain any separate equation (that is, if 
all c;, = 0), then a, (M) is the entire plane a 

In other words, a,(M) is a point, a line or the entire plane cor- 
responding to Rank C = 2, Rank C = 1 or Rank C = 0. The last 
case will be omitted from our discussion. 

The following theorems hold tor linear mappings. 
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Theorem 32. If the determinant of a linear mapping M’ = L (M) 
transforming points of a plane a into points of plane a’ does not vanish, 
then M' = L (M) is a one-to-one mapping of a into a’. 

Proof. Consider a linear mapping M’ = L (M) defined by formu- 
las (1) with determinant A + 0. Then 

(a) Every point M of a has an image in a’. Indeed, taking any 
point ‘M (z,, z_, Z3), we see that formulas (1) ‘always define the 
numbers p'z,, p'z;, p’x,; these numbers cannot be all zero because 
with A=+0 #the equations 


C44 L4H CyoLo + Cy3%3 = Q 
Co4XLy + Cone -+ Cogtg = 0 


C31Z4 + Cap Xo + CagZ3 = O 


would lead to x, = t, = x3 = 0, which is impossible. But in homo- 
geneous coordinates in a’ the three numbers p’z,, p’z,, o’z,, if not 
all zero, determine a point M’ that is the desired image of M. 

(b) Every point M’ of a’ is the image of only one point M of a. 

In fact, if A 40, equations (1) always uniquely determine the 

corresponding values 2,, 2, 23 for given z,, z,, x, and 0’; if xj, x,, 
x, are not all zero, then z,, x,, zr, are also not all zero. Thus equa- 
tions (1) determine homogeneous coordinates of some point M for the 
given homogeneous coordinates of M’. Furthermore, for different 
values of 9’ equations (1) determine different x,, 7,,273, but the ratio 
XL, —- L_ + x, does not change with po’. Hence M is uniquely deter- 
mined by a given M’. This completes the proof of the theorem. @ 

If we set 9’ = 1/p in (1) and express pz,, 02», px; from these equa- 
tions, assuming A =< 0, we obtain the equations 


PX, = C1, L, + Cy_%, +.C, 523 
PXy = C442, + Copy T+ Co3X3 (4) 
PL3 = Cy, + Cygly + Cygh3 


defining a mapping of a into a, which is the inverse of the given 
mapping of a into a’. Obviously, the inverse mapping, like the one 
given, is linear. The coefficients c;, are expressed in terms of the 
coefficients c;, according to the known formulas of algebra. They 
constitute the matrix 
Cy Ch ls 
C= C1 Cos C55 


C30 C33 / 


(9) 


which is the inverse of the matrix C of the given mapping, that is, 
CC =I 
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where 
1 0 O 
T={}0 1 O 
0 0 1 
is the identity matrix. In this case, as is known, 
AA’ = 1 


This, in particular, implies that A’ ~0. 

Theorem 33. If the determinant of a linear mapping M’' = L (My) 
that transforms points of a plane a into plane a’ vanishes, then all the 
images of points of a lie on one line ina’. (I n this case the mapping 
M’' = L (M) is not one-to-one.) 

Indeed, if the value of the determinant of a irsae mapping defined 
according to formulas (1) is zero, then there exist three numbers w,, 
Uy, Us, at least one of which is not zero, satisfying the equations 


Cy, 7 CoyUy + Calg = 0 
Cio, +- Conlly + C3 .U2 = 0 (6) 
Cy3lly + Cogs + C333 = 0 


Multiplying the first equation in (1) by u,, the second by uw, and the 
third by u, and summing them and using (6), we obtain 


Ux, _ Ul, + U3X5 = 0 


for ny 2, Lo, 23. Thus, no matter how M is chosen, the coordinates 
of M/' = L (M) satisfy the equation of some line. This proves the 
theorem.* 

Theorem 34. Given a linear mapping M’ = L (M) of a plane a into 
a plane a’, the images of points of any one line in a also lie on one line 
in a. 

Proof. (1) If A = 0, the assertion is contained in Theorem 33. 

(2) If A 40, the inverse of the given mapping exists; the inverse 
mapping is also linear and is defined by formulas of form (4). Let 
M (x,, ®e, 3) be any point of a line given in a by the equation 


U2, + Ugly + Usxy = 0 (7) 


Assume further that ’M’ (x;, z,, x,) in @’ is the corresponding point 
of M; the coordinates of M and M’ are related by equations (4). 
Multiplying both sides of (7) by 0 and substituting for pz,, pz,, pz, 
the expressions (4), we obtain 


U,r, + Ux, + Ur, = 0 (8) 


* Note that if Rank C = 2, then the points M’ fill the entire line. But if 
Rank C = 1, all the points M’ coincide and the image is only one point. 
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where 

U, = CU, +) ,U, + ¢,,Us 
U, = Cyqlly + C),Uy + Cyl 
3 


td eo , 
Ug = Ci gly + Cyglly + Colts 


Thus, if M lies in @ on a line given by equation (7), M’ lies in a’ 
on a line given by (8). 

Combining Theorems 32 and 34 with the definition of projectivi- 
ties of planes, we obtain the following 

Theorem 30. If the determinant of a linear mapping of a plane a 
into a plane a’ does not vanish, then this mapping is a projectivity of a 
into a’. 

We shall show later that, conversely, every projectivity is a linear 
mapping. Before proving this important theorem, we shall obtain 
the following auxiliary 

Theorem 36. Let M,, M., M;, M, be any four points of a plane a 
no three of which are collinear and let M,, M,, M;, M, be similarly 
any four points of a plane a’ no three of which are collinear. Then there 
is a linear mapping of a into a’ with a nonzero determinant that trans- 
forms M,, M., M3, M, into M,, M;, M,, M,, respectively. 

Proof. Let x1,, Zen, X3, be the coordinates of one of the points 
M, (k =1, 2, 3, 4) in a certain homogeneous coordinate system 
introduced in @ and let x,,, 23x, X3, be the coordinates of a point 
M, (k = 1, 2, 3, 4) in a certain homogeneous coordinate system 
introduced in a’, We have to show that it is possible to choose the 
parameters of the linear mapping 


Ly = Cy Tq + CyoTy + Cyary 
t 4 e 

0 Ly = Cy4Ly + ConLy + Costs (1) 
to 

0 Ls = CayLy + Can%q TF C333 


in such a way that its determinant is not zero and that it maps M,, 
M,, M3, M, into M\, M;, M;, M,, respectively. For this we must 
obviously show that from the equations 


OrTip = CLR + CypTon + Cy3%3r 

a ae 
PrL2p = Cop + CooTorn + CosTap (a) 
Or X3p = C34TyR + C3oTon + C33Tap 


(k = 1, 2, 3, 4) it is possible to find the parameters c;,, with A #0, 
and the quantities 0; (where 0; is the factor appearing in the left 
hand side of (1) corresponding to the homogeneous coordinates of 
M, and M, chosen). 
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Note first that none of the third-order determinants of the matrix 


Liqy Hoy Ky 


Liq Log =X 39, 


(B) 


is zero. Indeed, if, for example, 


Ly, Loy = 34 
L4n Lon L32|=—0 


“¢ 


L143 Lo3 X33 
then there exist linear relations 


UX 44 + Up Loy + Ugtgy = O 
Uy 49 + Upon + Ug 32 = 


U4X43 + UgLeg + Ugty3 = 0 


and, accordingly, the points M@,, M.,, Mg, would lie on the line 
UX, + Ueto + Ust, =), which contradicts the hypothesis of the 
theorem. It can be shown in exactly the same way that none of the 
third-order determinants of the matrix, similar to (6), composed of 
the coordinates 21;, X2,, £3, iS zero. 

Let us now examine equations (a). Setting k = 1, 2, 3, we write 
the three equations 


C44 L qq + CyoLo4 + Cy3% 34 = PT yy 
C44 Ly + CyoLoo+C 43X39 = PoLrq (y) 
o e 
C442 43 + CyoLog + C13%33 = OgTy5 
obtained from the first equation in (a). This is a system of linear 


equations with unknowns ¢,,, C,s, C13. In view of the preceding result, 
the determinant of system (y) denoted by D is not zero. Hence 


F Pi%y, To, 34 ; Ly, OX yq 34 
td eo Fd o 
At 7 Polyo Zon X32], C12. Lig Po%y_ 232, 
o o e o 
P3745 X93 X33 X43 P5713 133 
L440 Zag Oy yy 
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or 
P1211 X11 + Peri2X1e+03213X13 
aa a aa aaa 


= 03241X 91 + Po710X 92 + 03213 23 5 
i D f (04) 


— 04244X 31 + P2712X 30+ P3713% 33 
C13 > Se ae j 
where X ;; is the cofactors of z;, in D. Similarly, using the second and 
third relations in (a), we obtain 
ae P7221 X11 1+ Pol20X 19+ Pslo3X 13 
24 D 
foes 01251 X 01 + PoloeX 09+ Pg TogX 03 
24° D 
01% 91X31 + PoTo0X 32+ Psro3X 33 
ea 7 een 


‘v) 
bn 
i) 


— 
[>] 

iw) 

wee” 


and 
eee 01231X 11 + PoTsoX12+P3r3s413 
317 D 


01231 X91 + Pot3oX og-+ P7334 03 (6 ) 
eae ; a ane : 
01251 X 91 + PeraeX 32+ P3%39X 33 
D J 


If we substitute the right hand sides of (6,), (5,), (65) into equations 
(x) for k = 4, take p, = 1 for simplicity and arrange terms, we have 


fie 07 =13s 


C33 = 


Se 


0+ 03 = fas 
bog D ’ X65 D Xo D 
2 1 wee aH 2 of 2 3 pi ss \ (e) 
x4,D XgoD X5gD 
oF 1 e,+ =o e,+ =F 3 p27, 


where 
Dy = Xy%y, + Xoo, + Xi Fau 


Do = Xy2%yy, + Xoolo + Xg0%se (¢) 
Ds = Xy3%y, + Xogto, + Xg3%au 


The expressions D,, D,, D; show that these quantities are third- 
order determinants of matrix (f). Accordingly, D, #0, D, #0, 
D,=~0. If we set 
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then the determinant A of system (¢) can be written in the form 
D'D,D,D 
A == 7 2*"3 
Whence A ~ 0 and hence the system (e) is consistent. The solution 
of this system is 


Tig Ty, 43 Ti, yy 13 
D e ac e D a, eo , 
Py D'D a4 Yo. Lo3|> P» “DD Lo, Hoy 23 
T3443. X35 L3, U4 33 
Tiy Typ Uy 
D e ta , 
P, D’'D er Y22 “oy 
Le, Xz, ‘Lg, 


Since the determinants in terms of which 9,, 9,, p, are expressed 
are not zero (this fact was demonstrated in the beginning of the 
proof), it follows that p, 40, p, #0, p,; #0. Having found 9,, p,, 
0,, the parameters c;, can be uniquely determined from rela- 
tions (6). 

Linear mapping (1) with the obtained c,, is the desired mapping 
because (i) it transforms points M,, M., M3, M, into points Mj, 
M,, M,, M, and (ii) its determinant is not zero; the latter result fol- 
lows from Theorem 33. 

In § 106 we proved Theorem 25, according to which a projectivity 
of one plane into another is uniquely determined by four pairs of 
corresponding points (subject to certain conditions regarding their 
location). The preceding results enable us to state a stronger theorem, 
namely 

Theorem 37. Given four points M,, M., M;, M, of a plane a, no 
three of which are collinear, and four points M,, M,, M,, M, of a plane 
a’, also no three of which are collinear, there is a unique projectivity 
of a into a’ that maps M,, M., M3, M, into M{, M;, Mj, M,, respec- 
tively. 

This theorem is a direct consequence of Theorems 305 and 36. 

We shall prove, in passing, an analogous theorem concerning pro- 
jectivities of lines. 

Theorem 37a. Given three distinct points M,, M,., M; of a line a and 
three distinct points M,, M,, M; of a linea’, there exists only one pro- 
jectivity of a into a' that maps M,, M,, M; into Mj, Mj}, Mj, respec- 
tively. 

Proof. Since the uniqueness of such a mapping was proved in 
Theorem 15, we need only now show its existence. 

Through line a draw a plane a and through a’ a plane a’. Take ina 
any line uw passing through M, (but not coinciding with a) and take 
any two points P,Q on this line; take in ~’ any line wu’ passing 


20* 


’ 
3) 
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through M, (not coinciding with a’) and any two points P’, Q’ on 
this line. According to Theorem 37, there is a projectivity of @ in- 
to a’ that maps M,, M,, P, Q into Mj, Mj, P’, Q’. By Theorem 24, 
this mapping transforms a projectively into a’ in such a way that M, 
is mapped into M,, M, into M{, and M, into M); the latter result 
follows from the fact that (7; is common to both a and u, and M, is 
common to the corresponding lines a’ and uw’. This proves the theo- 
Tren. & 

We shall show later, in § 140, how to obtain a projectivity of a line 
into a line by means of three pairs of corresponding points without 
taking recourse to the mapping of planes. 

We can now easily prove one of the most important theorems of 
projective geometry. 

Theorem 38. Every projectivity of a plane into a plane is a linear 
mapping with a nonvanishing determinant. 

Proof. The proof is very short. Let M’ = f (M) be any projectivity 
of a plane a@ into a plane a’. Choose in a@ four points M,, M., M3, M, 
no three of which are collinear. Let M,, M3, M;, M, be the correspond- 
ing points in a’. In view of Theorem 23a, M,, Mj, M3, M, are also 
noncollinear. According to Theorem 36, there is a linear mapping 
M’ = L (M) of a into a’ with a nonvanishing determinant and this 
mapping transforms M,, M,, M;, M, into M,, M3, M3, M,. Theo- 
rems 35 and 25 imply that the mappings M’ =f (M) and M' = 
= [ (M) are not distinct. Hf 

Theorem 38 settles the question regarding analytic representation 
for projectivities, formulated at the beginning of the present section. 


Every projectivity is represented in projective coordinates by the 
equations 


Oz; == C4424 + CyoLo + Cy3%3 
(Ly = CoyLy + Copy + Cozy (1) 
px. == C34X_ + Can Lo + C33%3 


with a nonvanishing determinant 


A=] Co Cyq Cog | FO 
Czy C30 «C3 


§ 110. All the theorems obtained in the preceding subsection can 
be extended in a natural way to the three-dimensional case. We only 
formulate the main theorem. 


- Given a@ projectivity M' = f (M) of a space II into a space II’, the 
projective coordinates x,, x, x,, x, of a point M’ are expressed in terms 
of projective coordinates x,, Xo, X3, T, Of point M by means of the linear 
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relations 
O° X= CyyTy + CypLq + C4373 + Cy Ly 
0° Ly = CoyXy + Cog Ly + Cogl3 + CopLy 
O'r,= C34 Ly +- C39%q + Cy3%3 + Ca,L, 
0° 1g = CayLy + CypLo + Cys + CypLy 


with constant coefficients c;,; moreover, 


Cup gn C43 Cay 


Co, Con Cog Coy 


A= #0 


§ 111. We can now obtain an analytic representation for projec- 
tivities of a line into another line. 

Let a and a’ be two projective lines, and let M’ = f (M) be a pro- 
jectivity of a into a’. We introduce a system of homogeneous pro- 
jective coordinates on a by means of three points A,, A,, £, where 
A,, Az, E have, respectively, the coordinates (0, 1), (1, 0), (1, 1) 
(see the end of § 100). Similarly, by means of three points A,, A;, E’ 
homogeneous projective coordinates are introduced on a’. Our aim 
is to obtain equations that connect the coordinates of M and M’ = 
= f (M). 

We shall show that the coordinates (z,, x,) of M and the coordi- 


nates (zj, z,) of M’ = f (M) are connected by the equations 
, , 
P Ty = C44 Ly + CypXo 
t 4 e 
OP Ly = Cy Ly | Cop Lo 


(*) 


where the coefficients c,,;, C2, Co1, Cg. defining the mapping are 
constants and p’ +0 is any number; the determinant 


C11 C42 


A= wa) 


Co, Coo 


To prove the result, draw a plane a through a and a plane a’ 
through a’. Then introduce in « a homogeneous projective coordinate 
system such that A,, A, and E have, respectively, the coordinates 
(0, 1, 0), (4, 0, 0) and (1, 1, 0). Thus the line a is represented by the 
equation x, = 0, that is, is one of the lines of the coordinate trihed- 
ron; moreover, if M is any point of a and (z,, x, 0) are its coordinates 
in a, then z,, x, coincide with the homogeneous coordinates of M 
in the coordinate system that was introduced on a (in order to define 
in a the coordinate system just mentioned, the two vertices of the 
coordinate trihedron should be taken at A, and A, and the third 
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vertex A, should be chosen arbitrarily and the unit point chosen 
somewhere on the line A ,E; see § 101). Similarly, we introduce homo- 
geneous projective coordinates on a’. 

Having completed the above procedure, take any three points A, 
B,C onaand their corresponding point A’, B’, C’, under the map- 
ping M’ = f (M), ona’ Further, take points D, Gina such that D, 
G, C lie on one line which is distinct from a; similarly, choose points 
D’', G’ ina’ such that D’, G’, C’ lie on one line which is distinct 
from a’. By Theorem 37, there is a projectivity M’ = F (M) of a 
into a’ that maps A, B, D, G respectively into A’, B’, D’, G’. 
Evidently, the points of a are mapped into points of a’, and, in accor- 
dance with Theorem 24, the mapping M’ = F (M) which transforms 
line a into line a’ is a projectivity. It is now easy to obtain formulas 
expressing coordinates of the point M’ = F (M) of a’ in terms of 
the coordinates of the point M of a. To do this, we first write the 
known formulas 


yd ’ 
O Ly = Cy Ly + Cy Ly + Cy3%X3 
to. 
0 Ly = CoyXy + Cop Ho + Co3X3 (x) 


/ ? jaa ’ 
0 Ly = CyyXy + CyqLo + C3gX3 


expressing the coordinates of M’ in terms of the coordinates of M 
for any location of M in @ and then set z, = O. Then for any 2, 2, 
the last equation in (**) necessarily implies that z, = O (because a 
is mapped into a’); accordingly, c3, = ¢3, = O and therefore, with 
x, = 0, 1,30, we have 
Ly = Cy Ly + Cyr 

2 


tf 


0 Ly = Co4Xy + CooLy 


These are the desired equations connecting the coordinates of M and 
M' = F (M) of lines a and a’, respectively, that is, the analytic 
representation of the mapping M’' = F (M). But it can be easily 
shown that the mapping M’ = F (M) of a into a’ is not different 
from the given mapping M’ = f{(M). Indeed, the mapping M’ = 
= F (M) transforms a point C of a into point C’ of a’. To establish 
this, consider the mapping M’' = F (M) of the entire plane a@ into 
plane a’; this mapping transforms the lines AB and DG into lines 
A’B’ and D’G’ which means that it maps C, the point of intersection 
of AB and DG, into C’, the point of intersection of A’B’ and D’G’. 
Thus both M’ = F (M) and M’ =f (M) map the points A, B, C 
of a into points A’, B’, C’ of a’. This, in view of Theorem 15, implies 
that the mappings M' = F (M) and M’' =f (M) coincide. Thus, 
formulas (*) give an analytic representation for any given projec- 
tivity M’ = f (M) of a line a into a line a’. 
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That the determinant 


Ciy C40 


a 


Co1 a2 
does not vanish is a consequence of the fact that the projectivity 
in question is one-to-one. Indeed, if A = 0, equations (*) do not 
determine z,, x, for a given x;, x,, that is, the mapping defined by 
formulas (*) is not one-to-one, contrary to the hypothesis. This 
completely proves the proposition. 

Thus the problem of analytic representation for projectivities have 
been solved fully. The results obtained may be formulated in short 
thus: projectivities of projective manifolds are always represented 
in homogeneous projective coordinates, by linear homogeneous 
equations. 7 

§ 112. In many cases it turns out to be convenient to use analytic 
representations for projectivities in nonhomogeneous coordinates. 
These representations can be easily obtained from formulas expres- 
sing projectivities in homogeneous coordinates. 

Recall that if z,, x, are homogeneous projective coordinates of 
a point M of a line, then the quantity z = z,/z, is the nonhomogene- 
ous projective coordinate of the same point (see § 100). Let there be 
given a projectivity M’ = f (M) of a line a into a line a’. Then we 
know that the homogeneous coordinates of M and M’ are related by 
the equations 


, ’ 
O Ly = Cy Ly + Cy Xo 
toe A = 
0 Ly = CoyXy + Coo Xo 


Dividing the first equation by the second and setting z,/r, = z, 
x,/x, = x', we obtain 


Ci, C40 


0) 


Co, Coo 


' C121 Cre 
go * 
Co1%-+ Coe ( ) 
which is the desired relation between the nonhomogeneous coordi- 
nates x and 2’ of M and M’. Introducing new coefficients c,,; = @, Cy. = 


= B, Co; = Y, Co. = 5, we can write the last relation as 


z= — (A = a6 — By & 0) (1) 
Thus, if a projectivity of a line a into line a’ is given, then the 
nonhomogeneous projective coordinates of the points of a’ are ex- 
pressed in terms of the nonhomogeneous projective coordinates of 
corresponding points of a by means of a linear-fractional function 
with a nonzero determinant. 
Analytic representations in nonhomogeneous coordinates for pro- 
jectivities of a plane into a plane and of space into space may be 
similarly obtained. 
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For instance, if M’ = f (M) is a projectivity of a plane @ into 
a plane a’, then the homogeneous projective coordinates of / and M’ 
satisfy equations (1) of § 109. Dividing the first and second equations 
by the third and setting z,/r, = z, x,o/x3 = y, x,/z, = 2’, z,/z, = y’ 
and introducing new coefficients, we obtain the desired equations 
connecting the nonhomogeneous coordinates (z, y) and (x’, y’) of 
points M and M’ in the form 


gh ae ea ea a, b, ¢ 
az+ Bpy+y 

yf tat ba +6 —— So 0) ' 
az+By+y a Bp y 


Similarly, if ’ =f (M) isa projectivity of space II into space II’, 
then the coordinates zx’, y’, z’ of the point M’ are expressed in terms 
of the projective coordinates z, y, z of the point M by means of the 
equations 


ple ayx+ byy+C42+-a, 


ax+By+yz+6 a, by oy ay 
»__ Qg-t+bay+-co2-+- de a, bg C, ay 
1 —- Ag 34 1 C32 3 
= Ga bby bye BPP a =e 


§ 113. We shall conclude the present section by considering an 
important particular case of the projectivity of one-dimensional 
manifolds. 

Suppose that a projective one-dimensional manifold II (a line, 
a linear pencil or a pencil of planes) is mapped projectively into 
itself in such a way that any element p is mapped into an element 
p =f (p). If the given mapping is performed twice in succession, the 
element p is first mapped into element p’ = f (p) and then into an 
element p” =f (p’). Generally, p” will not coincide with p.. 

Given an element p, if the element p” = f (p’), where p’ = f (p), 
coincides with p, then the mapping p’ = f (p) is called an involution. 
The involution is a particular case of a projectivity which will now 
be examined. 

The involutory character of a mapping p’ =f (p) may be ex- 
pressed in one of the following ways: 

(1) f (f (p)) =p for any p; 

(2) p =f (p’), besides p’ = f (p), for any p, that is, the inverse 
mapping coincides with the given mapping. 

Both these characterizations follow at once from the definition of 
an involution (namely, from the relation p” = p). 

Suppose that the one-dimensional manifold II between whose ele- 
ments an involution p’ = f (p) is given is either a pencil of lines 
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or a pencil of planes. Take any line a subject to the sole condition 
that if II is a pencil of lines, then a lies in its plane and does not 
pass through the centre of the pencil, and if II is a pencil of planes, 
then a does not intersect its axis. Let M denote the point of inter- 
section of line a and element p of II and let M’ denote the point 
of intersection of a with element p’. The correspondence M’ = 
= F (M), like p’ = f (p), between the points of a which assigns M’ 
to M is evidently an involution. It is also obvious that the properties 
of involutions p’ = f (p) and M’ = F (M) are identical. Therefore, 
in examining involutions of one-dimensional manifolds, it is suffi- 
cient to deal only with the case where this manifold is a line. 

Let M' = F (M) bea projectivity of a line a into itself. Introduce 
on line a a system of (nonhomogeneous) projective coordinates. Then, 
as we know, the coordinates x and 2’ of: the points M and M’ = 
= F (M) satisfy the relation 

a = SEER (A= a5 —fy #0) (x) 

First, let us try to find the conditions which the coefficients a, f, 
y, 5 must satisfy in order for the mapping M’ = F (M) to be an 
involution. To do this, we solve (*) for z and obtain 
Be Sa (x) 


pe Oe 


which is the analytic representation for the mapping that is the in- 
verse of the given mapping. As noted above, an involution is charac- 
terized by the fact that this mapping coincides with its inverse. 
Comparing (*) and (**), we immediately see that the two mappings 
coincide either if 6 = — aorifd =a, B = 0, y = 0. When 6 = a, 
B = 0, y = 0, the mapping is an identity (x = x). The identity 
involution will be dropped from our consideration. Then the condi- 
tion 6 = — q@ is necessary and sufficient for the mapping («*) to be 
an involution. 

Thus involutions are those projectivities which can be expressed 
in the form 

a ax+p (A = —a2— By 0) (xxx) 
yr—a 

Now we shall establish a few simple theorems concerning involu- 
tions. 

Theorem 39. Let M' = F (M) be a projectivity of a line a into itself. 
If there is a point M, which does not coincide with its image M, = 
=F (M,) but is mapped into itself by another application of the given 
mapping, then all the points do likewise and hence M' = F (M) is an 
involution. 

Proof. Let x’ = (az + 8)/(yx + 5) be the analytic representation 
for the mapping M’ = F (M) in any system of projective coordinates 
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on line a, and let xo, z, be the coordinates of M, and M,. According 
to the hypothesis of the theorem, 


azro-+B 
yxo-+ 


and = zy= it (Xo ~ 25) 


te 
or 
VIox, 1- 62, —AXyp— BP = 0 
Vito, + 6x%9—ax,—B=O0 
Subtracting the two equations, we find that 
5 (x, — 2) +- & (4, — Xo) =D 
and, since xz, — 2) ~« 0, it follows that 6 = — a. Hi 
Theorem 40. Jf an involution of the projective line into itself has 
fixed points, they are two in number. 


Proof. Let x’ = (ax + B)/ (yx — a) be the analytic representation 
for a certain involution. Obviously, the coordinates of fixed points 


(for which x’ = 2) are given by the equation 
_ ar+B 
yr— 
or 


yx? — 2ax — B = 0 


If y 0, this equation is a quadratic equation with discriminant 
a?-+ By = — A 0. Thus, this equation has either two complex 
roots, in which case the involution has no fixed points, or two dis- 
tinct real roots, in which case there are two fixed points. But if 

= 0, then, setting —B/a = a, we can write the relation between z 
and x’ in the form zx’ = —z-+a. In this case, the involution 
obviously has two fixed points, x = a/2 and x = oo. & 

An involution that does not leave any point of the line fixed is 
called elliptic. Elliptic involutions are characterized by the condi- 
tion A = — a — By > 0. 

An involution that leaves two points fixed is called hyperbolic. 


For hyperbolic involutions A= = — a’? — py < 0. 
Sometimes the mapping z’ = = (ax, +. B)/(ya — a) is referred to as 
a parabolic involution if A = — a? — By = 0. But we know that 


a linear fractional mapping with a vanishing determinant is not a one- 


to-one mapping and therefore does not belong to the class of mapping 
under consideration.* 


* That 2’ = (az + B)/(yx + 5) with A = ad — By = 0 is not a one-to-one 
mapping may also be shown, besides the general conaideration given above thus: 

A = 0, oe a-y=Pp-d=q and x’ (ax + B)/(ya + 6) = ¢ (ya + 
+. 5)/(yx + 6) = g. Accordingly, the same point with coordinate x’ = q is 
assigned to every point. 
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Theorem 41. If M’ =f (M) is a hyperbolic involution with fixed 
points A and B, then the pair of points M, M’ divides the pair A, B 
harmonically. 

Proof. We choose a system of nonhomogeneous projective coordi- 
nates on the line insuch a way that A has the coordinate z = 0 and B 
has the (symbolic) coordinate z = oo. Let 


z= watt (*) 


be the analytic representation of the involution M’ = f (M) in the 
coordinate system chosen. Since A is a fixed point with zt = 0, we 
must have x’ = 0 implying B = 0. Since B is also a fixed point, it 
follows that 2’ — oo as x > oo, implying y = 0. Thus (*) assumes 
the form 


Accordingly, (x + x’)/2 =0, that is, A is the projective centre of 
the segment zz’, and this implies that the pair M, M’ divides the 
pair A, B harmonically (see § 97, Property (4) of homogeneous 
coordinates, and § 95, where the projective centre was defined). @ 

This theorem can also be formulated in the following manner. 


A hyperbolic involution M’ =f (M) with fixed points A, B is 
a harmonic mapping into each other of mutually complementary seg- 
ments with common endpoints A and B (see § 93 and, in particular, the 
Remark at the end of that subsection). 


Theorem 42. An involution is uniquely determined by two distinct 
pairs of corresponding points. 

For the proof, it suffices to observe that the involution z’ = 
= (ax + 6)/(yx — a) is determined by its numerical coefficients of 
which three are independent. But since a proportional change in the 
coefficients of a linear-fractional function does not affect this func- 
tion, it follows that for determining an involution only two ratios 
a — B + y need be known and for this two conditions suffice. Such 
conditions can be obtained by prescribing two pairs of corresponding 
points. If the coordinates of the given points are z,, x, and Zp, Z,, 
the ratios of the parameters of that involution under which these 
points are corresponding points may be found from 


= at,+B . oe A22+f 
Yr, —& Vly —O 

or 
Ytyry— & (24+ zg) -—BP=0 
B=0 


V1oLy—O& (Lo + 24) — 
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Indeed, they yield 


A i ae LyX, 


et. 1 
a-Pry=] oo! E 


; ; 
Let XL, IX, 


Ly xy 1 
Latx, 1 


Lox, 1 


The ratios a + B + y remain undetermined only if all the determi- 
nants in the right-hand side of the last relation are zero. But then 
X, +2, = 2%, + 7, and 2427, = xox,. Accordingly, either x, = x, 
and z, = z, or x, = z, and x, = z,; both cases, however, are ruled 
out in view of the hypothesis of the theorem. 

Thus, given any two distinct pairs of points M,, M,, and M,, Mj, 
there is always a unique involution that maps M, into M, and M, 
into M,. @ 

Observe that according to Theorem 15, an arbitrary projectivity 
is determined by three pairs of corresponding points, but, in cont- 
rast, an involution requires for its determination only two pairs. 
This is clearly due to the fact that the number of parameters in a gen- 
eral projectivity exceeds by one the number of parameters in an 
involution. 

We end this section by one more remark. 

The theorems just proved concern the involution of a line. If in the 
formulations of these theorems the words “point of a line” are every- 
where replaced by the words “element of a one-dimensional manifold”, 
then the theorems concerning the involutions of one-dimensional 
manifolds are obtained. 


5.10. Transformation formulas for projective coordinates. 
Cross ratio of four elements 


§ 114. Suppose that two different systems of homogeneous projec 
tive coordinates are introduced on a projective line a; one of the 
systems will be called the first system and the other the second. 
A point M of the line has coordinates (z,, x.) in the first system and 
(x,, x.) in the second. We pose the following problem: derive formu- 
las expressing the coordinates (z}, z,) in terms of the coordinates 
(x,, 2). The reader should note that in essence this problem was 
solved in the preceding section. 

Indeed, the relationship between the coordinates of points that 
correspond under a projectivity of a line into another line was ob- 
tained in § 1411. Let us examine the identity mapping of the line a into 
itself, that is, a mapping under which every point of a retains its 
position. The identity mapping is obviously a projectivity. Therefore 
the coordinates (z,, x.) of point M in the first system and the coor- 
dinates (z,, x,) of its image, that is, of the same point M in the second 
system, must satisfy exactly the same equations which were obtained 
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in § 141, namely 
0’, = Cy Zt CyoLo (4 


0) * 
OP Ly = Co4Xy + Cope mn (*) 


These are the desired formulas. The numerical values of the c’s can 
be obtained for each concrete transformation by the conditions 
determining the transformation in question. 

If the first equation of (+) is divided by the second equation and the 
notations are changed thus: c,, = @, Cy. = B, Co; = Y, Con = 5, We 
obtain the formula for the transformation of nonhomogeneous projec- 
tive coordinates (on a_ line): 


Tce Mel tet " 

The same arguments enable us to conclude that the earlier formu- 
las expressing the relationship between the projective coordinates 
of points which correspond to each other under a projectivity ofa 
plane into a plane or of space into a space are also true for the transfor- 
mation of projective coordinates in a plane or in space. Naturally, 
when these formulas define the transformation of (homogeneous) 
coordinates, the quantities x; and x; (i = 1, 2, 3, for the plane and 
i = 1, 2, 3, 4 for the space) are different coordinates of one and the 
same point. 

§ 115. By establishing the formulas for the transformation of 
projective coordinates we have solved a problem of prime importance. 
Only now can we settle the question regarding the invariance of the 
functions of coordinates of points or the invariance of the relation- 
ships between the coordinates of points which one encounters in 
projective geometry. In particular, now we can define the concept of 
the cross ratio of four elements of a one-dimensional manifold, which 
proves to be of immense importance for projective geometry. We 
start with the cross ratio of four points of a line. 

Let M,, M., M;, M, be four points of a projective line a on which 
we introduce a system of projective coordinates (for computational 
purposes nonhomogeneous coordinates are more convenient), and 
denote by ¢,, ¢,, t3, # the coordinates of points in question. We 
shall show that the quantity 


tg—ty . tg—h 


Ciy C40 


Coy Coo 


tots ~ Tat, 
is independent of the choice of the coordinate system. Consider a new 
system of projective coordinates, apart from the one which was 
introduced at the beginning. If the coordinate of any point of a is ¢ 
in the old system and 7’ in the new, then 


i! = “te (A ma 18 — Bry = 0) 
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where a, B, y, 5 are constants depending on the chosen coordinate 
systems. In particular, for the new coordinates ¢,, t,, t; of the 
points M,, M,, M,, we have 

at, +B oe ate+B i’ ats + 8 


fy yt, +6 ° 2 te +8? : yts-+6 


Therefore 
t’ —_— t’ ron (a6 — By) (ts — t,) 
3 1 (yt +8) (yt3 + 8) 
t’ =a - = (a6 — By) (t. — ts) 
s : (Yt, + 6) (yt, + 8) 
and 
tg —ty = yto+6 tg — ty 
t—ts yi +5 te—ts 
Similarly, 
tg—ty Vteo+6 ty—ty 
to—t Yo +6 te—ty 
and hence 
sai. Mah tsa tat 
to— ts to—ty to — te taf, 
as required. 
The quantity 
fat... tet 
2 3 2 4 


is known as the cross ratio of four points M,, M., M3, M,. 

The preceding result shows that a cross ratio is determined only 
by the location of points M,, M., M,, M,; a coordinate system is 
required only for calculating its actual numerical value and thus 
plays only a secondary role. 

The following properties of the cross ratio are an immediate 
consequence of formula (+): 


(1) (M,M.M,M,) = (M3,M,.M,M,) 


that is, the first and second pairs of points of a cross ratio may be 
interchanged without affecting the value of the cross ratio. 


4 


(2) (M,M,M,Ms) c= (M,M.M,M,) 


that is, if the points of a pair are interchanged, the value of the cross 
ratio is replaced by its reciprocal. 

§ 116. We shall obtain some more theorems concerning cross ratio 
of four points. 
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Theorem 43. Under a projectivity of a line a into line a’, the cross 
ratio of any set of points M,, M,, M3, M, of a is the same as the cross 
ratio of the corresponding points M,, M,, M;, M, of a’. 

To prove this result, we introduce coordinate systems on lines a 
and a’. If t; are the coordinates of M; and t; those of M;, then 

(M,M,M,M,) =~ + 4=4 

Lh (= 1) 

tg—ty . ty—ty 
t3— tg tht 

According to § 112, the coordinates ¢t and ¢’ of points M and M’ 
which correspond under the given projectivity satisfy the relation 
t’ = (at + B)/(yt + 6). With the aid of this relation the equality 
(M(M(M.M;,) = (M,M.M,M,) may be established in exactly the 
same way as in the preceding article. @ 

A particular case of the preceding theorem is 

Theorem 44. If a and a’ are two lines in a plane a and S is any 
point in a lying neither on a nor on a’, then the cross ratio of any four 
points M,, M,, Ms;, M, of a equals the cross ratio of their projections 
M,, M,, M,, M, from the centre S to a’. 

That this theorem is indeed a particular case of the preceding 
theorem follows from the fact that a central projection is a particular 
case of a projectivity (see § 103). Theorem 44 may also be formulated 
thus: 


Any four rays m,, M2, m3, m, of a plane pencil determine, by inter- 
secting any line in the plane of the given pencil, four points the value of 
whose cross ratio is the same for all the lines. 


(MMMM ,)= 


This value is called the cross ratio of the rays m,, m., m3, m, and is 
denoted by (m,m,m,m,). 

The cross ratio of four elements ofa pencil of planes may be simi- 
larly defined: if a@,, @,, @3, a, are four planes passing through one line, 
then by intersecting any line in space these planes determine four 
points the value of whose cross ratio is the same for all the lines. This 
value is known as the cross ratio of the four planes a1, 5, @3, &, and is 
denoted by (a@,@.0504). 

The following theorem plays the same role for the projectivities of 
Eee (of rays or planes) as Theorem 43 does for the projectivities 
of lines. 

Theorem 45. Under a projectivity of a pencil into another pencil the 
cross ratio of any set of four elements of one pencil equals the cross ratio 
of the corresponding elements belonging to the other pencil. 

Proof. Let x be any element of one pencil and x’ = f (z) the cor- 
responding element of the other pencil. Let the elements of the 
first pencil be intersected by a line a and those of the second by 
line a’, and let M be the point of intersection of a and x and M’ that 
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of a’ and zx’. Consider a mapping of a into a’ which assigns M’ = 
= F (M) to M. Both the mappings M’ = F (M) and x’ = f (z) are 
projectivities. Therefore, if M@,, M., M3, M, are points of intersec- 
tion of a with arbitrary elements 2,, x5, x3, x, of the first pencil and 
M,, M,, M,, M, are points of intersection of a’ with the corre- 
sponding elements z,, z,, x,, , belonging to the second pencil, 


(M,M,M,M,) =(,M_M;3M,) 


(see Theorem 43). Furthermore, according to the definition of the 
cross ratio of four elements of a pencil, we have 
(14XL_X3t,) = (M,M,M3M,) 
(x{x/2'2,) =(M{MjMiM}) 
Accordingly, 
(112,224) = (402X274) 
as required. & 

The following theorem, which contains both Theorems 43 and 45, 
is as easy to prove. 

Theorem 46. Under a projectivity of a one-dimensional manifold 
into another one-dimensional manifold the cross ratio of any set of 
four elements of the first manifold equals the cross ratio of the corre- 
sponding elements of the second manifold. 

This theorem contains as special cases the mappings of a line into 
a pencil of rays, of a line into a pencil of planes and of a pencil of 
rays into a pencil of planes. 

Theorems 46 and 24 yield 

Theorem 47, If a plane « is projectively mapped into a plane a’, the 
cross ratio of any set of four elements belonging to a one-dimensional 
manifold of a equals the cross ratio of the four corresponding elements of a’. 

Theorems 46 and 28 yield a similar theorem regarding the projec- 
tivities of a space into another space. 

The above results may be formulated in short as follows: 


A cross ratio is invariant under projectivities. 


§ 117. Take any four points A, B, C, D on a line a and another 
four points A’, B’, C’, D’ on the same line or on another line a’. 
What are the conditions under which there exists a projectivity of a 
into a’ that maps the points A, B, C, D into the points A’, B’, 
C’, D’? 

Theorem 43 states that a necessary condition for this is the equality 
of cross ratios of the sets 4, B, C, D and A’, B’, C’, D’. It is easy 
to find that this condition is also sufficient. 

Indeed, supposing that (ABCD) = (A’B'C'D’), let M’ = f (M) be 
the projectivity of a into a’ that maps the points A, B, C, into 
the points A’, B’, C’. The existence of such a projectivity is ensured 
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by Theorem 37a. Let f (D) = D*. According to Theorem 43, (ABCD) 
= (A’B'C’D'*), and therefore (A’B’C’D*) = (A’B'C’'D'). This 
result in conjunction with the definition of a cross ratio immediately 
implies that the point D* coincides with the point D’. Thus under 
the condition (ABCD) = (A’B’'C’D’) there does exist a projectivity 
of line a into line a’, namely the mapping M’ = f (M) that trans- 
forms A, B, C, D into A’, B’, C’, D’. 

In accordance with the definition given earlier, a system of points 


M,, M., M3, ..., M, of a line a is projectively equivalent to the 
system of points M,, M,, M,, ..., M;,, of a line a’ if there is 
a projectivity of a into a’ which maps M,, M., M3, ..., M, into 
M,, M,, M;, ..., Mn, respectively. 

Arguing in the s same way, the following proposition may be easily 
proved:. s 

In order that a system of points M,, M,, .. ., M, of a line a be prv- 


lectively equivalent to the system of points M,, M,, ..., Mx of another 
fine a’, it is necessary and sufficient that the cross ratio of any set of 
jour points M,, M,, M,, M, of the first system be equal to the cross ratio 
of the corresponding points M,, Mj, M;,, M, of the second system 


The cross ratio which enables us to characterize the projective 
equivalence is the basic invariant of projective geometry just like 
the distance between points characterizing congruence is the basic 
invariant of elementary geometry. 

§ 118. If on any line the pair of points A, B divides the pair of 
points'C, D harmonically, then (ABCD) = — 1. 

To prove this result, first note that the cross ratio of four distinct 
points can never be +41. In fact, if 


we have (23 — 2,)/(_ — X3) = (X, — 2,)/(x_q — x,), which neces- 
sarily implies that xz, = x, if z, #<2z.,, and this contradicts the 
assumption that the points are distinct. 

Further, according to the definition of a harmonic set of points, if 
the pair A, B divides the pair C, D harmonically, there is a com- 
plete four-point PQRS located with respect to the points A, B, C, D 
as shown in Fig. 116. From centre S project A, B, C, D to the 
line PQ. Since a cross ratio is invariant under a projection (see 
Theorem 44), we find that (ABCD) = (PQED). Now again project 
A, B, C, D to PQ but this time from the centre R. Then (ABCD) = 
=(QPED). But according to § 115, 


| 4 
(QPED) = (POED) 


21-0779 
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Figure 116 


Thus (ABCD) = (PQED) and (ABCD) = BORD: which yields 


(ABCD)? = 1 


and (ABCD) = + 1. But since a cross ratio cannot be equal to +1, 
it follows that 
(ABCD) =—1 


as required. If this result is combined with the definition of the cross 
ratio of four elements of a pencil, the following general theorem can 
be immediately obtained. 

Theorem 48. Jf the pair of elements x, y of a one-dimensional mani- 
fold divides another pair z, t of it harmonically, then (xyzt) = — 1. 

§ 119. Now we shall obtain some new formulas expressing the 
cross ratio in projective coordinates. 

Let a system of nonhomogeneous projective coordinates be given 
with the origin at the point O and the points at infinity oo, and o, 
of the axes (see § 98). We consider any four collinear points M,, 
M,., M;, M, in the plane and pose the following problem: Express 
the cross ratio (VM,M.M,M,) in terms of the coordinates (z', y") 
(x?, y”), (x?, y®), (z+, y*) of the points in question. 

With this in mind, project M,, M., M3, M, from the point co, 
to the z-axis and denote by M,, M,, M,, M, the respective projec- 
tions. They have coordinates (z?, 0), (x?, 0), (z°, 0), (z+, 0) and their 
cross ratio can be written in the form 


3__ 7) 4— zl 
° ’ ’ e LS — £ . iene 
(MMMM) = ot an aa eae PEEP 


If M{M3M,\M;, denote the projections of points M,, M., Ms, M, 
from oo, to the y-axis, we similarly have 
3 yl y*— y! 


(MIM IMM) = 44 + 
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By Theorem 44, 
(M,M.M;M,) aa (M,M.M5M,) 
(M,M,M3M,) = (M\M{M3M)) 


Accordingly, any one of the following formulas 


3 yl 4__ 71 
(MMMM) =3=3 + aa | ; 
(M,M,M,M,)=4—4 + 4-4 f ™- 
gif 4) = —y3 : y2— y4 


is applicable for the quantity ey JM ,M,). 

In order to obtain the cross ratio (V,M.M,M,) in homogeneous 
coordinates, one has only to replace the nonhomogeneous coordinates 
z’,y' of each point M; (i = 1, 2,3, 4) in the above formulas by the 
ratios of homogeneous coordinates xi/xi, xi/xi of this point; pro- 
ceeding in this way, we obtain 


a2 gt at ee | 
3 1 ve 
x x ai 
(M,M,M,M,) = 2878) =. 1h 8 I 
ze or zg xg B 
a 7 gl { ( ) 
2 3 2 2 
3 2 4 1 
es eee: . | %3 Fy | 
(41,M.M3M,) => oS ea 
Te 65 Ig Lo 
zg 8 z% 23 


(in these formulas superscripts indicate the numbers of the points 
and the subscripts the numbers of the coordinates). 

The cross ratio of four points of a line in space is expressed in 
projective coordinates by exactly the same formulas; only one more 
formula is added. 

Let us note one special way of writing the cross ratio that follows 
from formulas (B). 

Let P and Q be two distinct points in the plane whose homogeneous 
coordinates are p; and q; (i = 1, 2, 3). It may easily be shown that, 
any point 7 with homogeneous coordinates 


ti = pitta (ti = 1, 2, 3) 
lies on the line PQ. In fact, if 
UT yb Ugo Ugly = >: Wx, = 0 


is the equation of the line PQ, then >) u,p;=0 and >) u;q; =0, but 
then also 


> uit, = Dui (pi + ty) = Di vip, +t Dd uigi = 0 - 
that is, the coordinates of 7 satisfy the equation of the line PQ. 
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We arbitrarily assign two values t = A and t = p to the para- 
meter ¢ and express according to formula (B) the cross ratio of four 
points P, Q, L, M with homogeneous coordinates p;, qi, Pi + Adi, 
Pi + wqgi; using, for example, the first formula in (B), we have 


PitaAq Pi Prt+ha, Py 


P M [pias Ps ; Pstby3 Ps = 
(PQL ) q1 eee & Pithn 


da Ps+Aqs 93 Ps+hd3 
1 41 Py 41 Py 
= 73 _P3 ee 73 Ps _ A 
i Py qi Pi pL 
43 Ps 93 Ps 
It should be pointed out here that these calculations yield a definite 
; qd q,; P 
number only if | Pil 0. If, however, ies =(), then the 
3 


3 P3 3 
second formula in (B) should be used. The computations yield a 
definite number, which coincides with the previous result only if 


qg 
d2 Pe +0. Both a Py and d2 Pe 
93 P3 d3 P3 d3 P3 
wise Py = Pe P3 = G1 ~ 2 — V3, Which is impossible since 
the points P, Q are distinct. Thus 
(PQLM) = dy (C) 


Such a way of writing a cross ratio is very simple and convenient 
in applications; it is evident that this form is also valid if the coor- 
dinates of points P, Q, L, M are taken in space. 

We conclude this section by deriving a formula for the cross ratio 
of four rays of a pencil. 

Consider a pencil with the centre S (zp, yo). The equation of any 
ray of the pencil can be expressed in a nonhomogeneous coordinate 
System as 


cannot be zero because other- 


Y— Yo =k (x — 2) (*) 
Let m,, m,, mz, m, be four rays of the given pencil and k,, k., k3, k, 
the corresponding values of the parameter k in equation (*), and 
M, (x,, 9), Mz (ro, 0), Ms (x3, 0), M, (x,, 0) the points of inter- 
section of the rays m,, m,, m3, m, with the z-axis. By the defini- 
tion of the cross ratio of four points, 
2 8 TA nw A 
(M.M.M3M,) — Ip —ZX5 ° Ty—Z4 
and by the definition of the cross ratio of four rays of a pencil, 
{m,m,m3m,) = (M,M.M,M,). Accordingly, 
tg— ty . M7 
Ig—Ze © Lo—X, 


(m,m,m3m,) = 
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For y = 0, equation (*) implies 
Li = Lo — Yolk; (i = 1, 2, 3, 4) 


Substituting these values of z,, 7,, x3, X, in the preceding expres- 
sion for (m,m,m,m,) and after some computations, we have the 
formula 


kg—ky a kyg—hky (D) 


(mymzm,m.) = | > 


expressing the cross ratio of four rays in terms of their parameters. 

From formula (D) one may easily obtain the analytic representation 
for the projectivity of a pencil into another pencil, that is, obtain 
the form of the function k’ = f (k), where k and k’ are parameters 
determining the projectively corresponding rays of two pencils. 

In fact, if k,, k,, k, are parameters of three rays of the first pencil 
and k;, k,, k, are parameters of the corresponding rays of the second 
pencil, then 


because the cross ratio is, by Theorem 45, invariant under a pro- 
jectivity of pencils. Solving for k’, we obtain 


A coe ak+B 
TE 6 ee 


where a, B, y, 5 are constants (depending on k,, kz, ks, kj, k,, k,). 

Thus a projectivity of a pencil into a pencil is represented analyt- 
ically by a linear-fractional function. The determinant A = ad — 
— By of this function is not zero because otherwise the mapping 
defined by (E) would not be one-to-one. 


9.141. The principle of duality 


§ 120. First we shall consider the principle of duality on the 
projective plane. In the present section we shall formulate and prove 
one of the most striking features of projective geometry, known as 
the principle of duality. At first we shall confine our discussion to 
the two-dimensional case and present the main features of the duality 
principle for projective geometry on the plane. 

In two-dimensional projective geometry, we consider objects 
of two kinds, points and planes. The incidence relationships be- 
tween these objects are set out in the projective axioms of Groups I, 
II, III; of these axioms only the Axioms [.1-I.3, I.9, II.1-I1.6 
and III are axioms concerning two-dimensional geometry, and the 
remaining axioms (that is, Axioms I.4-I.8) concern the space. But, 
as was made clear during the previous discussion, in order to obtain 
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theorems for two-dimensional projective geometry without employ- 
ing the three-dimensional constructions, one has to adjoin Desar- 
gues’ theorem to Axioms I[.1-I.3, 1.9, II.1-II.6 and III. The axioms 
just mentioned and Desargues’ theorem will together be referred 
to as the two-dimensional projective axioms. An analysis of the founda- 
tions of projective geometry reveals that a proposition can be asso- 
ciated with every two-dimensional projective axiom such that one 
of the two associated propositions, if suitably formulated, becomes 
the second proposition by replacing the word “point” with the word 
“line” and “line” with “point”. This feature, which in essence is 
the duality principle on the plane (exact formulation will be given 
later), will become clear to the reader after we have actually per- 
formed the mentioned association. 

. We start with the axioms of the first group. These axioms define 
the mutual incidence relationships between points and ua which 
are expressed in the usual language: “a point lies on a line” or “a line 
passes through a point”. Instead of using these propos ong it is 
more convenient for us to use the expressions “a point belongs to 
a line” or “a line belongs to a point”. Using these expressions, we 
rewrite Axioms I[.1-I.3 and I.9 on the left side and the proposition 
which is associated in the above sense with the given axiom on 
the right side, opposite each axiom. Two such propositions will 
henceforth be called dual. 


(1.1) Given two points A and Given two lines a and b, there 


B, there is a line a belonging 
to both A and B. 


(I.2) Given two distinct points 
A and B, there is at most one 
line belonging to both A and B. 


(1.3) At least three points be- 
jong to every line. There are at 
least three points that do not 
belong to a given line. 


(1.9) Any two lines have a 
common point. 


Desargues' theorem. Let three 
points A, B, C do not belong 
to one line and, similarly, let 
three points A’, B’, C’ not be- 


is a point A belonging to both a 
and b. (This is nothing but 
Axiom [.9.) 

Given two distinct lines a 
and 0b, there is at most one point 
belonging to both a and Db. 
(This proposition follows imme- 
diately from Axiom [.2.) 

At least three lines belong to 
every point. There are at least 
three lines not belonging to one 
point. (This assertion can be 
proved by means of Axioms I.1- 
I.3.) 

Any two points have a com- 
mon line. (This is a restatement 
of Axiom I.1.) 

Let three lines a, b, ¢ not 
belong to one point and, simi- 
larly, three lines a’, b’, c’ not 
belong to one point. Suppose 
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Figure 117 


long to one line. Suppose furth- 
er that the line belonging to A 
and B has a common point P 
with the line belonging to A’ 
and 8’; the line belonging to 
B, C has a common point Q 
with the line belonging to B’, 
Cc’, and the line belonging to 
A, C has a common point R 
with the line belonging to A’, 
C’. Then, if P, Q, R belong to 
one line t, the three lines, one 
of which belongs to A, A’, the 
second to B, B’ and the third 
to C, C’, have a common point 


S (Fig. 147). 


Figure 118 


further that the point belonging 
to a, 6 has a common line p 
with the point belonging to a’, 
b’; the point belonging to 6, c 
has a common line q with the 
point belonging to b’, c’, and 
the point belonging to a, c has a 
common line r with the point 
belonging to a’, c’. Then, if 
P, q, r belong to one point 7, the 
three points, one of which be- 
longs to the lines a, a’, the 
second to b, b’ and the third 
to c, c’ have a common line s 
(Fig. 118). (This proposition is 
nothing but Theorem 2, the con- 
verse of Desargues’ theorem.) 


Thus with every two-dimensional projective axiom of the first 
group it is indeed possible to associate a proper (that is, following 
from these axioms) assertion so that the associated propositions are 
dual. 

Let us now examine the axioms of the second group, Axioms I[I.1- 
IT.6. 

The basic concept used in Axioms IJ.1-II.6 is that of dividing 
pairs of points of a line; the definition of dividing pairs of lines 
passing through one point (see § 89) is given in terms of this con- 
cept. The axioms of the second group with their dual propositions 
are given below; the validity of the dual propositions follow at once 
from the axioms of Groups I and II and the definition of dividing 
pairs of lines. 
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(11.14) Given three distinct 
points A, B, C belonging to one 
line u, there is a point D be- 
longing to u such that the pair 
A, B divides the pair C, D. 

If the pair A, B divides the 
pair C, D, then all four points 
A, B, C, D are distinct. 

(IJ.2) If the pair A, B di- 
vides the pair C, D, then the 
pair B, A divides the pair C, D 
and the pair C, D divides the 
pair A, B. 

(II.3) Given four distinct 
points A, B, C, D belonging to 
one line u, two dividing pairs 
can always be formed from 
these points in only one way. 

(11.4) Let A, B, C, D, E be 
points belonging to a line uw. 
If the pairs C, D and C, E di- 
vide the pair A, B, then the 
pair D, E does not divide the 
pair A, B. 

(11.5) Let A, B, C, D, E be 
points belonging to a line uw. 
If the pairs C, D and C, E do 
not divide the pair A, B, then 
the pair D, E does not divide 
the pair A, B either. 

(11.6) Let a, b and c, d be 
two pairs of lines belonging to 
one point S, and wu, wu’ two 
lines not belonging to S. Sup- 
pose further that A, B, C, D 
are points belonging to wu and, 
respectively, to a, b, c, d, and 
A’, B’, C’, D’ are points be- 
longing to wu’ and, respectively, 
to a, b, c, d. Then, if the pair 
A, B divides the pair C, D, the 
pair A’, B’ divides the pair 
C2 


Given three distinct lines a, )D, 
c belonging to one point JU, 
there is a line d belonging to U 
such that the pair a, b divides 
the pair c, d. 

If the pair a, b divides the 
pair c, d, then all four lines 
a, b, c, d are distinct. 

If the pair a, b divides the 
pair c, d, then the pair 0, a di- 
vides the pair c, d and the pair 
c, d divides the pair a, Db. 


Given four distinct lines a, b, 
c, d belonging to one point U, 
two dividing pairs can always 
be formed from these lines in 
only one way. 

Let a, b, c,d, e be lines belonging 
to a point U. If the pairs c, d 
and c, e divide the pair a, ), 
then the pair d, e does not divide 
the pair a, b. 


Let a, b, c, d, e be lines be- 
longing to a point U. If the 
pairs c, d and c, e do not divide 
the pair a, b, then the pair d, e 
does not divide the pair a, b 
either. 

Let A, B and C, D be two 
pairs of points belonging to one 
line s, and U, U’ two points not 
belonging to s. Suppose further 
that a, b, c, d are lines belong- 
ing to U and, respectively, to 
A, B, C, D and a’, b', e, a’ 
are lines belonging to U’ and, 
respectively, to A, B, C, D. 
Then, if the pair a, b divides 
the pair c, d, the pair a’, b’ di- 
vides the pair c’, d’. 


Thus dual propositions are indeed associated with the axioms 


of the second group. 
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Consider, finally, the axiom of continuity, Axiom III. 

In order to be able to formulate Axiom III (Dedekind’s axiom), 
we had to define the linear orderings of points on the deleted projec- 
tive line. Let us recall this definition. 

Taking any line a, we choose a point U on this line and for the 
remaining points of this line we introduce a “betweenness” relation- 
ship by assuming that of the three points A, B, C the point C lies 
between A and B if the pair A, B is divided by the pair C, U. We 
say that for the set of points of line a which is obtained by omit- 
ting U a linear ordering has been defined if this set is ordered subject 
to the following condition: as soon as the point C lies between the 
points A and B in the sense of the established ordering, the point C 
also lies between A and B in the sense of the definition just accepted. 

With the aim of formulating a proposition dual to Axiom III, 
we shall now define a linear ordering for the set of all lines, except 
one, that pass through one point. 

Taking any point A, we choose a line u among all those lines 
which pass through A, and for the remaining lines we introduce a 
“betweenness’ relationship by assuming that of the three lines 
a, b, c the line c passes between a and b if the pair a, b is divided by 
the pair c, u. We shall say that a linear ordering has been defined 
for the set of all lines, excluding the line u, that pass through A 
if this set is ordered subject to the following condition: as soon as c 
lies between the lines a and b in the sense of the established ordering, 
the line c lies between a and 0 also in the sense of the definition just 
given. 

Now we can state Axiom III and its dual proposition. 


(III) Let a@ be any line, U 
any point belonging to a, and 
let a linear ordering be intro- 
duced on the set of the remain- 
ing points belonging to a. If 
this set is classified into two 
classes such that (1) every point 
belongs to one and only one 
class, (2) every class contains 
points, and (3) any point of the 
first class precedes every point 
of the second, then either the 
first class contains a point which 
follows (in the sense of the 
ordering established) all the 
points of this class or the second 
class contains a point which 
precedes all its points. 


Let A be any point, uw any 
line belonging to A, and let 
a linear ordering be introduced 
on the set of remaining lines 
belonging to A. If this set is. 
classified into two classes such 
that (1) every line belongs to. 
one and only one class, (2) every 
class contains lines, and (3) any 
line of the first class precedes. 
every line of the second, then 
either the first contains a line 
which follows (in the sense of 
the ordering established) all the 
lines of this class or the second 
contains a line which precedes 
all its lines. 
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The validity of the proposition dual to Axiom III may be easily 
established by means of the operation of section. In fact, let S be 
any point and u any line not passing through S. We associate with 
every line passing through S that point of uw which belongs to this 
line. If in the set of all lines, excluding one line, passing through S 
as well as in the set of points corresponding to these lines a linear 
ordering is defined, then the corresponding elements of these two 
sets are either always in the same order or always in the reverse order. 
Therefore Dedekind’s principle holds for the set of lines passing 
through S as soon as this principle holds for the set of points of 
line u, that is, the validity of the proposition dual to Axiom III 
follows from this axiom. 

Thus, every axiom of two-dimensional projective geometry has 
indeed a dual proposition. On the basis of the above analysis the 
following principle may be enunciated. 


Let there be given two sets of objects, called, respectively, points and 
lines, such that between these objects incidence and order relationships 
are established subject to the requirements of all the axioms of two- 
dimensional projective geometry. If the roles of these objects are inter- 
changed, that is, if the objects of the first set are called lines while those 
of the second points and the mutual relationships between them are 
left unchanged, then all the requirements of the projective axioms will 
again be fulfilled. 


§ 121. Obviously, we can develop projective geometry starting 
by either the axioms originally accepted or by their duals. From 
the logical point of view, in both cases we shall be working on the 
same problem. 

If such a dual construction of projective geometry be carried out, 
then together with every projective theorem we shall obtain its 
dual, and then all the theorems can be paired in suitable formula- 
tion such that one proposition of the pair will lead to another pro- 
position of the same pair simply by replacing the word “point” 
with the word “line”, and vice versa. It is not difficult to point out 
an abstract formulation of theorems of projective geometry in which 
the mutually dual propositions will be combined into one. To do 
so, one has to refrain completely from using the words “point” and 
“line” replacing them with the words “object of the first kind” and 
“object of the second kind”. Every theorem formulated in an ab- 
stract manner may then be interpreted in two ways, once by taking 
the objects of the first kind to mean points and the objects of the 
second kind to mean lines, and a second time by taking the 
objects of the first and second kind to mean lines and points, re- 
spectively. The dual theorems obtained by two interpretations, if 
assigned to some definite realization of projective geometry, will 
express, in general, different facts. For example, the assertion “two 
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objects of the first kind always define one and only one common 
object of the second kind” leads to two dual propositions: (1) that 
one and only one line always passes through two distinct points 
and (2) that two distinct lines always intersect at one point. 

If the words “point” and “line” in these two propositions are under- 
stood in the same sense, then these propositions have different con- 
crete meanings. 

There are theorems, among them important ones, in projective 
geometry which were discovered at various periods of time and even 
in various epochs but which, being dual, coincide in the abstract 
logical construction of projective geometry. An example is provided 
by the famous theorems of Pascal and Brianchon (see § 143), which 
were discovered one hundred years apart but which coincide logi- 
cally. : 

From the modern point of view the principle of duality does not 
appear as something surprising. Jt is easily detected if geometry is 
examined from the abstractly logical point of view. But at the 
beginning of the nineteenth century the discovery of the duality 
principle was a highly original and progressive feat; in particular, 
the principle of duality has played a leading role in the development 
of the abstract understanding of geometrical objects. 

In our previous discussion the dual character of projective ge- 
ometry constantly appeared in that the propositions regarding a sys- 
tem of points of a line were associated with similar propositions 
regarding elements of a pencil. Observe that there is no duality in ele- 
mentary geometry. For example, the Euclidean points and lines 
are not dual with respect to their incidence relationships; indeed, 
in the Euclidean plane, where two points always have a common 
line, two lines do not always have a common point (the lines may 
be parallel). The duality is absent in order relationships also; 
namely, all points of a Euclidean line are situated in a linear order 
but the order of rays in a pencil is cyclic. One may also note the 
important differences in congruence relationships of segments and 
angles (which are completely absent in projective geometry); for 
instance, in the Euclidean plane triangles with corresponding con- 
gruent sides are equal, but triangles with corresponding congruent 
angles are, in general, not equal. 

§ 122. It is natural that the duality in two-dimensional projective 
geometry has a certain analytic expression. 

In order to obtain suitable association of the corresponding ana- 
lytic relations, besides the dual association of statements of projec- 
tive geometry, we use the coordinates of lines, which are defined be- 
low. 

Suppose that a system of homogeneous projective coordinates is 
introduced in the plane. Then every point of the plane is deter- 
mined by the ratio of three numbers 2z,, z., z3; and every line by 


332 


Projective Geometry 


an equation of the form 
UyX, + Ur, + Ugts = O (+) 


We shall call the coefficients u,, u,, uw; in equation (*) the coor- 
dinates of the line represented by this equation. Evidently, the 
coordinates U,, U,, Us are homogeneous because the three numbers 
U,, Uy, Us and the three numbers pu,, pu,, pu, determine one and 
the same line. In other words, in order to determine a line it is 
enough to know the ratio u, ~ u, + Us. It is also obvious that any 
three numbers wu,, U,, UW; are coordinates of some line except when 
all three numbers are zero. 

From the preceding discussion it follows that if (z,, x,, x3) are 
the coordinates of a point P and (u,, u., us;) are the coordinates 
of a line p, then the relation 


UX, + Un, + Use, = OD 
is the condition for both P and p to belong to each other. Thus we 
have the following dual propositions: 


With fixed (u,, Us, Us) and With fixed (2,, rg, x3) and 


moving (Z,, X_, X3), the equation 
(*) Uy, + Ug®, + Ugly = O 

determines all possible points 
belonging to the line (u,, Us, Us); 
in this sense this is called the 
equation of the line (u,, Us, us). 


moving (U,, Us, Us), the equation 
(*) ru, + TQU, + FU; = O 

determines all possible lines be- 
longing to the point (1, x,, 2X3); 
in this sense it is called the 
equation of the point (2, Zo, 


La). 


Next, note that if (p,, Ds, Ps) and (q,, go, g3) are the coordinates 
of two points P and Q, then for any A the numbers p, + Aq,, pe. + 
-++ Ade, Ps + Ags are the coordinates of some point L of the line PQ. 
Indeed, let u,z, + ux, + usr, = O be the equation of the line PQ. 
Since the coordinates of P and Q must satisfy this equation, we have 
UyP, + UsPe + Usps =O and wW,q, + Usqe. + Usqz; = 0. But then 


Uy (Py + AQ) + Us (De + Age) + Us (D3 + Ags) = 0 


that is, the coordinates of ZL satisfy the equation of the line PQ, 
and hence Z does lie on the line PQ. 

Similarly, if (v,, v,, v3) and (W,, Ws, Ws) are the coordinates of 
two lines v and w, then for any A the numbers v, + Aw,, v. + AWs, 
Vv, + Aw, are the coordinates of some line / that passes through the 
point of intersection of v and w. 


* By the way, for fixed z,, z., zz and moving wy, us, ug equation (*) is 
more frequently called the equation of the pencil with the centre (z,, x2, 23) 


The Foundations of Projective Geometry 333 

Indeed, let O be the point of intersection of the lines v and w 
and 2,U, + x2,U, + x,U, = 0 be its equation; the coordinates of v 
and w must satisfy this equation, and, accordingly, z,v, + 2v, + 
+ 2x,v, = 0 and zw, + 2,w, + 23,w, = 0. But then 


ry (Vy + Aw) + Lo (Vg + Awe) + Zs (v3 + Aws) = 0 


that is, the coordinates of line 1 satisfy the equation of point O 
and, therefore, / does pass through O. 

It was shown in § 119 that the cross ratio of the points P, Q, L, M 
with the coordinates pi, gi, Pi t+ Agi, pi t uqi (i = 1, 2, 3) is 
given by 

(PQLM) = A/p (1) 


In view of the principle of duality, the ‘cross ratio of the lines v, w, 
l, m with coordinates v;, wi, Vi + Aw;, Vi + ww; (i = 1, 2, 3) 
can be expressed by a similar formula 


(vwlm) = d/p (2) 


Formulas (1), (2) and Theorem 48 imply the following dual pro- 
positions: 


If the points P, Q, L, M 
have respectively the coordi- 
nates pi, qi, Pi + Agi, Pi + VQi 
(i = 1, 2, 3), then the necessary 
and sufficient condition for the 
pairs P, Q and L, M to divide 
harmonically is 


A/p = —1 


If the lines v, w, 1, m have 
respectively the coordinates 1;, 
Wi, Vit dw, Vit pw; (i = 
= 1, 2, 3), then a necessary and 
sufficient condition for the pair 
v, w and l, m to divide harmo- 
nically is 


/p = —1 


Like in the examples cited, it is clear that in all other cases analyt- 
ic relations corresponding to dual facts of projective geometry go 
over to each other by replacing the coordinates of points by those 
of lines, and vice versa. 

§ 123. We now turn to the principle of duality in the projective 
space. In three-dimensional projective geometry we deal with 
objects of three kinds, called points, lines and planes, and two 
kinds of their mutual relationships: the incidence and betweenness 
relationships. 

Instead of the expressions “a point lies in a plane” or “a plane 
passes through a point’, used in visual geometry, we shall say “a 
point belongs to a plane” or “a plane belongs to a point”; instead 
of saying “a point lies on a line” or “a line passes through a point” 
we shall say “a point belongs to a line” or “a line belongs to a point”, 
and instead of “a line lies in a plane” or “a plane passes through a line” 
we shall say “a line belongs to a plane” or “a plane belongs to a line”. 
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If the Axioms I.1-I.9, which state the properties of mutual inci- 
dence of objects, are suitable formulated, then with each of these 
axioms a valid proposition (following from Axioms I.1-I.9) may be 
associated such that the two associated propositions reduce to 
each other when the word “point” is replaced by the word “plane” 
and “plane” by “point” (the word “line” remains unchanged). The 


propositions thus associated will be called dual. 
We write Axioms [.1-I.9 together with their dual propositions, 
the proofs of which are left to the reader. 


(1.4) Given two points A and 
B, there is a line a belonging 
to both A and B. 

(1.2) Given two distinct 
points A and B, there is at most 
one line belonging to A and B. 

(1.3) At least three points be- 
long to every line. There are at 
least three points not belonging 
to a given line. 

(1.4) Given three points A, 
B, C not belonging to one line, 
there is a plane a belonging to 
the pointsA,B,C. At least one 
point belongs to every plane. 

(1.5) Given three points A, 
B, C not belonging to one line, 
there is at most one common 
plane belonging to them. 

(1.6) If two points A, B be- 
longing to a line a also belong 
to a plane a, then every point 
belonging to a also belongs to a. 

(1.7) If a common point A 
belongs to two planes a, 8B, 
then at least one more common 
point B belongs to these planes. 

(1.8) There are at least four 
points not belonging to a given 
plane. 

(1.9) Any two lines belonging 
to one plane belong to a com- 
mon point. 


Given two planes a and 8, 
there is a line a belonging to 
both @ and B. 

Given two distinct planes a 
and f, there is at most one line 
belonging to @ and B. 

At least three planes belong 
to every line. There are at least 
three planes not belonging to 
a given line. 

Given three planes a, f, jy, 
not belonging to one line, there 
is a point A belonging to the 
planes a, B, y. At least one plane 
belongs to every point. 

Given three planes a, B, y, 
not belonging to one line, at 
most one common point belongs 
to them. 

If two planes a, £8 belonging 
to a line a also belong to the 
point A, then every plane be- 
longing to a also belongs to A. 

If a common plane a@ belongs 
to two points A, B, then at 
least one more common plane f 
belongs to these points. 

There are at least four planes 
not belonging to a given point. 


Any two lines belonging to 
one point belong to a common 
plane. 


There is no need of deseribing in as much detail the propositions 
which are dual to the axioms of Group II and Axiom III. The man- 
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ner of their formulation is clear enough from the preceding exposi- 
tion and their proofs require totally trivial arguments. 

In view of the fact that all the propositions which are dual to 
Axioms I, II, III are valid (that is, are implied by these axioms 
themselves), we have the following principle of duality in space: 


Let there be given three sets of objects, called points, lines and planes, 
between which incidence and order relationships are established such 
that the requirements of all the axioms of projective geometry are satis- 
fied. If the roles of these objects are interchanged by calling the objects 
of the first set planes and those of the third set points (the objects of the 
second set remain unchanged) and if the mutual relationships between 
these objects are not changed, then all the requirements of the projective 
axioms will again be satisfied. 


Evidently, three-dimensional projective geometry can be devel- 
oped, like two-dimensional geometry, by starting with either the 
axioms accepted originally or their duals. 

If such a dual construction of projective geometry is carried out, 
then together with every projective theorem we shall obtain its dual. 

Of course, having proved a certain projective theorem, if we wish 
to obtain its dual, there is no need of actually proving this dual 
theorem; the formulation of the dual theorem can be obtained from 
the given theorem by replacing the words according to the follow- 
ing scheme: 


point — plane 
line — line 
plane — point 


Then its validity is established by the duality principle. 

For definite geometric objects, the dual propositions express, ir 
general, different concrete facts. For example, all the theorems 
regarding the figures composed of points and lines of one plane 
have as their duals the theorems regarding bodies composed of lines 
and planes passing through one point; in other words, geometry 
in the plane is dual to geometry of the bundle. 

§ 124. Guided by the duality principle, we introduce the coor- 
dinates of the planes, apart from the coordinates of points. Namely, 
by coordinates of any plane a we mean the coefficients u,, U,, Us, Uy 
in the equation 


Ur, + Upgt, + Ugr, + Ur, = 0 


representing @ in a certain system of homogeneous projective coor- 
dinates. 

The coordinates (u,, U,, U3, U,) are obviously homogeneous 
because the four numbers u,, Uz, Us, uU, and the four numbers pu,, 
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Pll, PU3, PU, determine one and the same plane. Thus, to deter- 
mine a plane it is enough to know the ratio u, ~— u, ~ u3; + Wy. 
Evidently, any four numbers wu,, u,, Us, Uz are the coordinates 
of some plane except when all these four numbers are zero. 
According to the preceding result, if (7,, 2,, x3, x,) are the coor- 
dinates of a point P and (u,, Us, U3, u,) are the coordinates of 


a plane a, then 


UyL, + Ugl, + Ugklg + UX, = 


is the condition for the point P and the plane @ to belong to each 
other. Thus we have the following dual propositions: 


For fixed (u,, U., U3, U,) and 
current (Z,, 29, 23, 4,) the equa- 
tion 
UL, + Ugl, + Ust3 + Ur, = O 
determines all possible points 
belonging to the plane (u,, Uu,, 


Us, U,); in this sense it is called 
the equation of the plane. 


For fixed (2,, X., Z3, x,) and 
current (U,, Us, Us, U,) the equa- 
tion 


LU, + To, + Ta, + XU, = O 


determines all possible planes 
belonging to the point (2%, Zo, 
X3, Z,); in this sense it is called 
the equation of a _ bundle of 
planes. 


Furthermore, the following assertions can be easily shown to be 


true: 


If Liy Yi 4; (i — 1, Z 3, 4) 
are the coordinates of three 
points X, Y, Z, then for any 
a, B, y (except when a = B = 
= y = 0) the equations 


pi = on; + Byis + 2: 


determine the coordinates of a 
point P belonging to the plane 
XYZ; therefore these equations 
are called the parametric equa- 
tions of this plane. 


If x;, y; (i = 1, 2, 3, 4) are 
the coordinates of two points 
X, Y, then for any a, B (except 
when a = £ = QO) the equations 


(x) Pi = ox, + By; 


If Qi, Bi, Vi (i 4 1, 2, 3, 4) 
are the coordinates of three 
planes a, B, y, then forany u,v, w 
(except when u =v = w = QO), 
the equations 


nm; = ua; + vB; + wy; 


determine the coordinates of a 
plane x belonging to the com- 
mon point of a, B, y; therefore 
these equations are called the 
parametric equations of a bundle 
of planes with centre at this 
point. 

If a;, B; (i = 1, 2, 3, 4) are 
the coordinates of two planes 
a, B, then for any wu, v (except 
when u = v = 0) the equations 


(*) My = ua; + Up; 
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determine the coordinates of a 
point P belonging to the line 
XY; therefore these equations 
are called the parametric equa- 
tions of this line. 


If we divide the equations 
(x) by a and set B/a =A, then 
the current coordinates p; will 
be represented in terms of one 
parameter: 


Pi = Xi + yi 
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determine the coordinates of a 
plane x belonging to the line 
along which @ and 6 intersect; 
therefore these equations are call- 
ed the parametric equations of 
this line (in the plane coordinat- 
es). 
If we divide the equations (+) 
by u and set v/u = t, then the 
current coordinates x; will be 
represented in terms of one pa- 
rameter: 


my = a; + tp; 


For different values of the parameter the equations in the first 


case define a set of points belonging to the line and in the second 
case a set of planes belonging to the line. 

According to § 119, the cross ratio of four points X, Y, L, M 
with the coordinates z;, y;, 2; + Ayi, 71 + pyi (it = 1, 2, 3, 4), 
is given by 

(XYLM) = Ku 

This implies, in view of the duality principle, that the cross ratio 
of four planes a, 8, t, o with coordinates a;, B;, a; + tB:, a; + sp; 
(¢ = 1, 2, 3, 4) is given by 


(aBto) = t/s 


Like the examples just cited, in other cases also the analytic 
expressions corresponding to dual facts reduce to each other if the 
coordinates of points are replaced by those of planes, and vice versa. 


9.12. Algebraic curves and pencils. 
Algebraic surfaces and bundles. 
Complex projective plane and complex projective space 


§ 125. One of the major subjects of investigation in plane projective 
geometry are the algebraic curves and their duals, according to the 
principle of duality, the algebraic pencils. These concepts are defined 
below. 


An algebraic curve is the set 


of points whose homogeneous 
projective coordinates satisfy a 


homogeneous algebraic equation: 
a 
pa Qayas...a, Calas ee 


(Oy, Qo, ee 
22-0779 


.58n=1, 2, 3) 


; 
ta = 0 > Gajas...a,UaUa,-.- 


An algebraic pencil is the set 
of lines whose homogeneous pro- 
jective coordinates satisfy a 
homogeneous algebraic equation: 


Ug = 0 


Oy = 4, 2, 3) 


(Corer 
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where on the left side is written 
a homogeneous form of degree 
n; the coefficients Qg,a,...an are 
assumed to be independent of 
the order in which the indices 
appear. The degree n of the 
equation is the order of the 
algebraic curve. 


For n = 1, 2, 3, . 


a curve of the 1st order defined 
by the equation 


a,r, + a,x, + ar, = 0 


that is, the set of points be- 
longing to one line; a curve of 
the 2nd order defined by the 
equation 

Oy Zt + 20492 4Xy + Ago Xs + 20432423 
+ 2do3Xo%3 + Agr, = 0; 


a curve of the 3rd order defined 
by the equation 


3 2 2 
Qyyy2, + BQ 4490 Lo a SA yo9X 425 
L Boon Le? + SAoogt7%13 + 3a < 
T Go00%o 993% oV3 933092 4 
2 . m2 
+ 304432123 + 3A4 332425 
\ 3 
+ 6A 493242273 + 433373 = 0, etc. 


where on the left side is written 
a homogeneous form of degree n; 
the coefficients dgia,...an are 
assumed to be independent of 
the order in which the indices 
appear. The degree n of the 
equation is the class of the 
algebraic pencil. 


. », we respectively have: 


a pencil of the ist class defined 
by the equation 
aU, + aU, + au, = 0 


that is, the set of lines belong- 
ing to one point; a pencil of the 
2nd class defined by the equation 


2 2 

Ay Uy + 2AyQUyUs + Aggy {- 2Aygl'yUg 
2 a 
+ 2dg3lyUg + Aggl, = 0; 


a pencil of the 3rd class defined 
by the equation 


3 € 2 2 
Q144U, = 304 49U Uy -f- BA yo9U4U3 
 Agg2lg + BAgo3U5U3 + dAgg3Ul5 

2 2 
=F 3444 3U4Ug + 3Q433U4U5 


3 
+ Bayo3U4UyU3 + Agz33U, = O, etc. 


According to the definition just given, algebraic curves are dis- 
tinguished among curves in general by the form of their equations. 
A natural question could be: Is the form of an algebraic equation 
disturbed if one goes from one system of projective coordinates to 
another? In such a case it would be meaningless to introduce the 
concept of an algebraic curve in geometry. However, as can be 
easily shown, the form and degree of an algebraic equation are inva- 
riant under any transformation of projective coordinates. In fact, 
it is known that when the projective system of homogeneous co- 
ordinates is changed, the coordinates of points in the plane become 
homogeneous linear functions of the new coordinates and, in turn, 
the new coordinates are homogeneous linear functions of the old. 
But then it is obvious that in new coordinates also we obtain a homo- 
geneous form and, moreover, of the same degree n as the original 
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form. Thus the concept of an algebraic curve and its order has a 
geometric meaning independent of the chosen coordinate system. 
In order to demonstrate a similar property for the algebraic pen- 
cils, we must first obtain formulas according to which the homoge- 
neous coordinates of lines correspond with a change in the projective 
coordinate system. To this end consider the equation 


U4t, + Upt, + Uzt, = O (x) 
of any line and the equation 
Ut, + Upr, + Ur, = 0 (**) 
of the same line in new coordinates. Let 
Pry = Cy4Ly + Cy + G33 
0's == CoyLy + Cope + Cy3ilg (a) 
0 Ly = Ca,L, + Cy9lq + Ca3%3 | 


be the formulas connecting the new and old coordinates of points. 
Since (x) and (#*) determine the same line, we must have 


UL, Ugly + Usd = YP (Uy Xy + UgLy + W323) 


for any 2, 2, Z3. Replacing z,, x,, x, in the last relation by their 
expressions in terms of z,, 22, X3, we obtain the identity 


| , . ce e ce eo ac 
ra [(Cy4U, + Coy, + C34U,) Ly+ (CyQU, + Cogly + C3oll,) Lo 


+ (Cg, + Coal, + Cgglty) 2g] = Ml (Wry + Ugg + gat). 
Setting o’'u = o, the last identity yields 
Olly = Cyl, + Copy + Cally 
OUlg = Cyolly + Coglly + Cg ally (B)s 
OUs = Cy: + Cogll + Cogll, 


which are the desired formulas connecting the old and new coordi-- 
nates of lines. Thus the formulas for the transformation of coordi- 
nates of lines have the same structure as the formulas for the trans- 
formation of coordinates of points (and the determinant of trans- 
formation (B) is the same as that of transformation (a) and is hence 
+ (0). Therefore the concepts of an algebraic pencil and its class, 
like that of an algebraic curve and its order, have a geometrical 
meaning independent of the chosen coordinate system. 

It is clear that when the old variables in an algebraic equation 
are replaced by linear forms of the new variables, then an equation 
is obtained in which the coefficients, generally speaking, differ from 
the coefficients of the original equation. It is also clear that all the 
geometric properties of curves and pencils and all geometric quanti- 
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ties connected with them must be represented analytically. by rela- 
tionships between the coefficients of equations and by functions of 
these coefficients that do not change with a change in the projective 
coordinate system. 

Thus, the problem of investigating algebraic curves and pencils 
in plane projective geometry is equivalent to the algebraic problem 
of investigating the invariants of homogeneous forms with three 
arguments. 

One more remark is in order. An analysis of formulas (a) and (B) 
shows that the coordinates appearing in these formulas may also be 
assumed to belong to one system. Then the numbers z,, x5, x3 and z,, 
x. x, in formula (@), for example. will not be different coordinates 
of one point but coordinates of different points (7 and A/’. We know 
that a mapping of the projective plane into itself under which a 
point M goes to point M’ determined by (a) isa projectivity. With 
this interpretation of formulas (a) and (B) (as formulas for projec- 
tivities) the invariance of the structure of equations of algebraic 
images with respect to transformations (a) and (B) means that under 
a projectivity algebraic images of any order or class are mapped into 
algebraic images of the same order or class. 

Furthermore, it is obvious that if we perform a projectivity given 
by formulas (a) and simultaneously by these formulas define a change 
of projective coordinates, then an arbitrary algebraic image A in 
the system (z,, Z,, 3) and its projectively corresponding image A’ 
in the system (z,, 2, x,) will have the same equations. Because alge- 
braic images that can be projectively mapped into each other have 
identical equations in suitable coordinates, they have identical 
geometric properties too. This is in line with the feature of entire 
projective geometry where the figures which are mapped into each 
other by a projectivity are treated as equivalent (just as in elemen- 
tary geometry those figures are treated as the same which coincide 
under motions). 

§ 126. Any line contains at most n points of a curve of the nth 
order or else is entirely composed of points of this curve. To see 
this, let 

> ayay...0, LaLa --- La, = 0 


be the equation of some nth order curve, p;, qg; (i = 1, 2, 3) be the 
coordinates of two points P and Q. The coordinates z; (i = 1, 2, 3) 
of any point of the line PQ may be expressed as functions of para- 
meter i: 
az=piridqg (i = 4, 2, 3) 
These formulas determine common points of PQ and the given 
curve if A satisfies the equation 


= Gajag...0, (Pa, + AGa;) (Pas AGay) +++ (Da, a qa.,) = (*) 
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Suppose that Q is chosen subject to the condition 
BS Aaj a2...4,JaiJa. +++ Ja, + 0 


(which is possible if the line is not entirely composed of the points 
of the given curve). In that case the left hand side of equation (x) 
contains A” and this equation is of degree n. Since to every real root A, 
there corresponds a point of intersection of the line PQ and the given 
algebraic curve and since the number of the real roots of («*) is at 
most n, it follows that the maximum number of common points of 
the line and the nth order curve is indeed n. 

Analogously, an arbitrary point contains at most 7 lines of a pen- 
cil of class n or else all the lines belonging to the point belong to the 
pencil. In fact, let 


' 
¢ 


> Qajas...a, Haas are oe Ua = 0 


be the equation of a pencil of class n and let S be any point deter- 
mined by the intersection of two lines v and w with the coordinates v; 
and w; (i = 1, 2, 3). The coordinates u; (i = 1, 2, 3) of any line 
belonging to S may be expressed as a function of the parameter A: 


u; = v0; + WwW; (= 4... 2,9) 


These formulas determine the lines belonging to S and the given 
pencil provided A satisfies the equation 


by Aayas...0, (Va, + Wa) (Vag + Way). ee (Va, — Awe, ) — @) (#*) 


Let the line w be chosen subject to the condition 


3 Gajay...a,WayWa, vee Wa, a 0 


(which is possible provided not all the lines belonging to S belong 
to the given pencil). In that case the left hand side of (**) contains A” 
and this equation is of degree n. Since to every real root A; there 
corresponds a line belonging to S and the given pencil and since the 
number of real roots of (**) is at most nm, the maximum number of 
lines in the pencil passing through S is indeed n. 

The propositions just proved might lead us to think that the order 
of an algebraic curve may be interpreted from the point of view of 
visual geometry as the maximum number of points of this curve 
belonging to one line and the class of a pencil as the maximum num- 
ber of its lines belonging to one point. That such an interpretation 
is misleading can easily be demonstrated. Namely, there are curves 
of order n which have less than n common points with any given 
line. As an example, it is enough to cite the 2nd order curve x; + 
+ x; + xz} = 0, which has no points whatsoever. 

At the same time, the geometric interpretation for the order of 
a curve and the class of a pencil just mentioned will be valid if the 
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set of elements of the projective plane is augmented by adjoining new 
“imaginary” elements. The imaginary elements in geometry serve 
the same useful purpose as the imaginary numbers do in algebra be- 
cause they enable us to simplify the formulation of many theorems. 
The principle of introducing imaginary elements on the projective 
plane is enunciated below. 

§ 127. Let there be given two sets of objects, called, respectively, 
points and lines and let the incidence and order relationships between 
the elements of these two sets be defined satisfying the two-dimen- 
sional projective axioms (in other words, let the projective plane be 
given). Then, as we know, with all the points of the plane one can 
associate, according to some definite rule, in a one-to-one manner 
the ratios of real numbers 2,, z,, 73, called the homogeneous projec- 
tive coordinates of points, and with all the lines the ratios of real 
numbers u,, Ws, Us, called projective coordinates of lines. By an 
imaginary point we shall mean any system of three complex numbers 
Z1, T, Xz if at least one of these numbers is not zero and if the ratio 
of at least two of them is not a real number (the points (z,, x5, 23) 
and (02), 0X»_, 073), where p is any nonzero complex number, will 
be assumed to coincide). Under the same conditions, the triple w,, 
Uo, Us of complex numbers will be called an imaginary line. Thus any 
triple of numbers can be treated both as a point and a line. 

If the system of projective coordinates is changed, then the coor- 
dinates of all points change according to (a), § 125, and those of 
lines according to (6). We shall assume that the same formulas deter- 
mine the coordinates of imaginary points and lines in any new pro- 
jective coordinate system. 

Thus the concepts of imaginary points and lines have an invariant 
meaning. Namely, we may state that imaginary points and lines 
are certain objects which are determined in a given projective coor- 
dinate system by triples of complex numbers with complex ratios; 
two triples of numbers in one coordinate system determine one and 
the same object provided the numbers constituting the triples are 
proportional; two triples of numbers in distinct coordinate systems 
determine one and the same object if they are connected by formu- 
las (a) or (6) depending on whether the object in question is a point 
or a line. 

For the augmented set of objects the incidence relationships are 
defined thus: the point (z,, x2, 23) is said to belong to the line (uy, 
Uy, Us) if uyz, + uUpt, + Usgtz = 0. The computations leading to 
formulas (B) imply that this condition has an invariant meaning 
(that is, if this condition is fulfilled for the given real or imaginary 
point and the given real or imaginary line in one coordinate system, 
then it is also fulfilled in any other coordinate system). 

For imaginary objects, order relationships are not introduced. 
The set of real points and lines of the projective plane augmented 
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by imaginary elements will be referred to as the complex projective 
plane. 

Like points and lines, all the remaining algebraic images of the 
complex projective plane are also divided into real and imaginary 
images. Those algebraic images which can be represented by equa- 
tions with real coefficients are real, while imaginary images can be 
represented only by equations with complex coefficients. Lest one 
forms a mistaken impression, we immediately note that there may 
be real images which are composed entirely of imaginary elements; 
for example, the curve z{ + 23 + 2} = 0 is real although it does 
not have any real point.* 

On the complex projective plane every algebraic curve of order n 
has n points of intersection with any line (having regard to the mul- 
tiplicity- of the points). To see this, let us return to the considera- 
tions of the beginning of the preceding article. Equation (*) has n 
real or complex roots A,, A., ..-, A, With each one of which there 
are associated three numbers according to formulas 


Ly = Pi + MG: (i = 1, 2, 3) 


Since imaginary elements have been introduced, the three numbers 
(1, 2, X53) can be treated, irrespective of whether they are real or 
complex, as the coordinates of some point. The points corresponding 
to the roots A,, As, ..., A, are the common points of the curve and 
the line in question. While counting these points, if the points cor- 
responding to the repeated roots are counted as many times, then 
there will always be n points of intersection of the line with a given 
nth order curve. 

Similar arguments apply to pencils. 

Thus on the projective plane 


the order of an algebraic curve’ the class of an algebraic pencil 
equals the number of points on equals the number of lines of 
this curve that belong to this pencil that pass through 

a given line. a given point. 


We conclude this subsection with the remark that an algebraic 
pencil is, in general, composed of lines that are tangent to an alge- 
braic curve. 

Indeed, since every line u,x, -+ Usr. + Ust3 = O in the projective 
plane is determined by two parameters u, —- u, ~ wu; and the equa- 
tion of a pencil establishes a connection between these parameters, 
it follows that an algebraic pencil is a one-parameter family of lines, 


* If we classify all the transformations of coordinates according to formulas 
(x) and (B) with complex c;,, then the distinction between imaginary and real 
images loses its meaning. 
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but a one-parameter family of lines has, in general, an envelope. 
Thus an algebraic pencil is composed of lines which are tangent to 
the curve. That this curve is algebraic is established by easy com- 
putations according to the general methods of the theory of enve- 
lopes. 

The above remark will enable the reader to form a clear view of 
the algebraic pencils. 

§ 128. The algebraic curves and algebraic pencils are evidently 
dual concepts of projective geometry. According to the principle of 
duality, a pencil of tangent lines to algebraic curves corresponds to 
the envelope of an algebraic pencil. In order to see this association, 
one has to take into account the fact that the envelope of a pencil 
consists of characteristic point each of which is a common point of 
two infinitely close lines of the pencil; it is clear that, according to 
the duality principle, a tangent line to the curve corresponds to a 
characteristic point, that is, the line passing through two infinitely 
close points of the curve.. Consequently, to the set of characteristic 
points of an algebraic pencil (that is, to the envelope) there corre- 
sponds, as a dual image, the set of lines tangent to the algebraic 
curve (that is, the algebraic pencil enveloped by this curve). 

In projective geometry, one often speaks of the class of a curve 
and the order of a pencil. 


By the class of an algebraic By the order of an_ algebraic 
curve is meant the class of alge- pencil is meant the order of its 
braic pencil of its tangent lines. envelope. In other words, the 


In other words, the class of a order of a pencil is the number 
curve is the number of tangent of its characteristic points (real 
lines (real or imaginary) that or imaginary) situated on one 
can be drawn to it from any line. 


point of the plane. 


The class and order of one and the same algebraic image are, in 
general, different. | 

§ 129. We shall not present here deeper theorems of the general 
theory of algebraic curves but confine ourselves only to a few re- 
marks. The basic propositions of algebra and analysis imply that an 
algebraic curve, in contrast to some transcendental curves (that is, 
not algebraic curves), cannot have cessation points and cannot have 
the form of an infinite thread wrapped around the projective plane. 
In other words, all the algebraic curves are closed. For example, 
the well known algebraic curves in the Euclidean plane, the para- 
bola and the hyperbola, are closed at infinity on the Euclidean plane 
augmented by elements at infinity, and thus are closed curves on 
the extended (that is, projective) plane. 

Similarly, it may be proved that the number of separate pieces of 
every algebraic curve is finite. 
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As to the problem of classifying algebraic curves, this problem 
for n >3 leads to the complicated reign of algebra (namely. to the 
invariant theory of homogeneous forms of three arguments) and this 
topic requires a special investigation. 

§ 130. The imaginary elements may be adjoined to a real projec- 
tive space in complete analogy with the plane case. Namely, one has 
to first define imaginary points and imaginary planes and the inci- 
dence relationship between the real and imaginary points and planes 
(analogous to the definitions of imaginary points, imaginary lines 
and incidence relationship given in § 127); then for an arbitrary line 
one has to treat the set of points of intersection of two given planes 
(and the new, that is, imaginary, lines are those which are not deter- 
mined by the intersection of real planes). The set of real and imagi- 
nary élements thus obtained with the given incidence and order rela- 
tionships (of real points on real lines) is called the complez projective 
space. 

In the complex projective space one defines algebraic surfaces and 
bundles (which are the space analogues of the algebraic curves and 
pencils). 


An algebraic surface is the set An algebraic bundle is the 
of points whose coordinates’ set of planes whose coordinates 
satisfy the equation satisfy the equation 
b> Aaja9...0%,, Taylas ++ i 0 > Ga, az...0, UasYas ++ LO 0 

(Oi Os, bap On 1:2. 3,4) (Wig Cis osiag Aye 1, 23,4) 
where the left-hand side is where the left-hand side is 
a homogeneous form of degree a homogeneous form of degree 
m in the variables 2, Zo, min the variables u,, Ws, Us, Uy. 
X3, xX,. The number m is called The number m is called the 
the order of the surface. class of the bundle. 


Algebraic images are real if they can be represented by equations 
with real coefficients. 

Extending the arguments advanced in § 126 to the case of three 
dimensions, we can prove that 


the order of an algebraic the class of an _ algebraic 
surface equals the number of bundle equals the number of 
its points (real or imaginary) its planes (real or imaginary) 
that belong to one line. that pass through one line. 


In conclusion, we remark that not all the properties of equations 
of algebraic images express the geometrical properties of these ima- 
ges, but only those properties which remain unchanged under any 
transformation of projective coordinates. 
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Thus the problem of investigating algebraic surfaces and bundles 
in three-dimensional projective geometry is equivalent to the alge- 
braic problem of investigating invariants of homogeneous forms 
containing four arguments. 


9.13. Images of second degree. The theory of polars 


The general problem of investigating algebraic images of a given 
order or class m consists in obtaining a complete system of invariants 
of a homogeneous equation of degree m, that is, in obtaining a system 
of functions of coefficients of the mth degree equation which 

(1) are invariants under a homogeneous linear transformation of 
the arguments in the left-hand side of the equation; 

(2) are such that if for two equations of degree m with numerical 
given coefficients these functions assume equal values, then the given 
equations are transformed into each other by means of a linear trans- 
formation of the arguments. 

In other words, by knowing the complete system of invariants of 
an equation of degree m we can always settle the question whether 
any two arbitrary images of order or class m are projectively identical 
or not. 

For large m this problem offers serious difficulties even in the two- 
dimensional case. For m = 3, this problem was advanced to a great 
extent by Newton*, who made a complete classification of 3rd order 
curves, that is, he found all the projectively distinct forms of these 
curves from which the remaining curves can be obtained by projec- 
tive transformations. The case m = 2 is the simplest and can be 
investigated by elementary methods. This case will be dealt with 
in the present section in some detail. 

We shall mainly confine ourselves to the case of two-dimensional 
geometry; almost all the results which will be obtained may be gene- 
ralized to the case of three-dimensional geometry by the standard 
changes in the formulations and equations. Note further that in the 
investigation of 2nd degree images it suffices to deal with the curves 
of the 2nd order only, since the properties of pencils of the 2nd class** 
may be obtained by the duality principle. 

We start by setting forth the polar theory, which plays an impor- 
tant role in the general investigation of images of the 2nd degree. 

§ 131. Here we give the definition and main properties of polars. 
Consider a (real) conic given by the equation 


DiQindiZp = 0 (Qin = 4p 3) (a) 


* See F. Klein, Vorlesungen uber héhere Geometrie, Springer, Berlin, 1926 
(Section 36). 

** Curves of the 2nd order will henceforth be called conics and pencils of 
the 2nd class line conics. 
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Polar 
Point P CG 


of 


Figure 119 


which in the expanded form is 
Oy, E) + 2000 4X + gets + 20431413 + 2Aq3%QX3 + Agaty = O 
We shall say that two points P and Q are situated harmonically 
with respect to the given conic (a) if the pair of points P, Q is harmo- 


nically conjugate to the pair of points M,, M, where the conic inter- 


sects the line PQ (Fig. 119). 
The geometrical figure consisting of points which together with P 
are situated harmonically with respect to a conic is called the polar 


of P with respect to the given conic. 
We shall show now that the polar is a line. To this end, let us derive 


the equation of the polar. 

First we shall obtain a condition on the coordinates p; and gq; of P 
and Q for the points P, Q to be situated harmonically with respect 
to the conic (a). We know that the coordinates xz; of any point M 


on the line PQ are of the form 
ri = pi t+ ai (i = 1, 2, 3) 


The common points of (a) and PQ will be obtained if for 4 we choose 
the roots A, and A, of the quadratic equation 


Didin (Pi + 9:) (Pr + Agu) = 0 
which can be written as 
M2 >) ingidn HAD) GinPige + Ds GinPrdi) + Dd) inPiPr =O 
or, since by symmetry a;, = a;;, in the form 


nS) ingiGn + 20 S) GinPide + Di GinPiPr =O 
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By § 119, two pairs of points p;, g; and p; + A,q;, p; + 0g; are 
harmonically conjugate if A,/A, = —1, that is, if A, +A, = 

This together with Vietta’s theorem yields the desired condition 
for the harmonic location of points P, Q with respect to the conic (a): 


Di inP iPr = 0 (B) 


Taking Q to be any point which together with P is harmonically 
situated with respect to (a) and changing its coordinates from q,, 
Jo, 73 tO 21, Zo, X3, we Obtain the equation of the polar of P 


» inP ih = 0 (7) 


with current coordinates z,. In the expanded form equation (y) is 


(Qy)P1 + Gq1Po + A31P3) Ty + (Ay2P1 + AgoPo + AgeP3) Le 
+ (4)3P1 + Go3P2 + @33P3) T3 = O (6) 


which shows that this equation is of first degree, and, accordingly, 
the polar is indeed a line. 


If one sets Sjaj,p;P, = D (p,, Po, Ps), the equation of the polar 

can be written as 
oD aD a® 
of, 1 op, PO 

The form of this equation shows that it does not differ from the 
equation of a line in homogeneous coordinates that is tangent to 
the curve @ (p,, Po, Ps) = 0 at the point (p,, p., ps); this equation 
is well known in analysis and in differential geometry. Since the de- 
finition of a tangent line and the derivation of its equation given 
in analysis are based only on those properties of the curves that hold 
in projective geometry, we may assert the following 

Theorem 49. If a point P lies on a conic, then the polar of this point 
is a line which is tangent to the given curve at this point. | 

Next, the following important theorem regarding the polars of 
arbitrary points'must be noted. 

Theorem. 50. (The mutuality principle in the theory of polars). 
If the polar of a point P passes through the point Q, then the polar of Q 
passes through P. 

This theorem is an immediate consequence of the equation of a 
polar. Indeed, if p; are the coordinates of P, the polar of P has the 
equation 


MainPite = 0 
and if q; are the coordinates of Q, its polar has the equation 


< 
L.Uihnditn 0 
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Since by symmetry a;, = a,;, we have 
ainPiIn saa DGinGiPh 

Therefore the relation Sjai,pi9, = 0, showing that Q lies on the polar 
of P, implies the relation >ja;,q;p, = 0, which shows that P lies 
on the polar of Q. : 

Theorems 49 and 50 immediately imply 

Theorem 51. Lines that pass through a point P and are tangent 
to a conic have their points of contact of the polar of P (Fig. 119). 

Indeed, if g, is the tangent line and Q, its point of contact, then, 
according to Theorem 49, the line g, is the polar of Q,, and because 9, 
passes through P, Theorem 50 implies that the polar of P passes 
through Q,, as required. Mf 

We note that a completely visual proof of Theorem 51 can be given 
by treating the tangent PQ, as the limiting position of the secant 
PM,M,. 

§ 132. If the line p is the polar of a point P, this point P is known 
as the pole of line p. | | 

A natural question would be: does every line have a pole? In 
order to answer this question, compare the equation of any line 


UX, HK Ugh, + Ustzg = O (e) 
with equation (5) of a polar. Evidently, the line (e) will be the polar 
of some point if this equation can be put in the form of the equation 
of the polar, that is, if there are numbers p,, Pz, P3 such that 

Qy1Py “+ Ae1Pe 1 Ag1P3 = Uy | 
AyoP1 + AgeP2 1 Ag2P3 = Ug (S) 
Ay3P1 -F A23P_. + A33P3 —~ Us 
then the point with coordinates p,, Pe, P3 will be the pole of line (eg). 
The system (¢) will have a solution for any values of u,, Ug, Ug if 
and only if the determinant 
Qi, Ayn 43 
A= |G, G22 o3)=# 0 
Q3, 430 433 
Therefore we may state the following proposition: 


If a conic satisfies the condition A 0, then with respect to this 
conic every line has a pole. | 


The curves for which A = 0 will be called degenerate (a visual des- 
cription of degenerate curves will be given in § 134). 

Another important feature needs attention. For any point (py, 
Pe, Ps) we may form the equation of the polar according to formu- 
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la (5). But a definite equation is not always obtained; namely, the 
possibility that 


Q31P, + 41P2 + Agips = Y (x) 
Ay2Py + Ag2P2 + Azop3 = O 
Qy3P1 + Ae3P2 + A33P3 = 0 


is not ruled out. Without going into detail, we note that if p,, Do, 
DP; satisfy equations (*), then 


D2 inPiPr = (Ay)P) + 4o1P2 + 431P3) Py + (Qy2Py + Go2P_2 + 
+ Q39P3) Po + (@y3Py + Go3P. + A33Pa) Ps = O 


and therefore the point (p,, P»., P3) lies on a conic. Thus 


Indeterminate polars exist only for those points that lie on a given 
conic. 


What is more, because the system (*) is inconsistent (the solution 
P. = Po = P3 = O is rejected) when A= 0 one may assert that 
all the points have definite polars with regard to a nondegenerate 
conic. 

§ 133. Consider a nondegenerate conic. With every point of the 
plane one may associate a definite line, its polar, and with every 
line a definite point, its pole. It is easy to show that then 

(1) to distinct points there correspond distinct lines; 

(2) to distinct lines there correspond distinct points; 

(3) to the point of intersection of two lines there corresponds a 
line joining the poles of the given lines (this follows from Theorem 
00); 

(4) to a line joining two points there corresponds the point of in- 
tersection of the polars of the given points (this also follows from 
Theorem 50). 

In general, under the above correspondence of geometric elements 
to every figure A composed of points and lines there corresponds some 
figure A’ which is known as the polar transform of A with respect 
to the given conic. 

If figure A’ is the polar transform of a figure A, then A, in turn, 
is the polar transform of A’; therefore two such figures are known as 
mutually polar. A figure which coincides with its polar transform is 
called selfpolar. For instance, if we take any point P and take any 
point Q on the polar p of P, and let gq denote the polar of Q and R 
the point of intersection of the lines p and g and let r denote the polar 
of R (Fig. 120), then, by Theorem 50, q will pass through P, and r 
will pass through P and Q; thus we obtain a selfpolar three-point 
each side of which is the polar of the opposite vertex and hence each 
vertex is the pole of the opposite side. Considerable use of selfpolar 
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Figure 120 " 


three-points will be made in the next article. Note also that mutually 
polar figures are at the same time mutually dual. The principle of 
duality was discovered by its author, Poncelet by the very polar 
transforms of figures. 

§ 134. Now we are closer to solving the problem of determining 
all projectively distinct conics and of obtaining a complete system 
of invariants of 2nd degree equations. In order to find all the forms 
of conics we shall construct a system of coordinates in which the 
equation of any given conic assumes the simplest possible form. 

Let a conic k be given. Take a point P outside this curve and de- 
note its polar by p; in view of the remark made at the end of § 132, 
the line p is completely defined because P does not lie on the curve. 
Introduce a projective coordinate system by taking the vertices of 
the coordinate trihedron in such a way that one vertex A, (1, 0, 0) 
coincides with P and the other two, A, (0, 1, 0) and A; (0, 0, 1) 
lie on p in any manner. The unit point FE (1, 1, 41) is chosen arbi- 
trarily. Let 


> ain Xilp = 0 


be the equation of the conic & in the coordinate system just intro- 
duced. Now note that p has the equation 


y= 0 (*) 


because p is the side 4,A, of the coordinate trihedron. On the other 
hand, the equation of the same line as the polar of the point A, (1, 
0, 0) may be formed according to formula (6), § 131; substituting 
Pi: = 1, pp = O, ps; = O in this formula, we have 


Ay Ty + yoy + Ay3%3 = O (x) 
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Since both equations («) and (««) represent the same line, we must 
have 
Qie = 0, Q13 = 8) 
Thus the equation of & in the present coordinate system is 
Ay x} —- loo 5 +- 2Ao3%oX3 +: Ag3t. —— 0 

If a,, #0, we can further specialize the choice of the coordinate 
trihedron. Namely, the point A, is chosen on p in any manner subject 
to the sole condition that this point does not lie on k; this is possible 
because when a,, + 0 there is a point (0, x5, x3) on the line x, = 0 
for which d,or> + 2a5575%3 + Ag3gx5 ~ O. For Az, however, take the 
point of intersection of p and the polar of A,; the choice of A; is 
no longer arbitrary because A, has a definite polar since it does not 
lie on k. 

The coordinate trihedron A,A,A, thus obtained is selfpolar with 
respect to 4, that is, each side of the trihedron is the polar of the 
opposite vertex. In particular, the line 4,4, whose equation is 


£5 == 0 (+x) 
is the polar of the point A, (0, 1, 0); substituting p, = 0, p, = 1, 
Ps = 0 in formula (4) of § 131, we obtain the equation of the polar 
of the point A, in the form 
AoiZ, + Agele + Ag3r3 = 0 
or, since d., = a,, = 0, 
Agel, + Ags, = 0 (##¥*) 
Comparing equations («**) and (*#+#«), 
Qo, = 0 
Therefore by a suitable choice of the coordinate trihedron the equa- 
tion of a conic can always be reduced to the form 
Oy4T{-P AgoX5 + A333 = 0 (I) 
In order to simplify this equation further, we must distinguish 


three cases: 
(1) If ag, = a3, = 0, then equation (I) has the form 


20 (1) 
and further simplification is impossible. 


(2) If as, = 0 and a,, ~ 0, a. ~ 0, then by a transformation of 
coordinates* 


t= a, V 1 aa; xr) == £2 V | deel, L,=iX3 


* We once again recall that only real curves and real transformations are 
considered (that is, all the coofficients in the equations of the curves and in for- 
mulas of transformations are assumed to be real). 
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equation (I) may be reduced to the form 


a ae = 0 (2) 
(3) If ay, #0, dg. #0, agg 0, then from the transformation 
1a eal, 13 =X V | ae, r= 23 V | as, | 
we obtain 
4,442 a0 (3) 


These simplifications, which are made after a coordinate trihedron 
A,A.A,; has been chosen, obviously require changes in the unit points. 

The simple equations (1), (2) and (3) of a conic are known as the 
canonical equations. By a suitable redesignation of the coordinates 
and multiplication by —1 these equations may be reduced to the 
following: 


7 = 0 (1) 
zit+xz=0 ! (2) 
ri—2z>=0 

rt+a+a5=0 ! 3) 
ai+a23—22=0 ( 


Equation (1) defines the line xz, = O taken twice. Each of the equa- 
tions (2) defines a pair of distinct lines; namely, the equation z+ + 
+ x = O defines the pair z, + iz, = Oand z, — iz, = O of imag- 
inary lines, whereas the equation x? — z? = 0 the pair z, + zr, = 0 
and xz, — x, = O of real lines. 

All the conics (1) and (2) are degenerate because for equations 
zi = 0, zi+ 23=0 and zit — x? = 0 we have, respectively, 


if O O 1 0 O 
AsO: (00 Orpe OQ, A=|0 1 O|;=€, 
0 0 O 0 0 O 
1 0 O 
A=|0 —1 O|}=0 
0 0 O 


Equations (3) define nondegenerate conics because for these equa- 
tions 


23-0779 
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The degenerate curves are therefore pairs of lines. The first of equa- 
tions (3) defines a curve that does not have any real points, and this 
curve is called a null curve. The second of equations (3) defines a 
curve in the exact sense of the word, and it is called an oval curve. 
The oval curve divides the (real) projective plane into two regions, 
the first of which is characterized by the condition 
rt+23—23<0 
and is known as the interior region, and the second by the condition 
ry +23—25>>0 
and is known as the exterior region. In order to clearly see the struce 
ture of these regions, note that the line x, = O does not intersect the 
interior region because when x, = 0 and 2, 2, are real the inequality 
x? + x2 — x? < 0 is impossible; therefore for all the points of the 
interior region x, = 0 and we may determine these points by non- 
homogeneous coordinates x = x,/x3, y = X,/x3. In the nonhomoge- 
neous coordinates the interior region is characterized by the con- 
dition 
2 + y” < 1 
and is, accordingly, topologically equivalent to the Euclidean disc*; 
this implies that the exterior region is a Mébius strip (see § 240). 
Now we are in a position to obtain a complete system of the inva- 
riants of the general equation 
“NY 
“14jR LiL, = O 
of a conic. 
First of all one of the invariants of this equation is the rank of its 
matrix 
Ai, Ayn 43 
A=] 42, Az 33 
234 232 «933, 
Here we shall refer to the well known proposition of algebra (in the 
chapter on quadratic forms) stating that if the arguments z; of the 
quadratic form *)a;,2;7, are replaced by a homogeneous linear func- 
tions of the new arguments z;, then, provided the determinant of the 
coefficients of these functions does not vanish, the quadratic form 
S)@i,2}z, resulting from such a transformation has a matrix A’ 
whose rank is the same as that of the matrix A of the original form: 


Rank A’ = Rank A 


* Two figures are topologically equivalent if the point set of one of the figures 
may be mapped into the point set of the other by a mapping which is one-to-one 
and continuous in both directions. For example, a square and a disc are topolo- 
gically equivalent; and so are a cube and a ball. In contrast, a ball and a torus 
are topologically distinct. 
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An examination of equations (1), (2) and (3) reveals that the rank 
of the matrix of equation (1) is 1, the rank of the matrix of equation 
(2) is 2 and that of equation (8) is 3. 

Since the rank of a matrix is invariant, by looking at the rank of 
the matrix of the equation of any conic in any coordinate system it 
is possible to determine to which of the three canonical forms (1), 
(2) and (3) this equation may be reduced. 

Secondly, an invariant of the equation ~)\a;,27;z; =O is the signa- 
ture of the equation. 

The signature of a quadratic form is the absolute value of the differ- 
ence of the number of positive and negative members in the cano- 
nical form of the given equation. The invariance of the signature 
expresses the theorem on inertia of quadratic forms known from al- 
gebra: all canonical representations of a quadratic form obtained by 
means of various real linear transformations have the same signa- 
ture. 

By knowing the signature of the left-hand side of the general equa- 
tion of the conic, besides the rank of matrix A, not only are we able 
to point out to which of the three groups (1), (2), (3) of canonical 
equations the given equation may be reduced but also to which 
equation inside the particular group. 

Thus the rank of the matrix and the signature of the equation of 
a conic constitute a complete system of its invariants. 

We find that the equation of a conic has only two invariants for 
the integral values of which there are only five different combina- 
tions; accordingly, there are only five projectively different conics 
and all the remaining curves may be obtained from them by projec- 
tive transformations. 

The classification of conics are given in the following table: 


: . : 
Canonical form Form of the curve Rank | Signa- 
of the equation ture 

x2=0 Pair of coincident lines 1 1 
: Degenerate 
9 nn a e . e e 2 2 
x3+23=0 > conics Pair of imaginary lines 

x? — 22=0 Pair of real lines 2 0 

Non- Null curve 3 3 
2 2 = 
“Et tHN$) degenerate 
tit 23 ~ 78=9J conics Oval curve 3 { 


In contrast to conics, the curves of higher orders have always 
continual invariants and even for the class of 3rd order curves there 
is an infinite set of projectively distinct curves. 


23* 
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§ 135. We shall now briefly set forth the main facts from the theory 
of line conics. The general equation of the line conic is 


ae 
4;,UiU, = 0 (a) 
or, in the expanded form, 
2 2 2 
GyyUy + 2A aU Uy + Aggy + 2AygU4W3 + 2Ay3Uglt3 + AzgU, = 0 


(here u,, Uy, Ws are the current coordinates of any line of the pencil). 
We shall say that the lines s and ¢ are harmonically situated with 
respect to the given line conic (q@) if the pair of lines s and ¢ is harmo- 
nically conjugate to the pair of lines of the line conic (a) that pass 
through the common point of s and t. 

In terms of the coordinates s;, ¢t; of the lines s, t the condition for 
their harmonic location with respect to the line conic (a) may be 
expressed in the form 


S10ipSity = 0 (B) 


This condition follows from the dual derivation of condition () 
in § 131. 

This implies that the set of lines that are harmonically situated 
together with a fixed line s with respect to the line conic (a) is deter- 
mined by the equation 

DiGinSi, = 0 (y) 


where uw, are the current coordinates (that is, the coordinates of any 
line of the set in question). 

The equation (y) is of first degree; therefore the lines which are 
harmonically situated together with a fixed line s constitute a pencil 
of the first class, the centre S of which is called the pole of s with 
respect to the given line conic. 

If we set 'a;,5;5, = M (s,, So, S3), equation (y) may be written 
in the form 


aM aD 
sn ar PR 2 
the coefficients 0@M/ds,, 0D/ds,, 0D/ds, of equation (5) are the coor- 
dinates of S. 
The pole of a line with respect to the line conic is an image which 
is the dual to the polar of a point with respect to the conic. The line 
conic (a) is a family of lines defined by the equations 


UyX, + UpLe + Uzr, = O (+) 
where the coefficients u, are connected by the relation 
D (Uy, Uo, U3) = 0 


We shall find characteristic points of this family, that is, the points 
of contact of the lines of the family with the envelope. According to 


u, = 0 (5) 


OS 
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differential geometry, the characteristic point of a line (u,, W,, Us) 
is determined by equation (*) with the additional condition 


x,du, + x,du, + r,du, = 0 (xx) 
where du,, du,, dug are connected by the relation 

ad ab 8D 

Ou du, er du, ae Quy du3 == @) (+x) 


Comparing the equations («*) and (***) and taking note of the fact 
that there are no conditions imposed on the quantities du,, du., 
du;, apart from (*«*«), we may conclude that z,, z,, x3 are propor- 
tional to the quantities 0M/du,, 0D/du,, dM/du,. In other words, 
6M/du,, 0@M/cu,, 0M/du, are the coordinates of the characteristic 
point of the line (u,, us, Us). | 

We noted earlier in § 131 that the coordinates of the tangent at 
the point (p,, Ps, Ps) of the conic M (p,, p., ps3) = O are the num- 
bers 6M/cp,, 0D/dp,, 0D/op3. We find that the coordinates of char- 
acteristic points of a line conic are determined by the equation of 
this line conic in exactly the same way as the coordinates of the 
tangent lines to a conic are determined by the equation of this conic. 
This is due to the fact that the characteristic points of a line conic 
are images dual to the tangent lines to a conic. 

We further note that the expressions 0M/ds,, D0d/0s,, o@W/ds, for 
the coordinates of the pole of the line (s,, s., s3) do not differ in 
form from the expressions for the coordinates of a characteristic 
point. This implies a theorem which is dual tc Theorem 49: 


If the line s belongs to a line conic, its pole is a characteristic point. 


Just like conics, the line conics are classified into degenerate and 
nondegenerate line conics. The degenerate line conics are charac- 
terized by the condition A = 0, where A is the third order deter- 
minant composed of the coefficients of the equation of the line conic. 
By knowing the geometrical meaning of the degeneracy of conics, 
we can easily know the geometrical meaning of degeneracy of line 
conics by the method of duality: since a degenerate conic is the set 
of points belonging to either of the two determined lines (Fig. 121a), 
a degenerate line conic is the set of lines belonging to either of the 
two determined points (Fig. 1216). In other words, a degenerate 
line conic is a pair of pencils of the first class (which may be distinct 
or coincident, real or imaginary). 

As regards nondegenerate line conics, they have a simple connec- 
tion with the nondegenerate conics, which is expressed by 

Theorem 52. The set of tangent lines to a nondegenerate conic is 
the nondegenerate line conic; the envelope of a nondegenerate line conic 
is a nondegenerate conic. 
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(a) (b) 
Figure 121 


Proof. We shall prove the first part of this theorem, and the second 
part will then follow from the principle of duality. Let 
O44 2y + 2A 49% 4Lq + AgoX) + 204 3X43 + 2Ay3XoT3 + Azgr, = 0 


be the equation of a conic k, and let p,, ps, pz be the coordinates of 
the point of contact with the line u,z, + uozr, + u3sxz, = 0. A com- 
parison of the general equation of the tangent 


(4y1P) + Po + G31P3) Ly + (412P1 + AooP2 + Ag0P3) Le 
+ (413P1 + Ge3P2 + G33P5) t3 = O 
with the equation u,z, + UsXy + Ust, = O gives the equations 
Ay1P, + G21P2 + Ag1P3 = AU, 
AyoP1 + As2P2 1 AgoP3 = Ay (+) 
Ay3P1 + G3P2 + 433P3 = AU 
where a (=< 0) is a proportionality factor. What is more, since the 
point of contact lies on the tangent line, we have 
UP, + UsPe + Usps = V (+) 


If the quantities p,, Po, P3 are obtained from equations (*) (which 
is possible because A 0) and then substituted in (**), we shall 
obtain a relation connecting u,, U,, Us that can be treated as the 
condition for the contact of the line having coordinates (u,, w., Us) 
with the given conic k. The same relation may be obtained by equa- 
ting to zero the determinant of the system composed of equations (+) 
and (##): 

Ay, An, Gay WY 

Qin Aon Ago U 
12 22 32 2 —() (xxx) 
A143, Ae3 «433 (Ug 
U;, Us, Uz O 


The condition (+***) characterizes the coordinates of the tangent. 
Therefore, as an equation with current coordinates u,, Uy, Ug it deter- 
mines a pencil of tangent lines to the conic k. 


The Foundations of Projective Geometry 399 


We see that (*#*) is an equation of the second degree. This means 
that the tangent lines to a nondegenerate conic indeed constitute 
a line conic. 

We have to show further that this line conic is nondegenerate. 

To this end, note that if the left-hand side of equation (+++) is 
expanded, we obtain a quadratic form 


AyyUz + 2A yoUyUg + Angls + 2AygUyU3 + 2AggWglg + Aggus = 0 

whose coefficients A;, are the minors of a;, in the matrix 

Qi, Ay Ay 

A=] Qo, Qo, gg 

A434 G39 Aga 
Therefore, if we divide the left-hand side of the equation of the line 
conic by A and then set A;,/A = a¥,, the equation of the line conic 
assumes the form 


% 4,2 %* * 7,2 * * * ,,2 
At, Ui + 2ay Uy, + af,U> + 2at,uyW3 + 2a5,UoU3-+ aj,us = 0 


and the matrix A* of this equation is the inverse of matrix A. But 
then, as we know, the determinants A and A* of A and A®* are con- 
nected by the relation AA* = 1, which implies that A* ~ 0, as 
required. 

The above theorem may also be stated thus. 


For every nondegenerate image of the second degree the class and 
order coincide (= 2). 


Such an assertion is not valid for images of higher orders. 

Since nondegenerate conics are also of the second class, it follows 
that through every point of the plane two tangent lines (distinct or 
coincident, real or imaginary) may be drawn to a conic. 

§ 136. The methods just described for investigating the images of 
the second degree for the case of two-dimensional geometry can be 
extended in a natural manner to the three-dimensional case and 
lead to similar results. Namely, in the projective space, like in the 
projective plane, the images of the second degree are completely 
characterized by the integral values of only two invariants: the 
rank of the principal matrix and the signature of the left-hand side 
of the equation. 

In the projective space there are only a finite number of projec- 
tively distinct surfaces of the second order and bundles of the second 
class*, and all the remaining surfaces and bundles can be obtained 
from them by projective transformations. 


* Surfaces of the second order and bundles of the second class will be called 
quadrics and plane-quadrics, respectively. 
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For example, depending on the rank and signature of the equation 
2 2 2: 2 
Oy yLy + Ago ®s + Agghl5 + Agad'y + 20420 4Lq + 20430 403+ 204,242, 
+ 2931223 + 2A LoXq + 2034732, = 


every quadric surface may be projectively transformed into one of 
the surfaces given in the following table: 


ha | & od = 

=) = _ = 

Rank 1 |‘% Rank 2 = Rank 3 = Rank 4 x 
= c = = 

ot = ee bs 

n a) D ni 

120) | 1 x?tx8=0 | 2 | zit-a3tag-=0 | 3 xg+a3+73+-7r7=—0 4 
v7 — 13==0 O || 27+ 22 — 22=0 1 xi x24 23 — z}=0 2 

re ak — 03 — r3=0 0 


The equation z{ = 0 defines a pair of coincident planes zx, = 0. 
Each of the equations zi + 23 = 0, xz? — x? = 0 defines a pair of 
planes with the equation He fe x= 0 defining a pair of imaginary 
planes x, + iz, = O and z, — it, = Oand the equation x} — z2 = 0 
a pair of real planes z, + a ae 0 and Ly ee 0. 

Each of the equations zi + xz; + 25 =0 and zi + 23—2; =0 
defines a cone with the vertex at the point A, (0, 0, Q, 1), that i S, 
a surface constituted by lines passing chrouch A, (0, O, O, 1). 
In fact, ifa point WM, (z}, x$, x3, x}) lies, for example, on xy ee 


— x? = 0, then 2 + 2x3? — 29? = 0; but the coordinates 1, Lx. Lo, 


Ly of any point M of the line A, , satisfy 2 + ze — x7 = 0, which 
can be easily shown by expressing the soordinates zi; paranietreally: 


t,=O+Ax? =Az?, y= O+Aa9 = Az? 
Lo =O+Aco=Az®, 2,=—1+A2° 
Indeed, we find that 
ee x? — a? = 92 (ett 7% — 9) — 0 


Thus every point M of the line A,M, lies on the surface xi+ x3 
— x; = 0, that is, the line joining A, with any point of the surface 
lies wholly on this surface, and this is the characteristic feature of 
the cone with vertex A,. Evidently, the cone xz} + 23+ 275 = 0 
does not have real generators, and this cone is referred to as the null 
cone. The cone zi + x} — x; = O has an infinite number of real gen- 
erators and is referred to as the ordinary cone. 
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All the surfaces just mentioned are known as degenerate, a crite- 
rion for the degeneracy of a surface is the vanishing of the determi- 
nant of the matrix of the equation. 

Nondegenerate quadric surfaces are given in the last column of 
the aforementioned table. 

The first of them does not contain any real point and is called a 
null surface. 

The second is known as the oval surface, this is topologically equi- 
valent to the Euclidean sphere. In order to demonstrate this, first 
note that for all points on the surface zj + x° + x; — xj = O neces- 
sarily x, + 0; therefore these points can be determined by the non- 
homogeneous coordinates z = 2,/z,, y = 2,/r,, 2 = 23/x,; but in 
nonhomogeneous coordinates the surface in question is of the form 
x* + y? + 2? = 1 and is the same as the equation of the Euclidean 
sphere. 

The third surface is called an annular surface, topologically it is 
equivalent to a torus. This is easily understood if one notices that 
the surface x? + zr} — x3 — xj = 0 is covered by lines. In fact, the 
two first degree equations 


pe (x, + 23) onc 
—A (2, — 23) = pw (rq — &,) 


define for any A, w (not both simultaneously zero) a line lying on 
the given surface since the equation zi + x3 — rz; — zi} = 0 is a 
consequence of equation (+); further, through every point of the 
surface there passes one and only one line of the system (*) because 
for any z{, x3, 23, xj, satisfying x}? + 29? — 29? — rz}? =—0 one can 
find only one ratio A, + wu, such that 


Lo (2! + 23) = ho (xo + x4) 
— hg (41 — 23) = Bo (LQ — 24) 


Therefore for A = A,, WU = Ly the line (*) passes through the given 
point (xj, x, z:, x,). Thus the real lines (*) entirely and singly cover 
the surface. But the system of these lines constitutes a closed “tube” 
because, on the one hand, the projective line is closed and, on the 
other hand, the lines of the system (*) pass through the oval curve, 
namely through the section of the surface z* + zx? — x3 — 27 = 0 
by the plane z, = 0. 

Besides the system (*), the given surface is also covered by the 
system of lines defined by the equations 


bu () + ©) = A (Lo — 2) (++) 
—h (4, — £3) = w (Lq + 4%) 


The lines («) and (**) are called the rectilinear generators of the surface. 


(*) 
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Let us note that the hyperboloid of one sheet, a surface in the 
Euclidean space which is well known to the reader, becomes an annu- 
lar surface of projective space if the elements at infinity are adjoined 
to the Euclidean space. 


5.14. Constructive theorems and problems 
of projective geometry 


§ 137. In the present section we shall introduce the reader to cer- 
tain elementary theorems of projective geometry regarding conics. 
They have wide applications in the Euclidean problems on construc- 
tion. 

The reader might ask the question: Do we have a right to apply the 
theorems of projective geometry to investigation of figures in the 
Euclidean plane? In order to be convinced of the possibility of such 
an application it is enough to recall that by adjoining the elements 
at infinity the Euclidean plane turns into the projective plane. Thus 
every projective proposition can be interpreted on the Euclidean 
plane if this plane is assumed to have been augmented by the line 
at infinity. 

As an example, consider from the point of view of elementary 
geometry the cross ratio of four points of a line and the cross ratio 
of four rays of a pencil. 

Let A, B, C, D be any four points of a Euclidean line a. On the 
Euclidean plane containing line a introduce a Cartesian coordinate 
system. For convenience, we let the z-axis coincide with a, and denote 
the abscissas of the points A, B, C, D by 24, 21, x,, 7. Note that the 
Cartesian system on the Euclidean plane is simultaneously a projec- 
tive system because all the lines in the Cartesian system are repre- 
sented by first degree equations. Hence 


(ABCD) =——* + =“ 
Iy—Xe Lb—ZXq 
(see § 115). But in the Cartesian coordinates, zr, — 2, = AC, x, — 
— 2. = CB, xy —2% = AD, x, — ty = DB, where AC, CB, AD, 
DB denote the signed lengths of the segments with the endpoints A, 
C; C, B, etc. Hence 


AC AD 
(ABCD) =—5 + Se (*) 


The cross ratio of the four rays a, b, c, d that pass through a point O 
may be defined in elementary geometry by the formula 


__ sin (ac) _. _Sin (ad) | 
(abed) = sin(cb) ° sin (db) id, 
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Figure 122 


where (ac), (cb), etc. denote the signed angles between the rays a, 
c; c, b, etc.* 


In order to demonstrate the validity of formula (**), we intersect 
the rays a, b, c, d by a line u and denote the points of intersection 
by A, B, C, D and let h be the length of the perpendicular from O 


to the line u (Fig. 122). Expressing the area of AOAC in two ways, 
we have 


+ AC Xh= 304A x OC x sin (ac) 
Similarly, from AOCB, 


+ CBX h=-— OB x OC x sin (cb) 
Therefore 
AC _ OA sin (ac) { 
‘CB OB ‘sin (cb) (1) 
In the same manner, from the triangles OAD and ODB, we have 
AD _ OA ‘sin (ad) 


‘DB OB sin (db) (2) 
and from (1) and (2) we have 
AC , AD Sin(ac) ., sin (ad) 
CB ° DB sin(cb) Sin (db) 


Now it is clear that formula (*«) is valid because the cross ratio 
(abcd) is, by definition, the number (ABCD) (see § 116). 


* Namely, we choose the direction of positive rotation about the point O 
and positive directions on the lines a, b, c, d. Then, for example, (ab) denotes 
the magnitude of the angle which the positive direction of the line 6 makes 
with the positive direction of the line a; this magnitude will be taken as positive 
if the rotation about O from a to b inside the oe is performed in the positive 
direction, and negative otherwise. It may be shown that the right-hand side 
of (#*) does not depend on the choice of the positive rotations about O and the 
positive direction on cach of the lines a, b, c, d. 
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A O B 


Figure 123 


We have now the examples of metric interpretation of projective 
objects. In turn, the propositions of elementary geometry, even 
though having metric character, may be interpreted projectively and 
can often be looked at from a new angle if interpreted from the pro- 
jective point of view. 

For instance, the theorem of elementary geometry which states 
that the line joining the point of intersection of the diagonals of a 
trapezium with the point of intersection of the nonparallel sides di- 
vides the parallel sides into two halves has a clear projective interpre- 
tation, namely that the midpoint of the segment together with the 
point at infinity divides the pair of its endpoints harmonically. 
Indeed, looking at the trapezium drawn in Fig. 123, we can easily 
see a complete four-point with one diagonal point at infinity; from 
the geometrical properties of this four-point it follows that the pair A, 
B is harmonically divided by the pair 0, oo. In other words, the Eucli- 
dean centre of the segment coincides with its projective centre. 

As noted somewhat earlier, every Cartesian system of coordinates 
on the Euclidean plane is at the same time a projective system. 
This implies that conics studied in analytic geometry are the same 
objects to the study of which the preceding sections were devoted. 
Precisely, they become the same objects after adjoining the elements 
at infinity to the Euclidean plane. Indeed, if starting from the Car- 
tesian coordinates xz, y we introduce homogeneous coordinates 2, 
Lo, Ly by setting x = x,/r5, y = x,/x5, then the general equation 


Ay + 2A XY + Any? + 20432 + 2Ay2Y -t- A33 =: O 
of a conic in the Cartesian coordinates assumes the form 
ie 2 . 2 
0440 + 20 49% LQ + AgoX, + 20434134 20y3% 2X3 -+ Agsr, = 


and coincides with the equation studied earlier. 

A number of propositions and problems are discussed below; all 
may be regarded as propositions and problems of elementary geo- 
metry. 

§ 138. This subsection occupies an isolated position in the pre- 
sent section and is unconnected with the remaining material. Here 


nm 
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propositions of an auxiliary nature are described that will be used 
much later (in Chapter 9). 

In the Euclidean plane endowed with a Cartesian coordinate sys- 
tem consider a disc k. Let there be given a one-to-one mapping of 
the interior of the disc into itself, and call this mapping @. Assume 
that @ maps points lying on any one line into points also lying on 
one line and points not lying on one line into points also not lying 
on one line. In other words, it is assumed that @ maps every chord of 
k into a chord and distinct chords into distinct chords. 

Under these conditions on @ the coordinates of the image point are 
expressed in terms of the coordinates of the preimage point by the 
formulas 


r ajxr+byyt+e, ’ aot -+beytCo 
ro ee az+By+y ° y= ar -+By+y (1) 


where a,, b,, ..., py are constants satisfying the condition 


a, & & 
A= Qo bs Co + 0 (2) 
a Bp y 


To prove this proposition, let P be any point in the interior of k 
and let a, b, c, d be four chords passing through P. Assume that a, 6 
divide c, d harmonically. Then a four-point G may be constructed 
such that its vertices lie on the chords a, 6 and the diagonal points 
on the chords c, d. Under @ the point P is mapped into a point P’ 
and the chords a, b, c, d are mapped into the chords a’, b’, c’, d’, 
the four point G is mapped into a quadrangle G’ whose vertices lie 
on the chords a’, b’ and the diagonal points on the chords c’, d’. 

This means that the chords a’, b’ divide the chords c’, d’ harmo- 
nically. We find that under @ any harmonic quadruple of chords is 
mapped into a harmonic quadruple of chords. Accordingly, every 
pencil of chords is projectively mapped into a corresponding pencil 
of chords. 

We choose four points A, B,C, D inside k so that no three of them 
are collinear. Then, according to the conditions imposed on @, no 
three of the four image points A’, B’, C’, D’ are collinear. 

By Theorem 37, there isa projectivity of the entire plane (augment- 
ed by the points at infinity) into itself that maps the points A, B, 
C, D into the points A’, B’, C’, D’. Denoting this mapping by vy, 
we shall show that @ and coincide in the interior of k, that is. that 
for any point inside k the image under @ coincides with the image 
under wp. 

Take any point 7 inside & and denote its image under@ and wv by 
M’ and M". respectively. Both g and map the pencil of chords with 
the centre A projectively into the pencil of chords with centre A, 
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and in the case of @ the chord AM is mapped into the chord A’M’ 
and in the case of wp into chord A’//”. In both cases, the triple of 
distinct chords AB, AC, AD of the pencil with centre A is mapped 
into one and the same triple of distinct chords A’B’, A’C’, A'D’ 
of the pencil with centre A’. But in view of Theorem 18 the projec- 
tivity of pencils is uniquely determined by prescribing three pairs 
of corresponding elements. Therefore the chord A’M’ must coincide 
with the chord A’M”, that is, the points M’, .W", A’ are collinear. 
Similarly, it may be proved that the points M’, M”, B’ and M'’, 
M", C’ are collinear. But since A’, B’, C’ are noncollinear, we may 
conclude from the preceding result that the points WM’ and M” coin- 
cide. Thus, inside k the mapping ¢ coincides with a projectivity of 
the given plane (augmented by elements at infinity) into itself. 
According to § 112, the Cartesian coordinates of the image point and 
the preimage point under any projectivity are connected by formulas 
of form (1) subject to condition (2). Thus the assertion is proved. 

The following proposition also follows from the preceding result. 

Let M,, M, be any two points in the interior of the disc k and M,, 
M; be their images under g. Let P, Q and P’, Q’ be the points where 
the lines M,M, and M,M; intersect k and are such that the ordering 
of points P, Q, M,, M, on “the line M,M, is the same as the ordering 
of points P’, Q’, Mi, M: on the line M|M;. Then 


(P'Q’M{M,) = (PQM, M2) (3) 


In fact, with the stated conditions the points P’, Q’, Mj, Mj are 
images of the points P, Q, M,, M, under the mapping p. And because 
wp is a projectivity, the cross ratio of the points PQ,M,M, is the 
same as the cross ratio of the image points P'0'M'M'... 

§ 139. A criterion for the perspective correspondence. Now we 
shall only deal with projective correspondences between two lines 
and two pencils; all the objects under discussion are assumed to belong 
to one plane. Of special importance for us will be the so-called. per- 


Figure 124 
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Figure 125 


spective correspondences.* The correspondece between the points of 
two lines is called a perspectivity if the lines joining the corres- 
ponding points pass through one point of the plane (called the centre 
of perspective, Fig. 124). 

The correspondence between the rays of two pencils is a perspec- 
tivity if the points of intersection of the corresponding rays lie on one 
line (called the axis of perspective; Fig.:125). 

Obviously, every perspectivity is a projectivity (in view of Theo- 
rem 6 of § 86; see also § 103). However, not every projectivity is a 
perspectivity. 

The following two theorems provide a useful criterion for a projec- 
tivity to be a perspectivity. 

Theorem 53. For a projectivity between points of two lines to be a 
perspectivity, it is necessary and sufficient that to the point of intersec- 
tion of these lines, which is considered as an element of one of them, 
there corresponds the same point on the other line. 

Theorem 54. For a projectivity between the rays of two pencils to be 
a perspectivity, it is necessary and sufficient that to the'common ray of 
these pencils, which is considered as an element of one of them, there 
corresponds the same ray in the other pencil. 

Of these two theorems it suffices to prove only one; the other will 
follow by the duality principle. We shall prove Theorem 53. 

That the condition is necessary is straightforward. In fact, if there 
is a perspectivity with the centre of perspective S between the lines o 
and o’, then the pairs of corresponding points are determined by 
the intersection of the lines o and o’ with the rays originating from S; 
but the ray passing through the common point of the lines o and o’ 
evidently determines a pair of corresponding points P and P’ which 
coincide with each other (Fig. 124). 

Proof of sufficiency. Suppose that a projectivity is established be- 
tween the points of the lines o and o’ such that to a point P of o, 


* The term “perspectivity” is also used. 
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where the lines o and o’ intersect, there corresponds a point P’ coin- 
ciding with P on o’. 

Take two points A, B on o and the corresponding points A’, B’ 
on o’. and let S denote the point of intersection of the lines AA’, 
BB’. Furthermore, let M be any point on o and M’ = f (M) the cor- 
responding point under the given mapping, and let M* = g (M) 
be the point where the ray SM meets the line o’. By construction, 
the correspondence M* = @ (M) is a perspectivity (with centre of 
perspective S) and hence is also a projectivity; what is more, under 
the correspondence M* = @ (M) to the points A, B, P there evi- 
dently correspond the points A’. B’, P’. Thus we have the projec- 
tivities M’ = f (M) and M* = @ (M) with three common pairs of 
corresponding points A, A’; B, B’ and P, P’. According to ppeoren 15, 
these correspondences cannot be distinct and hence M’ = M*. This 
implies that the given correspondence M’ = f (M) isa perspectivity 
with the centre of perspective S. @ 

§ 140. Graphical construction of projectivities by means of three 
pairs of corresponding elements. Consider three points A, B, C on 
a line o and three points A’, B’, Cc on another line c’. We know that 
there is a unique projectivity M a) (M) of o into o’ that maps the 
points A, B, C into the points A’, RB’, C’. respectively. Our aim at 
present is to indicate a graphical method for obtaining the point 
M’ = f (M) of o’ that corresponds to the point M of o. To this end, 
join any two corresponding points, for example B and B’, among the 
given points by a line and on this line take two points S and S’ 
(Fig. 126). Then we establish a correspondence between the rays of 
pencils with centres S and S’ by assigning the ray S’M’ of the pencil 
S’ to the ray SM of the pencil S. Since the correspondence M’ = 
= f(M) is a projectivity. the correspondence established between 
the rays of pencils S and S’ is also a projectivity. Moreover, it will 
also be a perspectivity because to the rays SB of the pencil S there 
corresponds the ray S’B’ of the pencil S’ that coincides with SRB 
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(see Theorem 04). Therefore all the corresponding rays of the pencils § 
and S’ intersect on one line which is the axis of the perspective. Thus 
we have the desired construction: having chosen the points S and S’ 
draw the rays SA, S’A’, SC, S'C’ and draw a line A*C*. as shown 
in Fig. 126. This will be the axis of perspective for the pencils S 
and S’. 

In order to obtain a point AJ’ on o’ that corresponds to the point M 
on o, it is enough to draw the ray SA/7 and join the point A/*, where 
this ray meets the line A*C*, with the points S’; the line S’M* will 
intersect the line o’ at the desired point M’ = f (M). 

The process of constructing projectively corresponding rays of 
two pencils is the dual of the process just described. We shall present 
it without any detailed explanation. 

Let O and O' be the centres of two pencils between the rays of 
which a: projectivity has been established ‘and let it be required to 
find a ray m’ = f (m) of the pencil O’ corresponding to the ray m 
of the pencil O by knowing three rays a, b, c of the pencil O and three 
corresponding rays a’, b’. c’ of pencil O’. To do this, draw through 
the point of intersection of any two corresponding rays, for example, 
through the point of intersection of b and b’, among the given cor- 
responding rays, any two lines s and s’ (Fig. 127). Then join by a 
line the point of intersection of a. s with the point of intersection of a’, 
s’ and join the point of intersection of c. s by a line with the point of 
intersection of c’, s’; the lines thus drawn are determined by their 
point of intersection O*. Having done this. we construct the ray 
m’ == f (m) as shown in Fig. 127: the point of intersection of the ray m 
with the line s is joined with the point: O* and the point of inter- 
section of this line with the line s’ is determined; the ray originating 
from O’ and going to this point is the desired ray m’ = f (m). 


Figure 127 
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Note that the correspondence between the elements of one-dimen- 
sional manifolds established by means of a chain of operations of 
projection and section is always a projectivity (because these op- 
erations carry a harmonic set of elements into a harmonic set of ele- 
ments). On the basis of the results obtained in this subsection we may 
assert that given any projectivity between the elements of one-dimen- 
sional manifolds this correspondence can always be obtained as a 
result of a chain of operations of projection and section. 

§ 141. We now turn to the projective construction of images of 
the second degree (Steiner’s theorem). The projectivity between the 
images of the first degree can be used to construct images of the second 
degree. The method of such a construction is contained in the fol- 
lowing theorems, due to Steiner. 

Theorem 99. The set of points of intersection of projectively corre- 
sponding rays belonging to lwo pencils is a conic that passes through the 
centres of these pencils. 

Proof. Introduce a system of projective coordinates on the plane; 
the non-homogeneous system will be more convenient for the present 
case. Let S, (7, y,) and S, (zg. ye) be the centres of two pencils 
between the rays of which a prcjectivity has been established. If 


y— yy = & (xt — 2) (1) 
is the equation of any ray in the first pencil and 
Y—Yo=k' (x— 2) (2) 
is the equation of the corresponding ray belonging to the second pen- 
cil, we know that the parameter k’ is a linear-fractional function 
of the parameter k: 
' ak 
ki = EEE (a — By 0) (3) 
(see § 119). In order to obtain the equation of the curve described 
by the point of intersection of the rays (1) and (2) for various values 


of k, one has to eliminate the parameters k and k’ from the equations 
(1), (2), (3). The result is 


vy (y¥—") (YY — Yo) + 6 (YY — Ye) (2 — 2) 
—a(y — y,) (x — 2.) — B (« — 2) (x# — 22) =O (#) 


which is obviously an equation of the second degree in z and y. 
Thus the common points of the corresponding rays of the pencils S, 
and S, do constitute a conic. That this curve passes through S, 
and S, can be immediately demonstrated. In fact, both the values 
L=2L, y=y, and r=—2, y = yo Satisfy equation (*), thereby 
meaning that the points S, and S, lie on the curve. By the way, 
the fact that the points S, and S, belong to the set of points of inter- 
section of the corresponding rays of the pencils S, and S, is clear 
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without any computations; for instance, S, belongs to this set because 
the ray S,S, of the pencil intersects at S, all the rays of the second 
pencil, including the one that corresponds to the ray in question. 

Note, by the way, that if the common ray S,S, of the pencils S, 
and S, is assigned to the first pencil, then to this ray there corre- 
sponds in the second pencil a ray ¢, that touches at S, the conic formed 
by the projectively corresponding rays of pencils S, and S,; if the 
ray S,S, is assigned to the second pencil, then in the first pencil there 
is a corresponding ray ¢, that touches this curve at S,. 

Indeed, let M be the point of intersection of two corresponding rays 
m and m’, s the common ray of pencils S, and S,, and ft, the tangent 
at S, (Fig. 128). Assume that the point M tends to S, along the curve. 
Then m will tend to s and m’ to t,. But a projectivity is continuous 
(this result follows from its analytical representation). Therefore 
the limiting positions of the corresponding rays s = limy4s, m 
and ¢, = limy..s, m’ are also corresponding rays, that is, to ray s, 
considered as a ray of the first pencil, there corresponds a ray ft, 
in the second pencil. Similarly, it can be shown that to s, considered 
as a ray of the second pencil, there corresponds a ray ¢, in the first pen- 
cil. 

At this point one may ask the question as to whether any conic 
can be constructed by means of two projective pencils, that is, the 
pencils between the rays of which a projectivity has been established. 
Naturally, by means of projective pencils with real rays one can 
obtain only those conics which possess infinitely many real points. 
Therefore the following curves cannot be obtained: the degenerate 
conic composed of two imaginary lines and the nondegenerate null 
curve (this is clear because as soon as we remain within the limits 
of visual geometric constructions we lose sight of images composed of 
imaginary elements). 

As regards the remaining conics, the pair of coincident real lines, 
the pair of distinct real lines and the oval curves (see § 134), all of 
them can be obtained in the manner described above. 

(1) A pair of coincident real lines is a geometrical figure composed 
of the common points of corresponding rays of the projective pencils 
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if the centres of these pencils coincide and if a ray of one of the pen- 
cils which coincides with the corresponding ray of the second hap- 
pens to be repeated. For example, the pencils 


y=kr, y=ke (*) 

with a common centre (0, 0) between whose rays a correspondence 
' k 

k — {1k (**) 


has been established have for the set of common points of the cor- 
responding rays the coordinate axis taken twice because the elimi- 
nation of the parameters k, k’ from the equations (*) and (**) yields 
yo 0, 

(2) The pair of distinct real lines is formed by the intersection of 
the corresponding rays of the two pencils which are in a perspective 
correspondence. The axis of perspective is one line of the pair and 
the common ray of pencils the other line. 

(3) The oval curve is formed by the intersection of the corresponding 
rays of two pencils when between these pencils there has been estab- 
lished a projectivity and not a perspectivity; indeed, in this case 
the common points of corresponding rays do not lie on lines.* 

By the duality principle, from Theorem 59 one has 

Theorem 56. The set of lines joining the corresponding points of 
two fixed lines which are in a projective correspondence is a line-conic 
containing these two lines. 

If the fixed lines s, and s, are in a perspective correspondence, then 
the line-conic mentioned in Theorem 56 degenerates into a pair of 
pencils of the first class; one of them will have its centre at the centre 
of perspective of the given correspondence, and the other at the com- 
mon point of the lines s, and sy. 

If the lines s, and s, are in a projective but not in perspective cor- 

respondence, then the line-conic defined as in Theorem 56 will be 
nondegenerate. By Theorem 52, this pencil has an envélope which 
is a nondegenerate conic. And because the pencil contains s, and sp, 
the envelope, which is a conic, touches these lines. 
- Figure 129 shows a nondegenerate line-conic which is generated 
by the projectivity between the lines s, and s,; the same figure also 
shows the envelope of this pencil which is a conic k (7, and 7, denote 
the points of contact of k withs, and ¢5 while 47, AJ’ are two arbitrary 
corresponding points). From this figure it is clear that if M tends 
to S, then M’ tends to 7,. 

Thus, if the common point of the lines s,, s, is assigned to one of 
these lines, then to this point there corresponds on the second line 


* We recall that all the conics in the form of oval curves are projectively 
equivalent. 
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Figure 129 


a point of contact with the curve é& (that is, there corresponds a 
characteristic point of the line-conic). 

This proposition is evidently the dual of the proposition established 
above concerning tangents to the conic having points of contact at 
the centres of projective pencils generating this curve (the dual 
association of the tangents to a curve and the characteristic points 
of a pencil was noted at the end of § 127). 

§ 142. Let us now study Steiner’s converse theorems. In the pre- 
ceding subsection it was. shown that every conic can be defined as 
a geometrical figure consisting of the common points of the corre- 
sponding rays of two projective pencils, and that this curve passes 
through the centres of these pencils. The following theorem estab- 
lishes that the centres of projective pencils generating a conic are the 
ordinary points of this curve. 

Theorem 57. Let k be any nondegenerate conic and P, P’ two arbi- 
trary points on this curve. If to every ray m of the pencil P there is as- 
signed a ray m’ = f (m) of the pencil P’ which intersects m on k. then 
the correspondence m' = f (m) is a projectivity. 

Remark. For degenerate conics this theorem is valid only when 
certain conditions are imposed on the location of the points P and P’; 
namely, if k is a pair of lines, then both points must lie on one of 
them because otherwise the correspondence m’ = f (m) would not 
be one-to-one. 

Proof. We know that the conic & may be generated by means of two 
projective pencils; let S and S’ be the centres of the projective pen- 
cils generating k (Fig. 130). Onk fix a point M and let NV be any vari- 
able point on the curve, let n and n’ denote the rays SN and S’N. 
By the condition imposed on S and S’, the correspondence n’ = ¢ (n) 
is a projectivity. Further, denote by U the point of intersection of 
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Figure 130 


the line PM with the ray n and by V that of the line P’M with the 
ray n'*. Because the correspondence n’ = @ (n) is a projectivity, 
the correspondence assigning the point V of the line P’M to the point 
U of PM will be a projectivity between the points of the lines PM 
and P'’M. What is more, this correspondence is a_perspectivity; 
indeed, if the point U coincides, while varying on the line PM, with 
M, then its corresponding point V simultaneously coincides with M 
and this feature ensures, in view of Theorem 53, the perspectivity of 
the correspondence U ~ V. Let us find the centre of perspective for 
this correspondence. To this end, note that if the point NV coincides 
with the point P, then the point U also coincides with P and the cor- 
responding position of V will be X, the point of intersection of the 
lines P’M and PS’. Thus the points P and X correspond to each 
other; accordingly, the centre of perspective lies on the line PX, 
or. what is the same, on the line PS’. A similar argument shows that 
the centre of perspective lies on the line P’S. In Fig. 130 this centre 
is denoted by O. Thus the line UV always passes through the point O. 

Now fix the point NV and treat (/ as a variable point. We shall 
examine the correspondence m' = f (m) between the rays origi- 
nating from the points P and P’ towards M and the correspondence 
V = @ (U) between the points of the lines SN and S’N (these lines 
are now fixed). The corresponding points U and V are now deter- 
mined by the intersection of the lines SN and S’N with the corre- 
sponding rays m, m’ of the pencils P, P’. By the preceding result, the 
line UV always passes through O (which does not change with MM). 
This implies that the correspondence V = ® (U) is a perspectivity 
(because this is obtained by a chain of the operations of projection and 
section). 

In view of the duality principle** this theorem implies 


* By the hypothesis of the theorem, P andlP’ are arbitrary points on the 
curve. 
** That this can be applied here follows from Theorem 52. 
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Theorem 58. Let k be a nondegenerate conic andt, t’ two tangents 
to it. If with every point M of the line t there is associated a point M’ = 
= f (M) of the line t’ such that the line MM’ touches the curve k, then 
the correspondence M' = f (M) is a projectivity. 

Theorems 57, 58 and 46 imply, by the way. the following two prop- 
ositions that are dual to each other. 


(1) If M and M’ are any points of a conic and a, b,c, danda', b’, 
c’, d’ are rays originating from these points to any points A, B, C, D 
of this curve (Fig. 131), then 


(abcd) = (a'b’c'd’) 


(2) If m and m’ are any two tangents to a conic and A, B, C, D and 
A’, B’..C’, D’ are points on the lines m and'm' determined by the inter- 
section with any four tangents a, b, c, d (Fig. 132), then 


(ABCD) = (A'B'C'D') | 


§ 143. Let us consider the construction of a conic when five of its 
elements are given. The results of the preceding article enable us 
to obtain a number of propositions described below. 


(1) Five points of the plane, no three of which are collinear, always 
determine a unique nondegenerate conic passing through these points. 


Indeed, let there be given five points in the plane, no three of 
which are collinear. Call any two of them S and S’ and the remaining 
three A, B, C. Then from the points S and S’ draw the rays a, b, c 
and a’. b’, c’ toward the points A, B, C, and establish a projective 
correspondence between the rays of the pencils with centres S and S’ 
such that the rays a’, b'. c’ are assigned to the rays a, b, c. Then the 
geometric figure formed by the points of intersection of the corre- 
sponding rays of the pencils S and S’ will be a conic which passes 
through the given points; there can be no other conic because the 
projective correspondence is uniquely determined by prescribing 
three pairs of corresponding elements. 


Figure 131 
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Figure 132 


In § 140, we described a method for constructing corresponding 
pairs of rays of two projective pencils; applying this method to the 
present case one can obtain as many other points of a conic as one 
desires provided five points on this curve are known. 

By the way, Fig. 130 contains a plan of the instrument for drawing 
a conic. In fact, suppose that for five given points S, P, N, P’, S’ 
there are established fixed bars P’S, SN, NS’ and S’P with whom 
variable bars PM, P’M, UV are connected by means of movable 
hinges at the points U, V and fixed hinges at the points P, O, P’. 
Then, if the bar UV rotates about the point O, the bars PM and P'’M 
connected with it rotate in such a way that their point of intersection 
M draws a conic that passes through the given points S, P, N, P’, S’. 


(2) Four points of the plane, no three of which are collinear. and the 
line passing through one of them determine a unique conic that passes 
through the given points and touches the given line. 


Indeed, denoting the given elements as in Fig. 133, we establish 
a projectivity between the rays of the pencils S and S’ on the basis 
of three pairs of corresponding rays a, a’; b, b'; c, c’. Then the unique- 
ly defined, geometrical figure formed by the points of intersection 
of the corresponding rays of the pencils S and S’ will be a conic that 
passes through the points A, B, S, S’ and touches the line c’ (see 
§ 141). 


(3) Three noncollinear points of the plane and two lines one of which 
passes through one of the three given points and the other through one 
of the remaining two points determine a unique conic that passes 
through the given three points and touches the given lines. 


Indeed, denoting the given elements as shown in Fig. 134, we 
establish a projectivity between the rays of pencils S and S’ on the 
basis of the three pairs of the corresponding rays a, a’; b, b'; c. c. 
Then the geometrical figure formed by the points of intersection of 
the corresponding rays of the pencils S and S’ will be a conic that 
passes through the points S, A, S’ and touches the lines } and c’. 
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In view ot the duality principle, the propositions just proved imply 
that a nondegenerate conic is uniquely determined, as an envelope 
of a line-conic, by prescribing five of its elements in one of the fol- 
lowing combinations: 

(i) the given elements are five tangents; 

(ii) the given elements are four tangents and the point of contact 
on one of them; 

(iii) the given elements are three tangents and the points of con- 
tact on two of them. 

§ 144. Now we shall discuss two propositions of projective geom- 
etry known as Pascal’s and Brianchon’s theorems. 

Theorem 59 (Pascal's theorem). Given a six-point inscribed in a con- 
ic, ihe points of intersection of the opposite sides are collinear (Fig. 135). 

Theorem 60 (Brianchon’s theorem).* Given a six-point circum- 
scribing a conic, the lines joining its opposite vertices are concurrent 
(Fig. 136). 

These theorems are evidently dual; therefore it suffices to prove 
only one of them. 

A careful analysis of the preceding discussion reveals that Pascal’s. 
theorem is only a rewording of Steiner’s theorem on the construction 
of a conic by means of two projective pencils and therefore has already 
been established in implicit form. In order to see this, first we must 
indicate the rule according to which one can find the pairs of oppo- 
site sides of the six-point for any given location of its vertices. To this 
end, we designate by /, 2, 3, 4, 5, 6 the sides of the hexagon in the 
order they are successively joined; by opposite sides we shall mean 
the sides whose numbers differ by three, that is, the sides 7, 4; 2, 5; 
3, 6. Having done this, we go back to Fig. 130. Here we have a six- 
point inscribed in a conic whose sides appearing in the order they 
are joined are SN, NS’, S’P, PM, MP’, P’S; these sides will be 
respectively designatcd by J, 2, 3, 4, 5, 6. In Fig. 130, the point of 
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Figure 135 Figure 136 


intersection of sides 7, 4 is U, that of sides 2, 5 is V and that of sides 
3, 6 is O. It was shown earlier that the three points U, O, V are col- 
linear and that the points S, P, NV, P’, S’, M on the curve are totally 
arbitrary; thus Pascal’s theorem was established there also. 

As already noted, Brianchon’s theorem follows from Pascal’s 
theorem in view of the duality principle. 

§ 145. We now study the limiting cases of Pascal’s and Brian- 
chon’s theorems. Suppose that the points determining a certain side 
of the inscribed six-point coincide (for example, the points deter- 
mining side 3 in Fig. 135). Then this side becomes a tangent and 
a figure drawn in Fig. 137 is obtained. We therefore have the theorem: 


A tangent drawn to a conic at one of the vertices of the inscribed five- 
point intersects the side opposite to this vertex at a point which lies on 
the line passing through points of intersection of the remaining pairs of 
nonadjacent sides of the given five-point. 


The dual of this proposition for the limiting case of Brianchon’s 
theorem is obtained if we assume that two adjacent sides of the 
inscribed six-point coincide and their common vertex becomes the 
point of contact (Fig. 138). Accordingly, we have the following 
theorem: 


The line joining the point of contact of one of the sides of the circum- 
scribed five-point with the opposite vertex passes through the common 
point of the lines joining the remaining two pairs of nonadjacent ver- 
tices of the given five-point. 


Other limiting cases of Pascal’s theorem for an inscribed four-point 
and an inscribed three-point and the limiting cases of Brianchon’s 
theorem for a circumscribed four-point and a circumscribed three- 
point are demonstrated in Figs. 139, 140, 141 and 142 without any 
explanation. 
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Figure 137 "’ Figure 138 


§ 146. Let us see how one can draw the tangent at a given point 
of a conic and obtain the point of contact of the given tangent. 

Problem. Given five points on a conic, draw a tangent at one of 
them. 

This problem is solved by using Pascal’s theorem for an inscribed 
five-point. Suppose that the segments joining the given points are 
designated by numbers /, 2, 4, 5, 6 as in Fig. 137 and the point 
where the tangent is to be drawn by 9. First find the points P, Q 
and then the point R and then join R with 3; this will give the de- 
sired tangent. 

Problem. Given five tangents to a conic, obtain the point of con- 
tact of one of them. 

This problem is solved using Brianchon’s theorem for a circum- 
scribed five-point. Let the points of intersection of the given tangents 
be denoted by the numbers 7, 2, 4, 5,6 as in Fig. 138. Then by join- 
ing the points 7, 4 and Z, 5 by lines we obtain the point of intersec- 
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Figure 141 Figure 142 


tion of these lines, and the point of intersection of the lines joining 
this point with 6 and 2 with 4 is the desired point of contact. 

§ 147. In the present section we have examined in detail the 
projectivity between the elements of one-dimensional manifolds 
of the first degree. For many problems of projective geometry it 
proves useful to extend the notion of a projectivity for the set of 
elements of one-dimensional manifolds of the second degree. We 
shall now describe how such a generalization can be effected by tak- 
ing oval curves asa concrete case of the manifold of the second de- 
oree. 

Two pairs of points A, B and C, D of a conic k will be said to be 
harmonically conjugate if they are projected from a point .V of 
k by two pairs of harmonically conjugate rays. In view of the first 
of the two propositions stated at the end of § 142, we may assert 
that the harmonic conjugateness of the two pairs A, B and C, D 
of the conic does not depend on the point M chosen and thus is 
determined solely by the location of points A, B, C, D. 


A one-to-one correspondence between the points of two distinct or 
coincident conics k, and k, is called a projectivity if under this corre- 
spondence harmonically conjugate pairs of points on ky, are assigned to 
harmonically conjugate pairs of points on ky,. 


We find that this definition is completely analogous to the def- 
nition of a projectivity between the points of lines. The above pro- 
jectivity will also be called a projective mapping of the conic /, into 
the conic Ay. When k, and k, coincide the conic is said to be projec- 
tively mapped into itself. We will deal with this case below. 
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Suppose that a projectivity is defined of a conic & into itself. 
Take a point A on k and denote its image by A’. We establish a cor- 
respondence hetween the rays of pencils with centres A and A’ by 
associating a ray m of the pencil A with a ray m’ of the pencil A’ 
such that the point of intersection of m with k& is the image of the 
point of intersection of m’ with k. It is easily seen that such a cor- 
respondence is a projectivity. Indeed, ifm’, n’ and p’,q’ are harmon- 
ically conjugate pairs of rays of pencil A’, then, according to the 
definition of harmonic conjugateness on a conic, the pairs of points 
M,N and P, O. where the rays 1.’, n', p’, gq’ intersect the curve, are 
also harmonically conjugate. Under a projectivity of a conic into 
itself the pairs of points 17, N and P, Qare mapped into harmonical- 
ly conjugate pairs M’, N’ and P’, Q’ which are projected from the 
point A.by harmonically conjugate pairs df rays m n and p. q. But 
these very rays of pencil A are associated with the rays m’, n’, p’, q’ 
of pencil A’. Thus under the established correspondence a set of 
harmonic elements of pencil A is assigned to the set of harmonic 
elements of pencil A’, and this is what characterizes a projectivity. 

One can say more ahout the established correspondence between 
the rays of pencils A and A’: this correspondence is not only a pro- 
jectivity but a perspectivity too. This is a consequence of the fact 
that the ray AA’ of pencil A is assigned to the ray A’A of pencil A’ 
(see Theorem 54). 

Therefore the corresponding rays of the pencils A and A’ intersect 
on one line, the axis of perspective of these pencils. This gives a very 
simple method for a graphical realization of the projectivity of 
a conic into itself, which can be applied to the case where this map- 
ping is determined by three pairs of corresponding points (this method 
also contains the proof of the fact that three pairs of corresponding 
points determine a projectivity). Consider three pairs of projectively 
corresponding points on a conic: A, A’; M,, M’; and M,, M; 
(Fig. 143). First we shall obtain the axis of perspective of the pen- 
cils A and A’, for which purpose we obtain the point of intersection 


Figure 143 
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of the lines AM; and A’, and that of the lines A.W} and A’M,; 
the line that joins these points of intersection is the axis of perspec- 
tive. Having found the axis of perspective, we can find the corre- 
sponding point M’ for any point M of the conic by projecting .W from 
A’ to the axis of perspective and then projecting the resulting point 
on the axis of perspective from A to the conic. Figure 143 shows the 
construction of the points M/;, Mj, ... corresponding to the points 
Mei, AVE py: 3s Moa 

We also note that the points of intersection of the axis of perspec- 
tive of pencils A and A’ with the conic are fixed points of the projec- 
tivity of the conic into itself. In fact, the above construction of 
projectively corresponding points on the conic immediately implies 
that if the point M lies both on the conic and the axis of perspective, 
then the corresponding point coincides with this point, that is, 
M is mapped into itself. In Fig. 143 one can see that when the vari- 
able point of the conic approaches point Q, where the axis of perspec- 
tive intersects the conic, the corresponding point also approaches Q. 

When the variable point coincides with Q, this point coincides 
with its corresponding point. Therefore a fixed point of the mapping 
is also known as a double point. 

It is clear from what has been said so far that for obtaining double 
points of a projectivity of a conic into itself one is led to the con- 
struction of the axis of perspective of pencils A and A’. If the axis 
of perspective of these pencils does not intersect the conic the projec- 
tivity has no double points. 

It is a striking fact that the axis of perspective for the pencils A 
and A’ coincides with the axis of perspective for any other pair of 
pencils that project corresponding points of the conic and have 
centres at two corresponding points. Indeed, let A, B, C be three 
points on the conic and A’, B’, C’ the corresponding points under 
a projectivity of this conic into itself (Fig. 144). For the centres of 
pencils projecting the corresponding points of the conic first take 
the points A and A’. The axis of perspective of these pencils s, 
is determined by the point of intersection of the lines A’B and AB’ 
and that of the lines A’C and AC’. Then choose the points B and B’ 
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as centres of the projecting pencils. The axis of perspective of these 
pencils s, is determined by the point of intersection of the lines 
B’A and BA’ and that of the lines B’C and BC’. But by Pascal’s 
theorem the three points thus obtained are collinear and accordingly 
the axes s, and s,, coincide. 

The common axis of perspective for the pencils 4 and A’, B and 
B’, etc. is simply referred to as the azis of perspective for the projectiv- 
ity of a conic into itself. | 

All that has keen said so far enables us to state the following prop- 
osition. 


If a projectivity of a conic into itself is given, then, given any two 
pairs of corresponding points M, N and M'’, N’, the lines MN’ and 
M'N always intersect on a definite line, which is the axis of perspective 
for the given mapping. 


§ 148. To obtain the double points of a projectivity of a line into 
itself. The results of the preceding article enable us to solve the 
following problem. 

Problem. Obtain the double points of a projectivity that maps a 
line a into itself when three pairs of corresponding points A, A’; 
B, B'; C, C’ of this mapping are given. 

Solution. Using a compass, draw a circle k (Fig. 145) and take 
any point S on it. Next define a correspondence between the points 
of k by assigning to any point M* of this circle a point M*’ such 
that the pair M*, M*’ is projected from S into a pair of points of 
a line a which correspond to each other under the given projectivity. 
Evidently, the correspondence M* ~ M*’ is a projectivity (on 


Figure 145 
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the circle) and its double points are projected from S into the double 
points of the given projectivity of line a into itself. 

Thus the problem reduces to obtaining double points of the projec- 
tivity of circle & into itself. To obtain these points, project the points 
A, B.C, A’, B’, C’ from S onto the circle k; this gives the points 
A*, B*, C*, A*’, B*’, C*®’ on the circle. Next, construct the axis of 
perspective for the correspondence M* ~ M/*’ defined by three pairs 
of corresponding points A*, A*’; B*, B*'; C*, C*’ and then locate 
the points P*, Q* where the axis of perspective thus constructed 
meets the circle. Projecting the points P*, Q* from centre S onto 
line a, we obtain the desired double points P, Q. (All the construc- 
tions have been shown in Fig. 145.) 

§ 149. Let us now obtain the points of intersection of any line 
with a conic determined by five points. 

Problem. A conic k is determined by five points S, S’, A, B,C 
(Fig. 146). Find the point of intersection of thisconic with any line a 
{the conic & is not assumed to have been drawn, only its points S, 
S’, A, B, C are known). 

This problem reduces to the preceding one. Indeed, the conic k 
can be thought of as a geometrical figure composed. of points of 
intersection of projectively corresponding rays m, m’ of the pencils 
with centres S, S’, provided a correspondence m ~m’ is defied 
such that the rays S’A, S’B, S’C correspond to the rays SA, SB, SC. 
By intersection with line a, the pairs of corresponding rays m, m’ 
determine pairs of projectively corresponding points M, M’; in 
particular, the pairs of corresponding rays SA, S’A; SB, S’B; SC, 
S’C determine the pairs of corresponding points A,, A,; By, B; 
C,, C, on line a. The points of intersection of a and k are the points 
where the corresponding rays m, m' meet, and, accordingly,-they 
are the double points of the projective correspondence M ~ MM’. 
Thus to solve the problem we must obtain double points of the 
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projectivity of line a into itself assuming that this projectivity is 
determined by three pairs of points A,, Aj; By, B,; C,, C,. This 
has been done in the preceding article. 

Remark. If the line a passes through one of the given five points, 
the problem of finding the only unknown point of intersection with 
k is considerably simplified. In this case one can use Pascal’s theo- 
rem. In Fig. 147, the given five points of k& are designated by J, 2, 
3, 4, 5, the desired point of intersection of a with k by 6, and P,Q, R 
denote the points of intersection of the opposite sides of the hexagon 
1, 2, 3, 4, 5, 6. Because this hexagon is inscribed in the conic k, the 
points P, Q, R are collinear; therefore point 6 can be obtained in 
the following manner: first find the points P, Q and then point R 
by drawing the line PQ, and, finally, point 6 by joining the points 3 
and RA by a line. 7 

§ 150. Let us now consider the problem of how to draw tangents 
from a given point of the plane to a conic determined by five points. 

Problem. Given a conic determined by five points A, B, C, D, E 
and given an arbitrary point P, draw tangents from P to k. 

Solution. Through P and any two of the given five points, for 
example A and B, draw lines PA and PB (Fig. 148). Following the 
method just described, find points A, and B,, where the lines PA 
and PB meet k. Then construct a complete quadrangle ABA,B,; 
from its harmonic properties it follows that the diagonal p is the 
polar of P with respect to the conic & (for the definition of a polar, 
see § 131). Finally, the points M, and M,, where p intersects k are 
obtained, and then join these points with P by the lines ¢, and f,. 
Theorem 51 implies that ¢, and f, are the desired tangents. 


Figure 148 
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§ 151. We shall now present an interesting theorem, known as 
Desargues’ second theorem, of projective geometry regarding pencils 


of conics. 
By a pencil of conics we mean a set of conics which for various 


values of parameter A (taking 4 = oo also) are defined by the equa- 
tion 


Oy, 2"  2dyo ry + Any” + 243% + 2dosy + 33 
AF (D440? + 2Dyory + dyey? + 2bygt +4- 2bosy + 33) = 0 («) 


where a;,, b;, are constants, and z, y are current (projective) |oor- 
dinates. Obviously, this pencil is the set of conics that pass through 
four points of intersection of the two conics 


OX? + 2A yoLY + Agoy* + 213% + 2doay + a33=— 0 


and 
by x? + Adyozy + Ogoy? + 2by3t + Qosy + bg3 = 0 


The four points, called e basis points of the pencil, may be either 
real or imaginary. 

Theorem 61 (Desargues). Conics belonging to some pencil intersect 
a given line not passing through basis points of the pencil pairs of points 
that correspond to each other under an involution. 

Before proving this theorem, let us recall the definition of an 
involution. As defined in § 113, an involution over a line is a projec- 
tivity of this line into itself such that by double application of this 
mapping a point of the line is mapped into itself, that is, if M’ = 
= f (M) is the image of M, then M” = f (M’) = M. In projective 
coordinates on the line the coordinates z, x’ of the points M, M’, 
which correspond under an involution, are connected by the rela- 
tion 

,-~~azr+B 
Ves ye +6 


where a = —6 (see § 113). 

Now we turn to the proof of the theorem. Let a be any line men- 
tioned in Desargues’ theorem. The coordinate system on the line 
is assumed to be chosen in such a way that the z-axis coincides 
with a. Then to determine the points of intersection of the conics 
of the pencil and the line a it suffices to put y = 0 in equation (x). 
This yields 


bay ,2? + 20 43x + Ass + A (64,22 + 25432 + bs3) == 0 (**) 


Let xz, x’ be the coordinates of two points”"M, M’, where the line a 
is intersected by the conic belonging to the pencil, corresponding 


The Foundations of Projective Geometry 387 


o a certain value of A. By Viette’s theorem, we have from (««), 
pads 2 (413-+ Abi 3) 


algae ane 
eae Ay, +hdy, (a) 
rT Agg-+Abgs 
er Ayy+Abyy (P) 


We now try to establish a relationship between x and zx’. To do 
this, we eliminate A from (c) and (f) and obtain 


ary (r+ 2’) + 2a43 by, (x+ x") + 2b,; = 


Oy,TL' — Ags by, xx’ — b33 : 
whence 
a (411033 — 433011) +2 (213033 — 433613) (y) 
2 (@1 3611 — 441513) Z— (211833 — 435031) 


We find that x’ is expressed in terms of x by means of a linear- 
fractional function; accordingly, the correspondence M (x) ~ M’ (z’) 
is a projectivity. Further, by comparing formula (vy) with the general 
formula z’ = (ax + §)/(yx + 5) we see that 6 = —a, that is, the 
condition characterizing an involution is fulfilled in the given case. 

We shall now show that the determinant A of the transformation 
(y) does not vanish. But A = —(a,,b33 — d33b,,)* — 4 (@,30,, — 
— 4,013) (€13033 — 433015) is the resultant of the functions a,,z? + 
+ 2a,,4 + a35 and 0,,c7 + 2b,,2 + b3, multiplied by minus one; 
if A = 0, then these functions have a common root, that is, the 
line a passes through a basis point of the pencil, which is ruled out 
by the hypothesis of the theorem. Hence A 0 and the theorem is 
proved. 

The next two subsections are devoted to the applications of De- 
sargues’ second theorem. 

§ 152. According to Theorem 42, § 113, an involution is deter- 
mined by two distinct pairs of corresponding points. Now we shall 
show how, by knowing two pairs of corresponding points of the 
involution, to obtain many other such pairs and double points (if 
they exist). 

Let A, A’ and B, B’ be two pairs of corresponding points under 
an involution on a line a. Through the points A and A’ draw a circle 
k, and through B, B’ a circle k, such that the two circles intersect 
at two points; call the points of intersection O, and O, (Figs. 149a 
and b). A system of circles passing through O, and QO, is a particular 
case of the pencil of conics. By Desargues’ second theorem, the circles. 
belonging to this system intersect line a in pairs of points that cor- 
respond under an involution. Thus by drawing various circles through 
the points O, and O, and determining their points of intersection: 
with line a we obtain various pairs of points that correspond to each. 
other under the involution determined by the pairs A, A’ and B, B’.. 


2a* 
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Drawing two circles k,, and k, through the points O, and O, which. 
touch the line a, we obtain the double points of the involution, name- 
ly the points of contact the circles k,, and k, with the line a. 
In Fig. 149a the double points have been denoted by M and WN. 

If we compare Figs. 149a and )b, it is easily understood that the 
two pairs of points A, A’ and B, B’ determine a hyperbolic involu- 
tion (that is, one having double points) if these pairs do not divide 
each other, and an elliptic (that is, one having no double points) 
otherwise. 

§ 153. Let us now determine a conic by prescribing four of its 
points and one tangent line. 

Problem. Given four points and a tangent line to a conic, find 
the point of contact of the given tangent. 

This problem can be looked upon as that of determining a conic 
by prescribing four of its points and one tangent; indeed, having 
located the point of contact of the given tangent, we know five points 
of the conic, and a conic is completely determined by five points. 

Solution. Let A, B, C, D be the four given points of the desired 
conic and ¢ the given tangent to it. Consider the pencil of conics 
with basis points A, B, C, D. By Desargues’ theorem, the conics 


Figure 149 
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Figure,150 


belonging to this pencil intersect the line ¢ at pairs of points that 
correspond to each other under an involution. The desired conic is 
contained in the pencil mentioned and the point of contact is the 
double point of this involution. Thus the problem reduces to that 
of finding double points of the involution. In order to find these 
points, we have to know two pairs of corresponding points. We shall 
obtain them by intersecting ¢ with any two conics of the pencil. 
This can be most conveniently done by taking two degenerate conics 
of the pencil, for example, the pair of lines AB, CD and the pair 
of lines AD, BC (Fig. 150). 

Denote by P, P’ and Q, Q’ the pairs of points where these degener- 
ate conics intersect line ¢. If the pairs P, P’ and Q, Q’ do not divide 
each other, then by the method of the preceding article two double 
points M, N of the involution are obtained. Each of these points 
is the point of contact with line ¢ of a certain conic passing through 
the given points A, B, C, D. In this case the problem has two solu- 
tions. 

If the pairs P, P’ and Q, Q’ divide each other, then the involution 
defined by them has no double points. Therefore in this case the 
problem has no solution (in the real plane). 

§ 154. In the present section we have set out a number of con- 
crete theorems on projective properties of conics. The source of 
these properties is the construction, described above, of conics by 
means of two projective pencils. It is natural to inquire if the same 
methods can be extended to the theory of curves of higher orders. 
In principle, this is possible. For example, a third order curve can 
be constructed by means of two projective pencils, one of which is 
a pencil of conics and the other a pencil of lines. How this can be 
done will now be described. Let 


Ayy2™ 4 2A ye LY + Aggy* + 243k + 2Aosy + A33 
+A (byt? + 2dyory + bogy? + Qhysx + 2hoay + bag) =O — (#} 
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be a pencil of conics and 

Y—Yy= (4-24) (**) 
a pencil of lines. With a conic belonging to the pencil («) that cor- 
responds to a certain value of parameter 4 we associate that line 


in the pencil (**) which corresponds to the value of parameter i’ 
given by the formula 


; ny 
N= — (x) 


where a, £, y, 6 are constants such that a5 — By 0. Such a cor- 
respondence between the elements of the pencils (*) and («**) will 
be called a projectivity. 

If the parameters 4 and A’ are eliminated between the equations 
(x), (x) and (***), we obtain an equation 


M (zr, y) = 0 
of the third degree in z, y. Hence we have the following statement: 


The geometrical figure formed by the points of intersection of the 
corresponding curves of two projective pencils, the one of which is a pencil 
of conics and the other a pencil of lines, is a third order curve. 


Generalizing the notion of a projectivity to the case of two pencils 
of conics, one can similarly define constructively curves of the fourth 
order, etc. 

The projectivities between the pencils of the curves of the first, 
second and higher orders can be put in a purely geometrical langua- 
ge; thus one can simultaneously give constructive and pure geometri- 
cal definition of the images of higher degrees. Working along these 
lines, concrete properties of images of higher degrees were investi- 
gated by several authors, but this is by no means as simple and visual 
as the investigation of conics; and due to its special character, this 
falls outside the scope of the present book. 


Chapter 6 


Group-Theoretic Principles in Geometry. 
Groups of Transformations 


6.1. Geometry and the theory of groups 


3 155. In many sections of the preceding chapters of the book 
where the eyuivalence (equality) of geometric figures was defined 
in various geometric systems (elementary, geometry, projective ge- 
ometry), we noted the so-called group prdperties of the set of those 
transformations, which were taken as the basis of the definition of 
equivalent images (the group properties of motions, projective 
transformations). In all these cases we had occasion to employ the 
manifestation of the group-theoretic principles in geometry that 
were developed by the Norwegian analyst, geometer, and group 
theorist Marius Sophus Lie (1842-1899) and Felix Klein. 

In contemporary geometrical investigations the group-theoretic 
principles play an extremely important role, to which the present 
chapter is devoted. 

§ 156. The main topic of discussion of this chapter will be groups 
of transformations. But before defining them, we define a group in 
general. A group is the set of objects of arbitrary nature, to be hence- 
forth called elements and to be denoted by a, b, c, d, .. ., that 
satisfy the following axioms: 


(1) To every pair of elements in the set taken in a definite order there 
is assigned according to some rule an element in this set. If element c is 
assigned to two elements a, b, then we shall write 


= ab 
and call c the product of a and b. 
(2) Given any three elements a, b, c, 


(ab) c = a (be) 
always (the associative law). 
(3) There is an element e such that for any element a‘ 


ae —a 


The element is referred to as the identity of the group. 
(4) For every element a there is an element x, depending on a, such 


that 
jax =e 
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The element x is called the inverse of a and is denoted by a“. 


It is a simple matter to derive the following theorems in 
connection with these axioms.* 


(a) If ax = e, then xa = e. In view of this property of a group, the 
“right” and “left” inverses need not be distinguished. 

(b) If e is the identity in the group, then ea = a for any a. In view 
of this property of a group, the “right” and “left” identities need not be 
distinguished. 

(c) If ax = eand ay = e, thenx = y; that is, the inverse is uniquely 
determined by the element a. 


As a consequence of these theorems, one has the following result: 
given elements a, b, the element z satisfying the equation az = b 
is always uniquely determined and z = ab; the same is true of 
the element y satisfying the equation ya = b, namely y = ba“. 
Thus, in a group an operation inverse of the group multiplication is 
always uniquely defined. 

If the elements e and e* satisfy the equations ae = a and ae* =a 
for any a, then e* = e, that is, a group contains only one identity. 

We present one more definition. If a certain part of the elements 
of a group also satisfies the group axioms, then this part is called 
a subgroup of the group in question; evidently, a subgroup always 
contains the identity of the group and the inverse of every element 
of the subgroup. 

In this article we have dealt with an abstract group for which the 
nature of its elements and that of the group multiplication do not 
play any role in its theory; only the requirements of Axioms 1-4 
are important. From now on we shall deal only with concrete groups 
of transformations, the general definition of which is given in the 
next subsection. 

§ 157. Let M be any set whose elements are denoted by z,y,2, ... 
or by z’,y’,z, ..., etc. If to each element z in © there is assigned 
an element x’ = f (x) in the same set, then we shall say that a trans- 
formation of M into itself is defined. 

If (1) to distinct elements z,, x, there always correspond distinct 
elements zr; = f (z,), z, = f (z-), and (2) for every element x’ in M 
there is an element x such that z’ = f (x), that is, every element in MV 
is the image of some element of this set, then x’ = f (x) is known as 
a one-to-one transformation of M. 

Let x’ = f (x) be a one-to-one transformation of M. If to every 
element y in M there is assigned that unique element y’ which, 
according to the stated rule, is mapped into y, that is, y’ is such 
that f (y’) = y, then we obtain a new one-to-one transformation 


* See, for instance, L. S. Pontrjagin: Topological Groups, Oxford University 
Press, London, 1946. 
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y’ = @ (y) of the set M. This transformation is called the inverse 
of the given transformation. 

Thus every one-to-one transformation zx’ = f(z) has a definite 
inverse transformation (also one-to-one). The inverse of the given 
transformation is usually denoted by x’ == f= (zx). 

Let x’ = f, (x) and 2’ = f, (x) be two one-to-one transformations. 
of M. If to every element y in M there is assigned that element y’ 
into which y is mapped by performing the first of the two given trans- 
formations and then the second, that is, the element y’ = f, (y*), 
where y* = f/f, (y), then we obtain a new one-to-one transformation. 
This transformation is called the product of the two given transfor- 
mations (taken in a definite order), and is written x’ = f, (f, (z)). 

In general, the product of transformations depends on the order 
in which they are performed, that is} f, (f, (z)) #/f, (f. (x)), in 
general. 

The transformation e (x) = z, which maps all the elements into 
themselves, is known as the identity transformation. Obviously, if 
x’ =f (x) is a one-to-one transformation and xz’ = f(z) is its. 
inverse, then f (f-?(2)) =a =e(ax) and f'(f(z)) =z =e (z), 
that is, the product of a given transformation and its inverse is an 
identity transformation (and the order in which the given transfor- 
mation and its inverse are performed is immaterial). 

Let a set M be given. We consider all possible one-to-one trans- 
formations of this set; as usual, they are denoted by 2’ = a (zx), 
x’ = b(z), x’ =f (x), etc. or, what is more convenient for the pre- 
sent situation, simply by a, b, f, ..., etc. If a and b are two trans- 
formations z’ = a(z) and zx’ = b (zx), then their product can be 
represented either by x’ = a (b(z)) or by x’ = b (a (z)), depending 
on which of the transformations is performed first. In light of this, 
c = ab will denote the product of a, b if b is performed first and 
c = ba the product of a, b if a is performed first. 

It is easy to show that the set of all one-to-one transformations. 
of M forms a group if the product of two elements of this set, that 
is, of two transformations is understood in the sense described above. 
Indeed, 

(i) With every pair of transformations a, 6, taken in a definite- 
order, there is defined a new transformation c, their product: 


c = ab 
(ii) If a, b, c are any three transformations, then 
(ab) c = a (be) 


This equation is obvious. Indeed, if x’ = a(x), x’ = b (zx) and 
x’ = c (zx) are given transformations, then both (ab) c and a (bc). 
denote the transformation z’ = a (b (c (z))). In this way, the product. 


of transformation always obeys the associative law. 
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(iii) There is a transformation e (namely, the identity traDsfor- 
mation e (x) = x) such that 
ae=a 


for any transformation a. Indeed, if x’ = a (z) is the transformation 
denoted by a and e (x) = x is the identity transformation, then ae 
is the transformation defined by x’ =a (e(x)) =a (zx), which is 
the same as a. 

(iv) For any transformation a there is a transformation f such 
that 


af =e 


Namely, for f one can take the inverse of the given transforma- 
tion a, that is, f = at. 

We see that the set of all one-to-one transformations of .V satisfies 
the group axioms 1-4. Accordingly, this set is a group. The identity 
for this group is the identity transformation. Besides the group of 
all transformations of M, any other definite set of transformations 
satisfying the group axioms is also called the group of transforma- 
tions of that set. 

For a definite set of transformations of M to be a group it is enough 
that the following two conditions be satisfied: 

(a) If a, b are transformations belonging to the given set of trans- 
formations, their product ab also belongs to this set. 

(b) If a is any transformation belonging to the given set, its 
inverse a7! also belongs to this set. 

Indeed, as noted above, the associative law for the product of 
transformations always holds; moreover, if the given set contains 
the inverse a~! together with every transformation a and together 
with any two transformations their product, then the transformation 
e = aa“ (the identity of the group of transformations) is contained 
in this set. Therefore, if the set of transformations satisfies the above 
two conditions, it satisfies all the group axioms and is hence a group. 

§ 158. Let us now study the geometry of a given group. Let a 
set M of arbitrary elements and a group G of its transformations be 
given. We shall call M a space and its elements points and every 
point set of this set a figure. A figure A will be called equivalent, 
or equal, to a figure B if there is a transformation in G that maps A 
into B. 

The two conditions characterizing a group of transformations, 
which were formulated at the end of $ 157, immediately imply that 


(1) If a figure A is equivalent to a figure B, then B is equivalent to Ae 


Indeed, if A is equivalent to B, then there is a transformation g 
in G that maps A into B. In that case, the inverse transformation 
g7' maps Binto A. But by the second of the two conditions men- 


Group-Theoretic Principles in Geometry 395 


tioned above, g-! belongs to G. Thus there is a transformation in G 
that maps B into A, and therefore B is equivalent to A. 


(2) If two figures A and B are equivalent to a third figure C, then the 
figures A and B are equivalent to each other. 


Indeed, if A is equivalent to C, then there is a transformation g 
in G mapping A into C, and if B is equivalent to C, there is a trans- 
formation h in G mapping B into C. Then the transformation h-} 
maps C into B and therefore the product h-'g maps A into B, and 
the equivalence of A and B follows. 

We find that the conditions defining the group of transformations 
are necessary to ensure the basic properties of the equivalence of 
figures (reflexity and transitivity) weno which the word “equiva- 
lent” would be meaningless. 

Following Felix Klein, by ee properties we mean those 
properties of figures in space M and those quantities connected 
with figures that remain invariant under any transformation be- 
longing to a given group G and are therefore the same for all the 
equivalent figures. The system of propositions regarding properties 
of figures and quantities which remain invariant under all the trans- 
formations belonging to the group G will be called the geometry of 
Group G. 

The ideas propounded by Klein for treating various geometries 
as theories of invariants under corresponding groups enabled him 
to unfold a deep connection between geometries, discoveries and 
researches up to the 1880s. Klein advanced his ideas in his lectures 
“A Comparative Review of Recent Researches in Geometry”, which 
is known by the name Erlanger Programm. 

Concrete applications of Klein’s group-theoretic methods are 
given in the next section. 


6.2, The projective group and its basic subgroups 


§ 159. In the preceding subsection the concept of geometry of 
a group was defined. The definition is very general because no condi- 
tions on space M and group G were imposed. It is clear that the geo- 
metry of a given group G will be meaningful only if this group G 
and space M on which the group is defined are given sufficiently 
concrete form. Henceforth we shall confine ourselves to the study 
of the geometry of the projective group. 

The investigation which we shall make will show all the various 
geometries studied in previous chapters in a new light and as parts 
of a definite system. In order not to complicate the presentation with 
involved algebraic computations, we shall carry out our investiga- 
tion for the two-dimensional case. And because we shall be employing 
an exclusively analytical method, the results obtained can be easily 
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extended to higher dimensions. To accomplish this, one has only 
to replace the necessary equations with equations of the same struc- 
ture but having more number of variables. Such a modification can 
be easily done by the reader himself. 

§ 160. Let us now study the projective group. Consider the projec- 
tive plane, that is, the set of points determined by the triples of 
homogeneous coordinates (z,, Z,, x3). The one-to-one mapping of 
the plane into itself under which to a point M (z,, x,, x3) there 
corresponds the point M’ (z}, z,, z,) with coordinates 


4 oe ; 
O Ly = Cy Ly + CyQLo -|- Cy3X3 
td rd 
O Ly = CoyLy + Copy + CosX3 (1) 
, oe 
0 Ly = Ca4Xy + Ca9X%q + C33X3 


where c;, are real constants such that 


Ci 1a C48 
A=|Cy, Co2  Ca3| AV 


C3, C3q C33 


and p’ any number + 0, is a projective mapping, or, alternatively, 
a projective transformation (projectivity) of the projective plane. 

It was shown in § 106 that the set of projective transformations 
possesses the group property. Namely, by Theorem 23a, the inverse 
of a projectivity is also a projectivity, while, by Theorem 23b, the 
product of two projectivities is a projectivity. This, in view of 
§ 157, enables us to assert that the set of projectivities is a group. 

Observe that the group properties of the set of projectivities can 
be easily established by a pure analytical method (in § 106 they 
were established geometrically). Indeed, let 


3 
Pti= > Cir, (= 1,.2,3) (2) 
a=1 
3 
Peti= 2) Ciara (t= 1, 2, 3) (3) 


be the analytic representations of two projectivities M’ = f, (M) 
and M’ =f, (M). Consider any point M (z2,, x5, x3). The first 
transformation maps this point into a point M’ (z}, x}, z,) and 
the second maps M" (z/, z,, z,) into a point M” (z{, zx}, °r’). From 
(2) and 4 we have 


3 3 3 
, 4 1 ) 
0,25 = 3 Cia Lo, >; Cia (<7 >; cigars ) = ra » ( bs cles) xp 


a==4 B= 1 pB=1 


Group-Theoretic Principles in Geometry 397 


3 
If we set pip, =e” and 3) c@ci2 = cig, then the last equation 
amt 


may be written as 
paix Ni ewts (61,2, 3) (4) 


which shows that the transformation M” = f, (M’) = f, (f, (Y)), 
that is, the product of two given transformations, has the same ana- 
lytical structure as equation (1). Furthermore, let C®, C® and C 


denote the matrices composed of the quantities ci}, ci}, and c;,, 
3 


respectively. In view of the relation >) ci? c$} = c;,, the matrix C 


a=! 
is the product of the matrices C™ and C®; 
C=COE™ (5) 


Thus the product of two projectivities (2) and (3) is a linear trans- 
formation (4) whose matrix equals the product of the matrices of 
transformations (2) and (3). 

Denoting by AM, A® and A the determinants of the matrices 
C, C™ and C, we see that formula (5) implies that 

A = AMA (6) 
Hence, if AY ~ 0 and A® 0, A #0. This shows that the product 
of two projectivities is a linear transformation with a nonvanishing 
determinant, that is, a projectivity. 

In order to show that the inverse of a projectivity is also a pro- 
jectivity, it suffices to note that from equations (1) the quantities 
2X1, Xo, Xz can be expressed as linear combinations of z,, z,, x, pro- 
vided A +0. Furthermore, the linear transformation obtained by 
reciprocating (1) has a matrix which is obviously the inverse of the 
matrix of (1) and corresponding determinant A’ = 1/A. Hence 
A’ 0. Since the inverse of a projectivity is a linear transformation 
with a nonvanishing determinant, it is a projectivity. Thus by sim- 
ple algebraic computations we find that the set of projectivities is 
a group because this set satisfies the two conditions that, according 
to § 157, characterize the group of transformations. 

The group of projective transformations is known as the projective 
group. Each separate transformation in this group is determined 
by assigning definite values to the c;, in (1). But since the relation- 
ships in (1) are homogeneous, to define transformation (1) it is suf- 
ficient to specify eight ratios of c;,. These eight ratios are known 
as the parameters of the projective group. 

In the case where each transformation entering into a group, no 
matter which one, is determined by assigning numerical values for n 
ndependent parameters, the group is called an n-member group, and 
he projective group (on a plane) is an eight member group. 
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§ 161. Projective geometry is a discipline concerned with the 
study of those properties of figures and those quantities connected 
with the figures that are invariants relative to any projective trans- 
formation. We can therefore define projective geometry as the geo- 
metry of projective groups. 

In the study of projective geometry particular attention is given 
to the invariants of the projective group, since in this branch of geo- 
metry it is these invariants which represent the geometric quanti- 
ties. 

We shall give the name invariant for n arbitrary points relative 
to the projective group to a scalar function F (M,, M,, ..., M,) 
which is not identically a constant but which has equal values on 
such systems of m points that convert to one another through projec- 
tive transformations.* 

We note that a projective group does not have invariants for three 
or less points, this can easily be proved indirectly. Let us assume 
that there exists an invariant for three points, F (M,, M., M;). 
We take any three points WM}, M}, Mj on a plane and denote the 
value of the function F (Mj, M3, Mj) by c. Let M,, M., M3 be any 
three points. We know that no matter where the points M,, M,, Ms 
and M‘, M~, M?% lie there is a projective transformation that trans- 
forms the points M,,M,,M, into M,, M), Mj. Hence F (M,,M.,M3)= 
=¢c = constant, contrary to the definition of an invariant. In exact- 
ly the same manner, it may be shown that the projective group has 
no invariants of four arbitrary points. But in a projective group 
there is an invariant of four collinear points: this is the cross ratio 
(see § 115). 

When n > 5, there are invariants for any system of 7 points. 
It is a striking fact that all of them may be expressed in terms of 
the cross ratios. We shall clarify the situation by taking the most 
simple case n = 0. 

Let M,, M., Mz, M,, Ms; be five arbitrary points in the plane. 
By means of the construction shown in Fig. 151, we can determine 
two quadruples of points M,, Q, M,, P and M;, R, M,, P lying on 
one line each, on the basis of the five given points M,, M,, M3, M,, 
M,. Evidently, the cross ratio (M,QM,.P) = f, and (V;RM,P) = fe 
are functions of the points M,, M,, M;, M,, M;, which will be 
expressed by writing 


hh = hh (M,, M,, M3, M,, Ms) 


and 
he a he (M,, Ms, Mz, M,, Ms) 


* In order to avoid having to account for all the various possible special 
cases, let us assume, that speaking of arbitrary points whose number is greater 
than two always implies a group of points such that no three lie on a single 
straight line. 
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Figure 151 " 


These functions are invariants of the projective group. Indeed, 
let M,, M,, M;, M,, M; be five new points and P’, Q’, R’ three 
points determined by M; in the same manner as P, Q, R are deter- 
mined by the points M;,. If a projectivity maps M,, M., M3, M,, Ms 
into M\, M;,, M;, M;, M;, then it maps P, Q, R into P’, Q’, R’ 
and hence (M, QM, P)-= aigeeee ea (M; RM,P) = (M‘R’ M; "P’), 


Thus as soon as the system M,, ..., M; is projectively equivalent 
to the meron M;, sy IM we have f, (M,, ..., Ms) = 
=f, (Mi, ..., M5) "and fo (M,, .-., Ms) = fo (M,, .. ., My). 


And this means that f, and f, are indeed projective invariants. 
What is more, the converse can also be proved; that is, if 


(My, ..., Ms) = fy (M; -.+5 M;) and f,(Mj, ..., M;) = 
= fo(M,, ..., M), then the system of five points M,,..., M; 
is projectively equivalent to the system Mj, ..., M;. Indeed, let 
M,,...,.M; and Mj, ..., M; be two systems of points satisfying 
1 Mis. «aay Ms) = 7, (M., ..+, Mi) and f,(M,, ..., Ms) = 
= fo(M,, ..., Mj). We can find a projectivity M’ = @ (M) that 


maps M,, M,, M,, M; into the four points M,, M,, M,, M, and the 
point P into P’. In view of the condition given, f, (M,, ..., Ms) = 
=f, (M,, ., M;), that is (M,QM.P) = (M\Q'M5P’), and there- 
fore M’ = © (M) must map Q into Q’. Similarly, it follows from 
f.(M,, ..., Ms) = fo (M 1 ++) Mi) that M’ = po (M) maps R 
into R’. But then M’ = p (M) evidently maps ae into M/, estab- 
lishing the equivalence of the systems M,, ..., M; and Mi, 


Suppose that F (M,, M., M3, M,, M;) is any projective inva- 
riant of five points. Taking an arbitrary system of points M,, M,, 
M,, M,, Ms, we shall deform this system so that the quantities 
fh (M,, M., Ms, M,, M;) and f,(M,, M., M3, M,, Ms) remain 
unchanged. According to the preceding result, all the systems result- 
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ing from such a deformation are equivalent to the original system 
and therefore F (M,, M,, M;, M,, Ms) does not change its value. 
Thus if f, and f, have definite numerical values, then F also has a 
definite numerical value and therefore F is a function of f, and fa, 
that is, F has the form F = O (f,, f,). 

By similar arguments it can be proved that any projective inva- 
riant F (M,, ..., M,) with n > 95 is expressed in terms of cross 
ratios. On this account the cross ratio is referred to as the basic 
invariant of the projective group. 

§ 162. Let a group of transformations G of an arbitrary space M@ 
be given. The transformations belonging to G which map a point 
set U in M into itself are called automorphic transformations or, in 
short, automorphisms with respect to the set U; an automorphism 
may displace the points of U, but only into points of U. 


The set of all transformations belonging to a group G which are auto- 
morphisms with respect to U is a group. 


Let us show this. 

(1) If each of the two transformations in G maps JU into itself, 
then their product is in G and has the same property, that is, the 
product of two automorphisms is an automorphism. 

(2) If a transformation in G maps U into itself, then the inverse 
transformation belongs to G and has the same property, that is, the 
inverse of an automorphism is an automorphism. 

In view of § 157, these properties characterize the group property 
of the set of automorphisms. 

§ 163. In the projective plane take any line and call it the line 
at infinity and denote it by oo. The set of projectivities which are 
automorphisms with respect to the line oo is, by the preceding re- 
sult, a subgroup of the projective group. We shall call it the affine 
group and every transformation belonging to this group the affine 
transformation. 

Obviously, affine transformations map the finite points of the 
projective plane (that is, points not lying on oo) into finite points. 
Therefore the affine transformations are also one-to-one transforma- 
tions of the set of finite points of the projective plane, that is, one- 
to-one transformations of the projective plane cut along the line oo. 

The projective plane without the line oo will be called the affine 
plane.* 

We shall now obtain analytic representation for affine transfor- 
mations. To this end, we introduce homogeneous projective coordi- 
nates (z,, Xj, X3) on the projective plane so that in these coordi- 


* In its topology the affine plane does not differ from the Euclidean plane. 
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nates the equation of line cois x, = 0. Let the formulas 
t ? 

O Ly = Cy Ty CyoLq + Cy3%3 
td o 

0 Ly = Coy + Con Lo + Co3%3 (*) 
r 

O Ly = C34Xy + CopLo + C3323 


define a certain projectivity. This transformation will be an affine 
transformation if z; = 0 implies x, = 0 for any 2,, x, (that is, if 
the line z,; = 0 is mapped into itself). And for this it is both neces- 
sary and sufficient that the coefficients c,, and c3;, vanish. Thus 
we have the following representations for affine transformations: 


f e 
O By = CX + CyoLq + C4373 

7 
0° 1g = Coy + Cont. + Cast 3 (+*) 
2. = C3373 


Since for every finite point z, +4 0, the entire affine plane may be. 
arithmetized by the nonhomogeneous coordinates z,/r13, = xX, X,/x3 = 
= y. Therefore the use of homogeneous coordinates in the study of 
the affine group is meaningless. We shall obtain analytic represen- 
tation in nonhomogeneous coordinates for the affine group if the 
first and second equations in (**) are divided by the third and then 
the notation z,/z, = x, z,/z, = y, x,/x, = x’, x./x, = y’ be intro- 
duced. Setting further c;,/¢33 = Qj, Ci9/C33 = Dj, Ci3/C33 = Ci, We Can 
write 


x = Asx + by + ey (A) 
y’ = apr + bey + Co 
Every transformation of form (A) is affine provided A = iy 2 a); 
1. V2 


otherwise the transformation would not be one-to-one. Since (A) 
contains six parameters, the affine group is a six member group. 

§ 164. We shall now study the invariants of the affine group. 
The geometry of the affine group is known as the affine geometry. 

The affine geometry which studies the properties of figures and 
quantities associated with these figures that are invariant under the 
affine group differs considerably from projective geometry. For 
example, whereas any two lines intersect in projective geometry 
(in the projective plane), there exist parallel lines in affine geometry 
(in the affine plane). Namely, the lines in the projective plane inter- 
secting at a point of the line oo turn into parallel lines in the affine 
plane when the projective plane is cut along the line oo (the common 
point is removed in the cut). Obviously, the Euclidean parallel 
postulate holds in affine geometry: through any point outside a given 
line there passes one and only one line parallel to the given line. 
Note also that, as on a Euclidean line, linear ordering of points 
holds on an affine line (see § 94). 


26—0779 
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We shall now examine the question of invariants of an affine 
group, that is, the geometric quantities from the point of view of 
affine geometry. 

First of all note that all the projective invariants are also the 
affine invariants. Indeed, if a function is invariant under all projec- 
tivities, it remains invariant under all affine transformations because 
affine transformations constitute a part of projectivities. In con- 
trast, there are affine invariants that are not projective invariants. 

The basic affine invariant is the simple ratio of three collinear 
points. The simple ratio of three points M, (x,, y,), Me (Xe, yo), 
M, (x3, y3), denoted by (M,M,M,) may be defined by any one of 
the following formulas*: 

(M,M,M;) = =— , (M,M,M,)=@—4 
I3g—Xo y 


= 37—Ye 

To prove the invariance of (M@,M,M,) is a simple matter. In fact, 
let M,, M), M, be three points into which a transformation of the 
form (A) maps the points M@,, M,, M3. If xi, y; denote the coordi- 
nates of points M{, formulas (A) yield 


Ly — Ly = Ay (To— 2) + Oy (Yo — Y4) 
= (M,M_M>3) |a, (x3— Ze) + Oy (Y3— Yo) ] 
Ly— Ly = Ay (X3— Lg) + Oy (Y3— Yo) 
whence 


o 


(M{M,M;) = 2—31 = (M,\M2M,) 


c 
3772 


which means that the function (M,M,M,) is invariant under any 
affine transformation. There are no affine invariants of points situ- 
ated arbitrarily (not on one line). This is due to the fact that an affine 
transformation maps any three noncollinear points into three non- 
collinear points (it was proved in § 161 that the projective group does 
not have invariants of four arbitrary points; the proof of the fact 
that the affine group does not have invariants of three arbitrary 
points is analogous). When n > 4, there are affine invariants of an 
arbitrary system of n points. It is a striking fact that all of them may 
be expressed in terms of simple ratios (this may be proved by argu- 
ments analogous to the ones used in § 161). On this account, the 
simple ratio of three collinear points is referred to as the basic inva- 
riant of the affine group. 

Remark. The affine plane and hence affine geometry may be de- 
fined in complete independence from projective geometry by means 
of a suitable system of axioms. Namely, by an affine plane we mean 


* That these formulas determine the same quantity can be easily shown by 
using the equation of a line y = kz + I. 
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the set of objects of two kinds, points and lines that satisfy axioms 
belonging to five groups, of which 

the first group defining the incidence relation between the objects 
contains the first three axioms of Group I from the system of the 
axioms of Euclidean geometry (§ 12) (that is, the two-dimensional 
axioms of Group I); 

the second group defining the order of points on a line coincides 
with the second group of axioms of Euclidean geometry (since the 
linear order of points holds on an affine line, the affine axioms of 
“betweenness’” must coincide with the axioms of “betweenness’ of 
Euclidean geometry); 

the third group contains Dedekind’s axiom of continuity; 

the fourth group contains Euclid’s axiom of parallels; 

the fifth group contains Desargues’ theorem (the formulation of 
which must be modified in view of the fact that parallel lines exist).* 

For defining an affine space all the axioms of: three-dimensional 
Euclidean geometry, except the axioms of congruence, are to be 
adopted. 

It was shown in the appropriate place that the axioms on which 
elementary geometry is based constitute a complete system. In 
the same way, one can prove that the system of axioms of affine 
geometry is complete. At the same time, the affine axiom system is 
a part of the Hilbert system of axioms. At first this might appear to 
be paradoxical but its explanation is not difficult. 

The thing is that the completeness of the affine axioms, which 
means that any of its realizations is isomorphic to some definite 
realization (arithmetical, for example) does not hinder the addition 
of new axioms of congruence to the affine axioms because together 
with these axioms a new relationship between the geometric objects 
(namely, the congruence relationship) is also introduced. In this 
connection, see the definition of the completeness of a system of 
axioms stated in § 75. 

§ 165. The affine transformation 


x" = a,x + by + Cy 


Y’ = gx + bay + C5 (*) 


is called unimodular if 


a, ob, 


It can be easily demonstrated that the unimodular affine trans- 
formations constitute a group. Let us show this. 

(1) The product of two unimodular affine transformations is a 
unimodular affine transformation. To prove this, note that if the 


* See D. Hilbert: Foundations of Geometry. 
26* 
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transformation 
"= yx + dy + cy 
Y" = 42x + dyy + C5 
is a product of the transformations 
x’ —_ avrat by les Cn 
y! =aPrt bey feo~ 
and 
x” = ay x’ 4- bP y! +c)” 
yaa’ by’ +o 


then the matrices of these transformations are connected by the 


relation 

a, ‘e a” bY? a bY» 

(* bo a “a a “8 
Hence the determinants of these matrices satisfy A = A®A®, 
Accordingly A = +1 if A™ = +1 and A™ = +1. 

(2) The inverse of a unimodular affine transformation is a unimo- 
dular affine transformation. 

To prove this, it is enough to note that inverse affine transforma- 
tions have mutually inverse matrices and, accordingly, reciprocal 
determinants, that is, if A, is the determinant of the given trans- 
formation and A, that of the inverse transformation, then A, = 1/A,. 
Hence A, = +1 if A, = +1. 

We see that the set of unimodular affine transformations satisfy 
the two conditions which, according to § 157, define the group char- 
acter of the set of transformations. Thus the unimodular affine 
transformations indeed constitute a group. This group as well as the 
geometry based on this will be called unimodular affine. 

The unimodular affine group is a five member group because in 
this case the six parameters present in formulas (*) are connected 
by one equation a,b, — a,b, = +1, and therefore only five of the 
parameters are independent. _ 

Obviously, all the objects of the general affine geometry are also 
the objects of the unimodular affine geometry, but the latter con- 
tains objects not belonging to the former since the class of invariants 
of the unimodular affine group is wider than that of the general 
affine group. 

We shall now show that the unimodular affine group includes the 
invariant of three points located arbitrarily. Suppose that any three 
points ‘M, (2,, yi), Mo(xo, yo), Ms (x5, ys) in the affine plane are 
mapped into three points M){ (z,, y\), MM: (x3, y;), My (23, y3) by 
a unimodular affine transformation. Then it is a simple matter to 
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verify that 


1141 1 1 1 1 1 1 1 
ee od a, by, 
Ly Le ari pes Ip Lg} HEX, Lg 3 
Yo Ye Ysl NY Ye Ys Ys Yo Ys 
1 1 
This shows that the absolute value of the determinant | z, 25 zz, | 
Yi Ye Ys 


is invariant of three points M,, M,, M3. 
In the unimodular affine geometry, we can associate the invariant 


1 A. A: 
S =absolute value of > Ly Ly L3 
Yi Yo Ys 


with every triangle M,M,M,. The quantity S is called the area of 
the triangle M,M,M,. Obviously, in unimodular affine geometry 
one can also define the area of a polygon and the area of a curvilinear 
figure. Namely, the area of a polygon may be defined as the sum of 
the areas of triangles constituting this polygon and the area of a 
curvilinear figure as the limit of the sequence of the areas of poly- 
gons approximating the given figure. Thus the area of figures are 
objects of the unimodular affine geometry. 


§ 166. The affine transformation 
x =ar+byte, ! 
y= r+ doy + Cy 


(1) 


is called orthogonal if its matrix 


it (* | (2) 


a, by 
satisfies the condition 
An SJ (3) 


where the prime denotes the transpose of A and / is the identity 


matrix, that is, 
a (% re . _ 1 0 
b, be 0 1 


We shall show that the set of orthogonal transformations consti- 
tutes a group. 


(1) The product of two orthogonal transformations is an orthogonal 
transformation. 

Proof. Let two orthogonal transformations with matrices A, and 
A, be given; their product is an affine transformation with the 
matrix A = A,A,. Applying the rule for multiplication of matri- 
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ces, we have the identity 
AA’ = (A;A,) (Ag 44)’ = (A, A,) (Aj A}) = Az (Ay A)) AY 
This, in view of the relations A4,A; = J and A.A; = J, implies that 
AA' = A,I A) = A,A} =I 
as required. 


(2) The inverse of an orthogonal transformation is an orthogonal 
transformation. 

Proof. Let A be the matrix of an orthogonal transformation and 
B =A the matrix of the inverse of the given transformation. 
The orthogonality condition 4A’ = J implies that A’ = A and, 
accordingly, B = A’. Hence 

BB’ =A’ (A’y =A'A=AM =I 
as required. 

Thus the set of orthogonal transformations is a group; this group 
will be called the orthogonal group. 

Condition (3) implies that the determinant of matrix A equals 
+1, from which we conclude that the orthogonal group is a subgroup 
of the unimodular group. 

The orthogonality condition (3) written in the matrix form is 
equivalent to three scalar relations 


ai+b5=1 
att bat (4) 


Because the orthogonal group is formed from the affine group by 
means of three equations connecting the six parameters a;, 0;, ¢;, 
this is a three member group. 

The orthogonality condition (4) may be put in another form. 
Indeed, as shown above (while proving the orthogonality of the 
inverse of the given transformation), the matrix A of the ortho- 
gonal transformation satisfies 


A‘A =TI 
Therefore | 
ai+az=1 
bi + b2= 1 (4’) 


a,b, + AD, = 0 


The systems (4) and (4’) are equivalent. 
Unlike all the groups discussed so far, the orthogonal group has 
an invariant of two points. Such is, for example, 


oe (M7,, M,)= V (@2— 24)? + (Yo— Y4)? 
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a function of two points M, (z,, y,) and M, (zo, y.). The proof of 
the invariance of this function requires only simple computations. 
Namely, let WM, (z,, y;) and M: (z;, y;) be two points obtained from 
the points M, (z,, y,) and M, (x5, y.) by an orthogonal transforma- 
tion. Then 


0(M,, Mi) =V (2,—2,)? + (¥,— 4)? 


= fare (X_—- 24)? + 2 (a,b, + Gyby) (%2— 14) (Y2— Yi) + 
+ (05 + 53) (Yo2— Yi)? 


whence, noting (4’), we find that 


0 (M,, M;) = V (tg— 24)? + (Yo ys)? =0 (My, Ms») 


In the geometry of the orthogonal group the quantity p (M,, M,) 
is known as the distance between the points M, and M,. The di- 
stance is the basic invariant of this geometry because all the remain- 
ing invariants may be expressed in terms of distance. 

It hardly requires any explanation that the geometry of the ortho- 
gonal group is elementary (Euclidean) geometry. 

§ 167. Let us now compare the various geometries. We have 
examined the projective group and its main subgroups: affine, uni- 
modular affine, and orthogonal. To these groups there correspond 
projective, affine, unimodular affine and elementary (Euclidean 
geometries). 

Of the groups mentioned the widest happens to be the group lying 
at the root of projective geometry (the projective group) and the 
narrowest the group lying at the root of elementary geometry (the 
orthogonal group). But at the same time, of these geometries projec- 
tive geometry is the poorest regarding the class of objects and ele- 
mentary geometry is the richest. In elementary geometry one may 
examine both the affine objects (the simple ratio of three collinear 
points, parallelism, etc.) and projective objects (the cross ratio of 
four points, etc.). In contrast, affine properties of figures are not 
studied in projective geometry, and metric properties, that is, 
properties depending on the measurement of segments, are not taken 
into account in affine geometry. 

In general, the wider the group lying at the root of a geometry 
the narrower the class of geometric objects. This is understandable 
because the larger the number of transformations contained in a group 
the smaller the number of relationships and functions remaining 
invariant under all its transformations. But in this connection it 
should be pointed out that the properties of figures and quantities 
connected with these figures which remain invariant under a group 
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are more “stable” than the properties of figures and quantities which 
are invariant under any of its subgroup because the former sustain 
a variety of transformations without undergoing any change. 


6.3. Geometries of Lobachevsky, Riemann and Euclid 
in the projective setting 


§ 168. In this section we will show that Euclidean, Lobachev- 
skian and Riemannian geometries are geometries of certain groups 
of projective automorphisms. 

Consider a nondegenerate conic k& in the projective plane. We 
shall examine the group of projective automorphisms with respect 
to k&, that is, the group of projectivities that map &k into itself (that 
the set of arbitrary automorphisms constitutes a group was proved 
in § 162). 

We shall prove the following two important theorems. 

Theorem A. /f k is an oval curve and A, A’ any two points in the 
interior of k, then there are just two automorphisms with respect to k 
such that A is mapped into A’ and any given direction at A into a 
given direction at A’. 

Theorem B. Jf k is the null conic and A, A’ are any two points in 
the projective plane, then there are just two automorphisms with respect 
to k such that A is mapped into A’ and any given direction at A into 
a given direction at A’.* 

Proof of Theorem A. Let a and a’ be lines passing through A and 
A’ in given directions (Fig. 152). Denote by C and C’ the poles of 
these lines with respect to k, by B the point where the polar of A 
meets a and by B’ the point where the polar of A’ meets a’. The three- 
point ABC is self-polar with respect to */, that is, all its sides are 
polars of the opposite vertices. The same is true of the trivertex 
A’B'C’. 

Taking the three-point ABC as the coordinate three-point with 
A (0, 0, 1), B (4, 0, 0), C(O, 1, 0), we introduce on the plane 
a homogeneous projective coordinate system 27,, 75, 23. In these 
coordinates the conic & has the equation (see § 134) 


2 2 2 
Ay X5 + Ag02°5 + Ag3x3 = O 


By choosing the unit point # (1, 1, 1) suitably, this equation can 
be reduced to the form 
ri-x?—2z?=0 (1) 


Note that the terms containing the first two coordinates must appear 
with the same signs in the equation because A (0, O, 1) lies in the 


* For the definition of the null conic and an oval curve see § 134; in Theo- 
rem B the projective plane should be understood to be augmented by imaginary 
elements, otherwise the concept of the null conic is meaningless. 
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Figure 152 


interior of & (for this point the left side of equation (1) is negative; 
see § 134). 

Next, we introduce a new homogeneous projective coordinate. 
system x}, z,, x, by taking for the coordinate three-point the three- 
point A’B’C" such that its vertices have the following coordinates: 
A’ (0, 0, 1), B’ (1, 0, 0), C’ (0, 1, 0). If the unit point Z’ (1, 41, 1) 
is suitably chosen, the equation of & in new coordinates will be 


ry - £52-- 232 = 0 (2) 


(In this equation only the terms containing the first two coordi- 
nates must appear with the same signs because the point A’ (0, 0, 1): 
lies in the interior of k.) 

Suppose that there is an automorphism with respect to k that maps. 
A into A’, line a into line a’ and the given direction into a given 
direction (this latter means that the points lying on a in a cyclic 
order are mapped into points lying on a’ in a cyclic order). Because k 
is mapped into itself, the pole of a with respect to k must be mapped 
into the pole of a’ with respect to & and the polar of A into the polar 
of A’; in other words, the points A, B, C are mapped into the points 
A’, B’, C’, respectively. In that case the automorphism @ can be 
represented by the formulas 


, , a8 , Gh ot a , 2 
DP Ty = C4124, P L, = CooXo, PD Lz = C3303 (3) 
where 2,, Zp, £3 are the old coordinates of the preimage and z,, z,, z, 
are the new coordinates of the image point. Using formulas (3), 
equation (2) becomes 
2 2 2 2 2 ne 2 
Cy Ly TH Cyghy — Cogh3 = 0 (4) 


This is the equation of the preimage of & in old coordinates. Since @ 
is an automorphism with respect to k, equations (1) and (4) must 
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he equivalent, and this implies that 


Ley, | = [Coo | = | eg | 


The quantity o’ in (3) can be chosen arbitrarily; accordingly, one 
may assume without loss of generality that the moduli of c,,, Coo, 
C3; are unity and that c,, is positive. To make the following formu- 
las definite, suppose that the given direction at A goes toward those 
points of AB for which z,/x,>>0 and the given direction at A’ 
goes toward those points of A’B’ for which z{/x; > 0. Then neces- 
sarily c3, >> 0, and we are left with just two alternatives: either (i) 
Cy = Aion 1 C55, =] 1 or 1) ey. = 1 leg = — 1,055 = 1. Fhus 
there can be only two automorphisms with respect to k satisfying 
the hypothesis of the theorem: 


(i) OU =%y, ~'r,= Zp, 0'x3= 23 (9) 
(ii) Ne ee ae Dt, 2 75. 0'r,= 2X3 (6) 


But it is obvious that each of these projectivities is indeed an 
automorphism with respect to k and that each of them maps A into 
A’, line a into line a’ and the given direction on a into a given direc- 
tion on a’. Thus’ Theorem A is proved. @ 

Proof of Theorem B. It can be proved by repeating almost word 
by word the preceding proof after replacing equation x? + x} — 
— x; = 0 with the equation z{ + zx} + 2} = 0 (in applying the 
previous arguments to Theorem B the statements regarding the 
terms appearing in the equation with the same sign have to be drop- 
ped because these statements become meaningless as all the terms 
of the equation x? + x? + x25 = 0 have the same sign). & 

Remark. The proof of Theorem A shows that every automorphism 
with respect to an oval curve k maps the interior points of this curve 
into interior points because, if 27 +23;—22><0, 2? + 27 — 
— x,> <0, in view of formulas (5) and (6). 

Theorems A and B can also be stated as follows: 


(1) Given any two linear elements in the interior of an oval curve k, 
there are two and only two automorphisms with respect to k that super- 
pose the first linear element on the second. 

(2) Given any two linear elements in the projective plane, there are 
two and only two automorphisms with respect to the given null conic k 
that superpose the first linear element on the second. 


Analogous properties are held by motions (including reflections) 
on the Euclidean plane. To emphasize this analogy, the automor- 
phisms with respect to a nondegenerate conic k will be called projec- 
tive motions. The conic k which is mapped into itself by the given 
projective motion will be called the absolute conic of this motion. 
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Figure 153 


Motions having oval curves for the absolute conic will be termed 
fiyperbolic and those having null conic for the absolute conic will 
be termed elliptic. 

Figure 153 shows an oval curve and in its interior two linear ele- 
ments at the points A and A’; the lines along which these linear ele- 
ments are directed are denoted by a, a’. Each of the lines a and a’ 
divides the interior of & into two portions denoted by J, JJ and I’, 
IT’. From the arguments employed in proving Theorem A it follows 
that of the two automorphisms with respect to the absolute conic k 
that superpose the first given element on the second, one maps I 
into J’ and JJ into JI’, while the other maps J into JJ’ and JJ into I’. 
If the point A’ coincides with A and the linear element at A’ with 
the linear element at A, then the automorphisms superposing the 
first linear element on the second turn into automorphisms leaving 
the linear element at A intact. One of these automorphisms is the 
identity transformation, whereas the second maps / into JJ and JI 
into J. This second automorphism is analogous to the Euclidean 
reflection in a line. 

§ 169. The geometry of the group of hyperbolic motions having 
a common absolute conic will be called hyperbolic and that of the 
group of elliptic motions with a common absolute conic elliptic. 

In any of these geometries two figures are treated as equal or con- 
gruent if one of the figures can be mapped into the other by means 
of an automorphism with respect to the absolute conic defining the 
particular geometry (that is, by means of a projective motion). 
In both hyperbolic and elliptic geometries there exist invariants of 
two points. For instance, an invariant of any two points P, Q is 
the cross ratio (PQUV), where U, V are the points of intersection of 
the line PQ with the absolute conic; so is any function of this cross 
ratio. Of special interest is the invariant of the form c ln (PQUV), 
where c is a constant. We shall show that this invariant possesses 
properties analogous to the properties characterizing the length in 
elementary geometry. The hyperbolic and elliptic cases will be 
treated separately. 
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We begin by examining the properties of the invariant c ln (PQUV) 
in hyperbolic geometry. 

Let k be an oval curve serving as the absolute conic for hyperbolic 
geometry, and P, Q any two points in the interior of k. Since P, Q 
lie in the interior of k, the points U, V, where the line PQ intersects 
k, are real; moreover, the pair P, Q does not divide the pair U, V. 
With the location of points P, Q, U, V as stated, the quantity 
(PQUYV) is positive, and hence In (PQUYV) is a real number. Further- 
more, if the direction of the segment PQ is opposite to that of the 
segment UV, (PQUV) >1 and In (PQUV) >0O, whereas if the 
directions of the segments PQ and UV are the same, then (PQUV) < 
<1 and In (PQUV) < 0. 

Assume that the first case holds. Take an arbitrary point R on the 
segment PQ. A straightforward calculation shows that 


(PQUV) = (PRUV)-(RQUV) 
Taking the logarithm of both sides, we have 
In (PQUV) = In (PRUYV) + In (RQUYV) (+) 
For the given location of points, (PQUV) >1, (PRUV) >1 and 
(RQUV) >1; accordingly, all the terms in («*) are positive. 


If the segments PQ and UV have the same direction, then all the 
terms in (*) are negative. In both cases, from (#) we obtain 


| In (PQUV) | = | In (PRUV) | + | In (RQUYD) | 
Thus, if the positive number 
p (PQ) = |e In (PQUY) | 


is associated with any segment PQ lying in the interior of the abso- 
lute conic k, then 

(1) with congruent segments equal numbers are associated be- 
cause o (PQ) is invariant under automorphisms with respect to the 
absolute conic k, 

(2) the quantities associated with the segment PQ and the parts 
PR and RQ of this segment satisfy 


p (PQ) = p (PR) + p (RQ) 

Exactly the same properties characterize the length of a segment 
in elementary geometry. To underline this analogy, the positive 
number 0 (PQ) will be called the length of the segment PQ in hyper- 
bolic geometry with the absolute conic k. 

Besides the positive number o (PQ), with any segment PQ one 
may associate the relative number 


s (PQ) = c ln (PQUYV) 


which either coincides with the length op (PQ) of the segment PQ 
or differs from it in sign provided the constant c is real. 


Group-Theoretic Principles in Geometry 413 


We shall now examine the invariant cln (PQUV) in elliptic 
geometry. 

The absolute conic, denoted by &k, for elliptic geometry is the null 
conic; this conic is defined in projective coordinates by an equation 
with real coefficients but is composed exclusively of imaginary 
points. Given any real points P, Q in the projective plane, the points 
U, V, where the line PQ meets the absolute conic, are imaginary, 
and the coordinates of U are the complex conjugates of those of V. 
It can be easily shown that then the cross ratio (PQUV) is a complex 
number with unit modulus. In fact, if a nonhomogeneous projective 
coordinate system is introduced on the line PQ and if p, q, u, v 
denote the coordinates of P, Q, U, V, then u=a-4+ Bi and v = 
= a — Bi, and 

(PQUV) = u= Ps 0 /p __ [(a—p)+ Bi] ((q—a@)+ Bi] 


q—u © a—v — [(a—p)—Bi] [((q—a) — Bi] 


This shows that the cross ratio (PQUY) is the quotient of two complex 
numbers; hence | (PQUYV) | = 1. 

Like any complex number with unit modulus, the cross ratio 
(PQUV) may be expressed in the form 


(PQUV) = e® 


where @ is a real quantity defined to within +2nk (k = 1, 2, ...). 
This means that In (PQUV) = ig is a pure imaginary and many- 
valued quantity. 

Therefore, if a pure imaginary constant c is chosen, with every 
segment PQ a many-valued quantity 


s (PQ) = c ln (PQUY) (x) 


will be associated. In order to associate one definite value with 
a given segment PQ, take a variable real point X on the projective 
line containing the segment PQ. Setting (PX UV) = e'®, for X = P 
we have 


(PPUV)=1 and 0=0,=...= —4n, —2n, 0, +2n, 
+ An, ee. 


If X occupies any position inside the segment PQ, the equation 
(PX UV) = e’® determines a countable set of corresponding values 
for 8. When X approaches P, while remaining inside the segment 
PQ, each of these values approaches a definite value 0,. The value 
of 8 which approaches 8, = 0 will be denoted by 08 and called the 
principal value. Furthermore, the principal value of In (PQUV) 


will mean the limit to which @ approaches when X, while remain- 
ing inside PQ, approaches Q. 
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Now with every segment PQ we can associate a completely defined 
real number 
s (PQ) = c ln (PQUV) (x4) 


where c is an imaginary constant and In (PQUY) is the principal 
value of the natural logarithm of (PQUV). Then it is evident that 
(i) equal numbers are associated with congruent segments be- 
cause s (PQ) is invariant under automorphisms with respect to the 
absolute conic k, 
(ii) the numbers with the same sign associated with segment PQ 
and with parts PR and RQ of this segment satisfy 


s (PQ) = s (PR) + s (RQ) 


These properties of the invariant s (PQ) provide a basis for calling 
the number | s (PQ) | the length of the segment PQ in elliptic ge- 
ometry with absolute conic k. 

We note in passing that in elementary geometry the length of the 
entire projective line, which is equal to the length of the segment 
PQ with coincident endpoints, is expressed by the number 2m] c |. 

Having defined the length of a segment in hyperbolic and elliptic 
geometries, we can define the distance between two points in these 
geometries. 

In hyperbolic geometry, the field of which is the interior of the 
absolute conic, the distance between two points is defined as the 
length of the unique segment joining these points. 

In elliptic geometry, the field of which is the entire real projec- 
tive plane, the distance between two points is defined as the length 
of the smallest of the two segments determined by these points.* 

In both hyperbolic and elliptic geometries, the distance 9 (X, Y) 
between any two points X, Y has the following properties: 


(a) o (X, X) = 0 
(b) p(X, Y) =p (Y, X)>0 if XY 
(c) p(X, Y) +p (Y, 2) > 9 (X, Z) 


In other words, the quantity op (X, Y) has the same basic proper- 
ties as has distance in the Euclidean space. 

The proofs of properties (a)-(c) are omitted (only the last of these 
needs to be proved; the first two are evident). 

The lengths of segments and distances between points, which 
have been defined in this subsection and which are invariants under 
the group of automorphisms with respect to the absolute conic k, 


* We recall that the absolute conic for the elliptic geometry is the nul! 
conic which is composed of imaginary points and which does not divide the real 
projective plane into any regions. 
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are called projective, elliptic or hyperbolic metric depending on the 
nature of the absolute conic. 

Remark. Since by Theorems A and B the group of automorphisms 
with respect to the absolute conic & is transitive with respect to 
linear elements, we may introduce the process of measuring lengths. 
in both hyperbolic and elliptic geometries. To do this, first a seg- 
ment AB has to be chosen as the unit of measurement. Given any 
other segment PQ, there is an automorphism (in view of Theorems 
A and B) with respect to & which maps A into P and the direction 
of segment AB into that of the segment PQ. Then, if B is mapped 
into a point P, lying inside the segment PQ, a segment PP, is marked 
off which is congruent to the segment AB in the sense of the geometry 
of the absolute conic k. Then by marking off a segment P,P, = AB 
on the segment P,Q, a segment P,P, ='AB on the segment P,Q, 
etc., we can determine how many segments congruent to the seg- 
ment AB are contained in the segment PQ. In this way, the integer 
part of the length of PQ is obtained. Then the tenths, hundredths, 
etc. of the length can be obtained. 

It is clear that the length resulting from this process of measur- 
ing will be expressed in terms of the quantity c ln (PQUV), where 
U, V are the points of intersection of the line PQ with the absolute 
conic k. The value of c in this formula depends on the linear unit. 
AB chosen, namely c = 1/In (ABUY). 

§ 170. We shall now show that the hyperbolic geometry in the 
interior of the oval curve is Lobachevskian geometry. 

To this end, take an oval curve and call it k. The elements of the 
hyperbolic geometry defined by the absolute conic k will be called 
the hyperbolic points and the hyperbolic lines. The hyperbolic points 
are the points of the projective plane lying in the interior of k; the 
hyperbolic lines are segments of projective lines lying in the inte- 
rior of k, that is, chords of k. The points on & are not included in 
hyperbolic objects, and therefore the segments representing hyper- 
bolic lines are open (that is, do not contain the endpoints). 

The mutual incidence relationships between hyperbolic objects 
satisfy the Group I axioms of Euclidean geometry. Indeed, by 
interpreting suitably the properties of chords of a conic we find that 

(1) Through any two hyperbolic points there passes a hyperbolic 
line, which is what Axiom [I.1 requires. 

(2) Through any two hyperbolic points there passes just one hy- 
perbolic line; this is the requirement of Axiom I[.2. 

(3) On every hyperbolic line there exist two hyperbolic points 
(even an infinite number of such points); there are three hyperbolic 
points not lying on one given hyperbolic line. This is the requirement 
of Axiom I.3. 

The remaining axioms in Group I are of spatial nature and need 
not be taken into account in two-dimensional geometry. 
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Figure 154 


Next, for the hyperbolic geometry all Axioms II.1-IJ.3 are satis- 
fied in the interior of k, since points on an open segment are located 
in a linear order. Pasch’s axiom IJ.4 is also valid in hyperbolic 
geometry because this axiom is valid in the projective plane (see § 89). 

Thus all the axioms of “betweenness” are true in hyperbolic ge- 
ometry. Let us examine the axioms of congruence. 

In Fig. 154 two hyperbolic segments AB and A’B’ and two hyper- 
bolic angles (hk, k) and (h’, k’) have been shown. In hyperbolic ge- 
ometry the segment AB is regarded as congruent to the segment A’ B’ 
if there is an automorphism on & that maps AB into A’B’; Z(h, k) 
is regarded as congruent to / (h’, k’) if there exists an automorphism 
mapping hyperbolic halflines h, k into hyperbolic halflines h’, k’. 
Theorem A of § 168 implies that on every hyperbolic line on a given 
side of a given point a segment can be marked off which will be 
congruent to an arbitrarily given segment, and that to every halfline 
an angle can be adjoined on a given side that will be congruent 
to an arbitrarily given angle. 

Thus Theorem A implies the validity of Axioms III.1 and IIJI.4 
for hyperbolic geometry. By virtue of the group property of auto- 
morphisms, two segments which are congruent to a third are con- 
gruent among themselves; this shows that Axiom III.2 is also valid. 

It is easy to show that all the remaining axioms of congruence 
are true in hyperbolic geometry (such an analysis will not be pre- 
sented here). 

Finally, Dedekind’s continuum principle holds in hyperbolic 
geometry because this principle holds on every projective line. This 
fact and Theorem 41 (§ 23) imply that Archimedes’ and Cantor’s 
propositions are true in hyperbolic geometry. 

Thus all the axioms of Groups I-IV hold for hyperbolic geometry 
in the interior of the absolute conic k. But then, as we know, either 
the Euclidean parallel axiom or the Lobachevskian parallel axiom 
must hold. Obviously, the latter holds. Indeed, through any point 
A in the interior of & there pass infinitely many chords not intersect- 
ing the given chord (Fig. 155), and this means that in hyperbolic 
geometry through every point there pass inpaute’y many lines 
not intersecting the given hyperbolic line. 
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Summing up the above discussion, we fave the following propo- 
sition: the hyperbolic geometry in the interior of the absolute conic, 
which is an oval curve in the given case, is the non-Euclidean ge- 
ometry of Lobachevsky. 

§ 171. It is interesting to see how the concrete facts of Lobachev- 
skian geometry look when they are interpreted in the interior of 
the absolute conic k. We note some of them. 

For example, a hyperbolic line h is perpendicular to the hyperbolic 
line p if, in the projective plane, h passes through the pole of p 
with respect to the absolute conic k. 

In fact, let two hyperbolic lines h and p intersect at a point Q; 
assume further that when the line h is extended beyond the interior 
of k, it passes through the pole P of p (Fig. 156). We perform a har- 
monic mapping of the projective plane into itself by choosing P as 
the centre of this mapping and the polar p of P as 
the axis. From the definitions of the polar and of the harmonic map- 
ping (see § 131 and the Remark at the end of § 106) it follows that 
under this mapping the segments in the interior of k, which are 
divided by p. are mapped into each other. Therefore this mapping 
with respect to k is an automorphism which can be regarded as a re- 
flection in p from the point of view of hyperbolic geometry. 

Furthermore, it is evident that the parts of line h which are di- 
vided by Q are mapped into each other, while the line p remains fixed. 
Accordingly, the adjacent angles determined by the lines h and p 
are congruent to each other in the sense of the hyperbolic geometry 
of the absolute conic k, thereby meaning that h is perpendicular 
to k. 

We note in passing that the principle of mutuality in the theory 
of polars (which reads thus: if one line contains the pole of another 
line, then the second contains the pole of the first) means the mutual 
perpendicularity of two lines in hyperbolic geometry (if one line is 


perpendicular to the other, then the second is perpendicular to the 
first). 


27-0779 
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Figure 157 


We devote some space to the interpretation of equidistants and 
oricycles in non-Euclidean geometry (see §§& 36-40). 

Let &, be an oval curve lying in the interior of the absolute conic k 
and touching the absolute conic at its points of intersection with 
the line p (Fig. 157). Evidently, under a hyperbolic reflection in 
any line passing through P, which is the pole of p with respect to 
the absolute conic. the conic k, is mapped into itself. Accordingly, 
all the chords of 4, directed toward P are hyperbolically congruent 
segments; what is more. the line p is perpendicular to these chords 
and divides them into two halves. Therefore, in the sense of hyper- 
bolic geometry, the conic k, is an equidistant with axis p. If both 
points of contact of k, with the absolute conic coincide, then in the 
limit the conic k, turns into a oricycle. The proof of this fact is 
being omitted. 

Several other examples of hyperbolic interpretation of non-fucli- 
dean facts can be found in R. Baldus: Nichteuklidische Geometrie. 
Hyperbolische Geometrie der Ebene. 

§ 172. We shall now show that the elliptic geometry is Rieman- 
nian geometry (see §§ 63-68). 

We shall assume that the projective plane on which the elliptic 
geometry is defined is the plane at infinity of the Euclidean space / 
augmented by the elements at infinity. Suppose that a rectangular 
Cartesian coordinate system xz, y, z with the origin at O has been 
introduced in the Euclidean space E. By means of these coordi- 
nates, introduce the homogeneous coordinates x,, 2, %3. x, (see § 102). 
We shall assume that, apart from the elements at infinity, imaginary 
elements have also been adjoined to E (see § 127). 

The equation x, == 0 represents the plane at infinity. In this plane 
the equation xz} + x? + x} -=0 represents the null conic. This 
conic is taken as the absolute conic of elliptic geometry on the plane 
x, = 0. Simultaneously, on this plane we establish, as in § 67, 
basic relationships of Riemannian geometry. We have to show that 
these two geometries are identical. 
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Comparing the incidence and order relationships in these geome- 
tries, we find that they are the same (as the incidence and order rela- 
tionships in projective geometry). It remains to settle the question 
regarding the congruence of figures; that is, we have to show that 
if two figures in the plane x, =» O are congruent in the sense of ellip- 
tic geometry, they will also be congruent in the sense of Riemannian 
geometry and conversely. In other words, we have to show that every 
transformation of points of the plane x, := 0 which is a motion in 
the sense of elliptic geometry will also be a motion in the sense of 
Riemannian geometry, and conversely. 

Consider a sphere k& with centre at O. With an arbitrary point M 
in the plane x, == 0 we associate a pair of diametrically opposite 
points of k which are obtained by projecting M from the centre of k. 
With an arbitrary figure F in the plane zy =- 0 we associate on the 
sphere k a figure composed of pairs of antipodal points which cor- 
respond to the points of -#. According to § 67, two figures in the 
plane «x, = U0 are treated as congruent in the sense of Riemannian 
geometry if their corresponding figures on & are congruent. This 
implies that on the plane xz, = 0 every motion in the sense of Rie- 
mannian geometry is a transformation of points under which the 
images and preimages are projections of images and preimages under 
a certain rotation of the sphere & about the centre or under a reflec- 
tion of k in the diametral plane. 

Now note that every rotation of the sphere & about the centre or 
reflection of this sphere in the diametral plane is defined in terms 
of rectangular Cartesian coordinates by formulas of the form 


aw" == Cyt + Cpe 4 Cq32 
Y" = CyyX + Cog 4- Cy32 (1) 
Zi == Cay X + Cyl -+- CayZ 


where x’, y’, z are the coordinates of the image point and x, y, 2 
those of the preimage. The coefficients in (1) satisfy 


x’? + y? + get = 7 + y” + 2 (2) 


If z, y, z are the Cartesian coordinates of a point on the sphere k, 
then the projection of this point onto the plane xz, == 0 has for its 
homogeneous coordinates the numbers 2,, z,, x3, which are propor- 
tional to x, y, 2 (see § 102). This implies that on the plane zx, -= 0 
every motion in the sense of Riemannian geometry is defined by 
formulas of the form 


OL, = Cy Ly + CyoTo + Cy3L3 
OL, = CoyTy + ConLo + Co3X3 


OL, = CayLy + Cg0Lo + C3923 
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where z,, z,, 2, are the coordinates of the image point, 2, 24, X3 
those of the preimage and p is a nonzero number. Because of (2), 
xz? + 2 + 2 =0 as soon as 23+ 22 + 22 = 0. Thus on the 
plane x, = O every motion in the sense of Riemannian geometry is 
a projective automorphism on the null ‘conic z} + zx} + x3 = 0. 
Thus we have proved that on the plane x, = O every motion in the 
sense of Riemannian geometry will also be a motion in the sense of 
elliptic geometry with the absolute conic xz} + zx} + x? — 0. Let 
us show the converse, that is, every motion in the sense of elliptic 
geometry is also a motion in the sense of Riemannian geometry. 
Consider a motion f in the sense of elliptic geometry. In the plane 
x, == 0 take any point M and any directed line a through M. The 
motion f maps the point .V into a point M’ and the directed line a 
into a directed line a’. Let f, and f, be two motions in the sense of 
Riemannian geometry each of which maps M into M' and a into 
a’. According to the result proved earlier, f,; and f, are motions in 
the sense of elliptic geometry. But in elliptic geometry there are 
just two motions that map MM into M’ and a into a’ (see § 168, 
Theorem B). Accordingly, f coincides either with f, or with f,; that 
is, any motion taken in the sense of elliptic geometry is also a motion 
in the sense of Riemannian geometry. Thus on the plane x, = 0 
the set of all motions in the sense of elliptic geometry coincides 
with the set of all motions in the sense of Riemannian geometry, 
proving that the two geometries are identical. 

§ 173. We shall now show that Euclidean geometry is also the 
geometry of a certain group of projective automorphisms. 

In the projective plane take any line and denote it by «. On o 
take any two imaginary points J, and J, which have complex conju- 
gate coordinates in any system of homogeneous projective coordi- 
nates. 

For the computations below, we assume the coordinate system to 
be so chosen that the line oo has the equation zr, = O and the coordi- 
nates of the points J, and J, are (1, i, 0) and (4, —i, QO). | 

We shall examine the set of projectivities that are automorphic 
with respect to the pair of points J, and J,. This set, which is a group 
(§ 162), will be called Klein’s group. 

We try to obtain the analytic representation for Klein’s auto- 
morphisms. To this end, first note that all Klein’s automorphisms 
are at the same time automorphisms on the line xz, = 0, and there- 
fore they can be represented analytically by the formulas 


, e 
O Ly = Cy Ly 1 CyoLo + Cy 3X5 
toe 
0 Ly = Coy Ly + Con Le + Cogs (*) 


, ie 
0 tg C3323 
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(for details see § 163). We must distinguish the following two cases: 
(1) The automorphism leaves each of the points J, and J, intact; 
(2) The automorphism maps /, into J, and J, into Jy. 

In the first case, substituting first 


° o eo ° oe 
US, Sa; t= 0, Yes 2,1 zz=0, p' =o, 


in equation (*) and then 


° td oe e eo tA 
tp 21, gee, 23 0,. 2)=1, zg, —1; g,=0) 0 S05 

we obitan 

Oy = Cy, + Icy2, Qyl = Cy, + Woe 
and 

Po = Cy, — yo, —Poeql cn C91 — Uae 
whence’ 

Coy = —CjQ, Coo = C1 


In the second case, substituting first 
a Oe ee w=0; gt, 2b. 2,0, p ]G, 


in equation (*) and then 


tk, iat, a0. oe eet... sat, z,=0, p' =o, 
we have 
Oy = Cy, + lye, —Oyl = Cg, + Wo 
and 
Oo = Cy — leyo, Oot = Coy — Wyo 
whence 
Coy = Ca, Cog = Cy 


Thus the formulas representing Klein’s automorphisms necessarily 
have the form 


t td 

OL, = Cy Hy + Cy92%y + Cy323 
td o — 

O Ly = FF Cy Ly HE Cy Xq + CogXs (x) 
J , 

0 73> C33X3 


in which the upper signs in the second row correspond to the case of 
automorphisms of the first type and the lower signs correspond to 
those of the second type. It is also obvious that for any values of 
the parameters these formulas determine Klein’s automorphisms; 
indeed, setting xz, = 1, z, = +i, z3 = 0 in (**#), we have zx, + 
+ x, + x,=1--+i~ 0. Thus we have found an analytic represen- 
tation in homogeneous coordinates for Klein’s group. 

With an aim to examining Klein’s group on the affine plane, which 
is obtained by cutting the projective plane along the line x, = 0 
and for all the points of which z, ~ 0, we switch over to nonhomo- 
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geneous coordinates. Setting 


Dy a) Ly , rg ’ 
— rs = Y, sore ae —=Yy 
Ts Z 2 Ls Tg 


we divide the first two equations in (#*) by the third. This yields 


at Ci, C12 - Cre ’ -—— 12 C1 Coz 
Poo c= ay — Ys Y ee ee ey ———— 
3 


C33 C33 C33 C3 33 C33 
If the new parameters are introduced by the formulas 


Cit . Cie aeat Ci: Cog 
r cos q, 2 = rsing, —3 —u, 2 — yp 
C3 C33 C33 C33 


the last equations can be put in the following form 


/ 


x -r(«cos@m — ysin g) + u (««*) 
y -—r(+zrsin y+ y cos g) + v 


These formulas show that Klein’s group coincides with the set of 
those transformations of the Euclidean plane which are a combina- 
tion of motions, reflections and dilations r times. Such transforma- 
tions are referred to as the similarity transformations. 

Thus the following fundamental proposition holds: 


If similar figures of the Euclidean plane are treated as congruent; 
then Euclidean geometry can be looked upon as the geometry of Klein’s 


group. 


Note that the set of imaginary lines passing through /, or through 
I, is a degenerate line-conic. Because this is mapped into itself 
by all transformations of Klein’s group, this line-conic is called the 
absolute conic of this group. If this terminology is employed, one 
may state that Euclidean geometry is the geometry of the group of 
automorphisms with respect to a certain line-conic. 

§ 174. All the discussions here concern the Euclidean plane. On 
this plane we introduce the rectangular Cartesian coordinates zx, y 
and then the homogeneous coordinates 2,, 2%, 3, assuming that 
a point with Cartesian coordinates zx, y has homogeneous coordi- 
nates z,, 1, Z3 (rz, ~ OV) if zx, + rz = 1, TZ > Xz = y. Finally, we 
adjoin the line at infinity z; = O to the Euclidean plane. The points 
I, (4, i, 0) and J, (1, —i, 0) are called circular, or cyclic, points 
of the augmented Euclidean plane. Such a name is justified by the 
fact that these points are the common points of all circles. In fact, 
the equation of a circle in homogeneous coordinates 


rit 22+ 2Ax,7r3+ 2Brox34+ Crz = 0 (*) 


is satisfied if z, = 1,7, = +i, r, = 0, and, accordingly, the circle (*) 
passes through the points /, and J/,. 
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The imaginary points passing through a cyclic point are called 
isolropic or minimal. 

The equation of an isotropic line passing through /, has the form 
I, + it, + cX_ =. VU and the equation of an isotropic line passing 
through the point 7, has the form z, — iz, + cr, := 0. In nonhomo- 
geneous coordinates, isotropic lines are represented by equation 
of the form 

yo eins 4 
or 
y= —ir+4+l 


It is a striking fact that the distance between any two finite points 
of an isotropic line is zero. Indeed, if X, (z,, yy) and X, (Xo, Ye) 
are two finite points of an isotropic line, then 


Yo — Wy = Ht (ty — 2) 
whence 


ep (X4, Xo) == V (xe 24)? + (Y2— Ys)? = (42 — 24) V 1+i2=—0 


It is on account of this property that the isotropic lines are called 
the minimal lines. Evidently, through every real point (79, Yo) 
there pass two isotropic lines 


Y — Yo = ki (x — Zp) 


which we denote j, and j,. Let uw, and u, be two real lines passing 
through (z 9, y)) and having angular coefficients k, and k,. Using 
the formula derived in § 119. we can find the cross ratio of two pairs 
of lines u,, uU, and jy, js: 
oe i—k, , —i—k 
(UyUoJ Jo) =~ ar — ; 

This quantity is the invariant of Klein’s group, and a natural 
expectation will be that this is connected with the Euclidean mag- 
nitude of the angle between the lines uw, and u,. Indeed, denoting the 
angle / (u,, WU.) by @ so that 


kek 
a ee ara 
and transforming the right hand side as follows, we find that 
i—ky . —i—ky_ (i—hy) (ke 4-1) 


(UyUg] Jo) = ist ° ket  W6—1)- isk 


__ kykg4-1—i(kg—k,) 1—itang  cosg—ising _ 
~ kykg+1+i(ke—k,) 1+itangy cosg+ising — 


Hence —2ig = In (u,u,j,j,.) and 


—2iQ 


o= > In (UyUoj Jo) (+) 
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The formula («*), known as Laguerre’s formula, represents the 
Euclidean angle in the form of a projective invariant. This is analo- 
gous to the formulas expressing the length of a segment in hyperbolic 
and elliptic geometries (see § 169). The source of this analogy lies 
in the duality principle (for details we refer the reader to F. Klein: 
Vorlesungen tiber nicht-euklidische Geometrie, Chapter 6). 

From the exposition of the previous subsections the reader must 
be convinced that the group-theoretic methods put the main ge- 
ometrical systems (of Euclid, Lobachevsky and Riemann) into one 
setting, and this enables us to see something common to them which 
otherwise appears to be diversified. 


Chapter / 


Minkowski Space 


7.1. Multidimensional affine space 


§ 175. The main subject matter of this chapter is concerned with 
the Minkowski space. This space is of considerable interest as a math- 
ematical tool for physics because it is directly connected with the 
equations of the special relativity theory. The Minkowski space is 
an affine space endowed with a special metric, that is, an affine space 
in which the distances between points are defined in a particular man- 
ner (hence also the congruence of figures, motion, etc.). 

Of special interest from the point of view of physics is the four- 
dimensional Minkowski space. The study of this space being the 
aim, we start with the theory of multidimensional affine spaces. 
The exposition given is based on the concept of a linear space, and 
is mainly independent of the previous axiomatic approach. 

§ 176. Let LZ be a given set, and suppose that (i) a rule is given 
which assigns to every pair of elements z, y in LZ an element of the 
same set L; this new element will be called the sum of x and y and 
will be denoted by x + y, and (ii) a rule is given which assigns to 
every pair x, A. where z is an element of LZ and A a real number, 
an element of L; this new element will be called the product of x 
and A and will be denoted by Az (or zd). The operations of addition 
of elements in ZL and their multiplication by real numbers can be 
defined in any manner whatsoever, but the following axioms must 
be satisfied: 


()re+y=yt+e. 

(2) (e+ y)+2=2-+ (y +2). 

(3) Among the elements of L there is one element 8 such that x —- 9 = 
= 2x for any x; 8 is called the null element of L. 

(4) For every x there is an element y such that x + y = 9; y is called 
the inverse of x and is denoted by —zx. 

(9) 16% = 2: 

(6) a (Bx) = (aB) x; here and later a, B denote any real numbers. 

(7) (a + B) xz = ar + Bro. 

(83) a (7+ y) = art ay. 

The set LZ over elements of which the operations of addition and 


multiplication by real numbers are defined in such a way that the 
above axioms are satisfied is called a real linear space; the elements 
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of a linear space will also be referred to as vectors. Since we shall not 
be considering any other space, we shall simply speak of a linear 
space thereby meaning a real linear space. 

One of the most simple concrete examples of a linear space is pro- 
vided by the set of geometrical vectors, where the addition of ele- 
ments and their multiplication by real numbers are defined in ac- 
cordance with the usual rules of elementary vector algebra. 

The following theorems can be derived from Axioms 1-8 (the proofs, 
which can be found in any book on linear algebra, are omitted 
here). 


(a) A linear space contains only one null element. 

(b) Every element z has only one inverse —z. 

(c) O-2 = 0 for every z. 

(d) 0-a@ = 0 for every number a. 

S$ 177. If the equation 

axt-By+...+Al=90 (1) 

where z, y, ..., / are vectors and a, B, ..., A are numbers at least 
one of which is not zero, then the vectors z, y, ..., l are called 
linearly dependent; if (1) implies that a = 0, B = 0, ..., A=), 
then the vectors z, y, ..., l are linearly independent. 


A linear space is called an n-dimensional space if it contains n 
linearly independent vectors but any n-+ 1 vectors are linearly 
dependent. 

Example. Consider a set K,, whose elements (vectors) are ordered 
sets of n real numbers: x = {2z,, 22, ..., Ln}. Let us define the 
addition of any two vectors x = {z,, %, ..-, ny and y= {y,, 
Yo, - ++, Yn} and multiplication of the vector z = {z,, rg, ..., Xp 
with any real number A as follows: (1) x + y = {27, + Wy, -. +5 2n + 
+ y,} and (2) Ax = {Azx,,..., At,}. It is easy to check that then all 
the Axioms 1-8 are satisfied (the null vector is 86 = {0, 0, .. ., O}); 
if x = {x,, %, ...-, Zn} is any vector, its inverse is —r = {—2,, 
—I5..... —2,}. Therefore K, is a linear space under the operations 
defined. 

The space K,, contains n linearly independent vectors; for example, 
110 Oe s ate O}e 104, Oye sg, Oe & dy. 405050). once, Oe 1}. On 
the other hand. any n + 1 vectors are linearly dependent. Indeed, 
consider the vectors a, = {4@,,, Gyo, .- +, Gn}, Ag = {@o1, Aga, .-- 

++ Aan}. ey Oyay = (Oya ih Gaar oe 05 Cea ap and form: the 
matrix 
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By a well known theorem on the rank of a matrix, the maximum 
number of linearly independent rows of the matrix equals the maxi- 
mum number of linearly independent columns of this matrix. The 
number of columns in the above matrix is n; accordingly, the num- 
ber of linearly independent columns does not exceed nm, and hence 
the number of linearly independent rows also does not exceed n. 
Therefore the rows of this matrix, which are n + 1 in number. must 
be connected by a linear equation, thereby meaning that the vectors 
GQ, Qo, .. «, An +, are linearly dependent. Thus A,, contains n linearly 
independent vectors but any n + 1 vectors are linearly dependent. 
Consequently, A, is an n-dimensional linear space; this space is 
referred to as the n-dimensional coordinate, or arithmetic, space. 

In an n-dimensional linear space, every set of n linearly indepen- 
dent vectors is called a basis. Let e,,...,;*e, be a basis anda any 
vector. Since the total number of vectors zx, e,,..., e, isn +1, we 
must have 


ax + Pye, +... + Bren = 9 (2) 
where at least one of the numbers a, f,, ..., B, is not zero. The 
number a cannot be zero, since otherwise the vectors e,, ..., é, 


would be linearly dependent. Therefore we can divide by @ and 
express (2) in the form 


z=(—#)eat...4(—-B)e, 


or, setting —B;/a = zy, 
x= 4e, +... + Me, (3) 


Formula (3), which expresses vector x, is known as the decomposition 
of x with respect to the basis e,,..., €,; the quantities z,, ..., x, are 
called the coordinates of x relative to the basis e,, ..., e,. It is easy 
to see that the decomposition of x relative to the given basis is uni- 
que. Indeed, assuming that z has another decomposition, besides (3), 


Ley Fen (4) 

we find from (3) and (4) that 
(x, — 21) y+... + (tn—Zp) en = 8 (9) 
Because the vectors e,, ..., é, are linearly independent, (5) implies 
that, "4, SO oe a ee Os OF Sas sy By 


that is, decompositions (3) and (4) are not distinct. 
Multiplying (3) by 4, we have 


hx = (Ar, )e,y +... + (Atn)en 


that is, multiplication of the given vector by a number implies the 
multiplication of all its coordinates by the same number. 
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Next, suppose that any vector y has been decomposed with pespect 
to the basis Cis. ae, be Ore 


Y = Ye + - ~~ + Ynen (6) 
Addition of (3) and (6) yields 
ety = (%+y)e +... + (tr + Ynden 


that is, addition of vectors implies the addition of the corresponding 
coordinates. Thus, if a basis is chosen in an n-dimensional linear 
space. the vectors of this space and operations over them are com- 
pletely arithmetized in a unique manner (irrespective of the nature 
of objects constituting the given space). In other words all the 
n-dimensional linear spaces are isomorphic to one concrete n-dimen- 
sional linear space, the arithmetic space K,,. 

§ 178. Suppose that linearly independent vectors a ,, .. Am 
are arbitrarily given in a linear space L. Consider the set L’ of all 
linear combinations of vectors a,, ad, ..., Gm, that is, the set of all 
vectors of the form 


x= hay + hgQy +... + Amom 


where A,, Ao, - . -, Am are any numbers. Obviously, if x and y are two 
vectors in L’, then xz + yisalsoin L’; if A is any number, then Ax 
is in L’; the null vector 0 = 0-a, + 0-a, + ...+ 0-a, and the 
vector —x = (—A,)a, +... + (—A,)am belong to L’. Thus L’ is 
a linear space in its own right. This space is isomorphic to the coor- 
dinate space K,,, and hence it is m-dimensional. The vectors a,, 
Qy,.. +, 4m constitute a basis for L’, and the numbers A,, Ao, . . ., Am 
are the coordinates of the vector xz in L’ with respect to the given 
basis. 

§ 179. Let there be given a set 29{ whose elements will be henceforth 
called points and will be denoted by the capital latin letters A, B,C 
and an n-dimensional linear space L whose vectors will be denoted by 
the smal] latin letters a, b, x, y,... (except for the null element, 
which is denoted by 0). Assume that with every ordered pair of points 
A, B in WY there is associated a vector x in L. If A is considered as 
the first point of the pair A, B and the vector z is associated with the 
pair A, B, then we shall write 


AB=r2 


With any pair of the same points one vector of L is associated because 
this pair need not be considered as ordered. The association of vec- 
tors of L with the pairs of points of YX{ can be arbitrary but only the 
following two axioms are to be satisfied: 


(1) For any point A and any vector x there is a unique point B such 
that AB = x. 
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(2) Jf AB=x, BC =y, then AC =x+ yy. The set of points 
which is associated with an n-dimensional linear space in the manner 
just described is called an n-dimensional affine space. 


The following two theorems are simple consequences of Axioms 1, 2 


(a) With every pair of coincident points the null vector is associated. 


Indeed, let x be any vector and AA = z. By Axiom 1, there is 
a point B such that AB = x and then Axiom 2 implies that AB = 
= z+ <2. Therefore z+ x =x, implying z = 0. 


(b) If AB =z, then BA = — fz. 


Indeed, if BA = y, Axiom 2 implies that AA =x-+ y, whence 
xrty=Oandy=—xz. 

In order to simplify the presentation, as ordered pairs of points 
of the affine space will henceforth be simply referred to as vectors. 
It is clear from what has been described that in the sense of linear 
operations (addition and multiplication by a number) the ordered 
pairs of points of the affine space play exactly the same role as the 
one played by ordinary geometrical vectors in the usual vector alge- 
bra. What is important, however, is that we are now discussing vec- 
tors in space of an arbitrary dimension. 

§ 180. Affine coordinates may be introduced in the affine space. 
The affine coordinate system is defined by means of the origin O and 
the coordinate basis e,, é.,...,é,. Taking any point M, we decom- 
pose its radius vector OM with respect to the coordinate basis: 


OM = ze, + Leep +... + yep 


The coefficients in this decomposition are called the coordinates of M 
in the given system. 
If M* is another point, then 


J* * 
OM* = xie,+xpeot... + rnen 
whence 


M M* = OM* — OM = (af —2,)e, +... + (2h — zy) en 


Thus, as in the usual vector algebra, the coordinates of the vector 
oe obtained by subtracting the coordinates of M from those 
0 

Let us derive the formulas for the transformation of affine coordi- 
nates when a new origin O’ and a new basis e’,e., ..., én are taken. Sup- 
pose that the coordinates (a,, ay, .. ., an) of O’ in the old system and 
the coefficients in the decompositions of vectors of the new basis with 
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respect to the old basis are known: 


Cpe Payer te PwC, o--t Panen 
Cy Poy Pogg A>... 4 Ponen (4) 
Cr Prngey + Pros a ees a Pn nen 


Formulas (1) can be wrilten in short form as 


nm 
e; = 21 Pints (i | ‘ Dos bees n) (2) 
If 7 is any point, then 


: ~~ 
OM LO, + Lo€y ne Dud ae ae pa XE}, 
= 4 


nr iC 
OM =~O'M +.00'-» 3} rie}-+ >) ane, 
i=1 h=1 
(here primes denote the new coordinates of M). Comparing the 
right-hand sides in the last two relations and applying formula (2), 
we have 


Tt nr Wt n Th Tt 
XN) ; = a! ce ae “1 .Y wf ~ \ ‘\) 
a) TREOR = 2 Viet Cy Aer >i { a"; ba Pirn€ri T Cy Gre 
—=4 i=1 k=1 i=1 k=4 h=14 


nT 7 
=| S| , 
= Ro ee Pintita,} Cr 


In this chain of identities the initial and final decompositions are 
both with respect to one and the same basis, and, because the 
decomposition relative to a basis is unique. we find that 

' n 
Lp o-: x PinXi -b QA, 
ve —} 


or, in the expanded form, 


, ; ’ ’ 
Ly =e PyyXy + Poytgt «0b Payln+ ay 


en eee ee | (3) 


Vy = Pinky 7 Pon2s Ne wheat Pn ntn ae ay 
These formulas express the old coordinates of any point in terms of 
its new coordinates. Let P be the matrix formed of the coefficients in 
the right side of formulas (1). Since the vectors e}, . .., e, are line- 
arly independent, the rows of P must also be linearly independent. 
Accordingly, the determinant of P does not vanish. The determinant 
of matrix P*, the transpose of P, does not vanish either, and there- 
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fore P* has an inverse. Evidently, the coefficients of x,, «, 
in the right side of (3) are elements of P*. If q;z denote the elements 
of the matrix Q = (P*)-1, the inverse of P*, then (3) yield 


Zz: = W474 are Q49L9 + cose ae dint n =r by 
ca = Jot, + Goo%e + -. - + GanXtn 7 ”: 


rn == Uni%4+ In2lo+ - oa nntn al i. 
nr 
where 6; = el GjnQx- Formulas (4) express the new coordinates 
to 
of the point in terms of its old coordinates. 

According to what has been said, if (4) represent a certain trans- 
formation of affine coordinates, the determinant of the matrix 
Q = (g;,) does not vanish. Conversely, if formulas of form (4) are 
given beforehand with arbitrary numbers 4; and any matrix Q == 
== (g;,) with a nonvanishing determinant, they represent a trans- 
formation of affine coordinates. Indeed, if det Q 4 0, the a,’s can he 


<7 


(A) 


found from the equations 25 Finda = = -— b;. that is, the origin of 
k= 


the new system is found; furthermore. by inverting Q we find P*, 
then P and finally the new basis from formulas (1). 

§ 181. For the sake of definiteness, we shall henceforth consider 
the case n = 4. In the four-dimensional affine space. we can define 
the lines, planes and hyperplanes in a natural way. 

Let A be a given point and aa given vector (a ~ 9). By a line 
through A in the direction of vector a we shall mean the set of points M@ 
satisfying the equation 

AM -= ha (1) 


for all possible numerical values of the parameter A; the point A 
itself corresponds to the value A ==: 0. 

It is clear that all the points of the line enjoy equal privilege in the 
sense that any one of them can assume the role of A. Indeed, if 2B 


is any point of the line in question corresponding to the value 
XN = Ay, then 


BM = AM — AB = (h\—y)a == pa (2) 


where w» = A — A,. Thus the set of points M determined by equa- 
tion (1) with parameter A can also be determined by equation (2) with 
parameter wp; in view of (2), the point B corresponds to the value 
(== Q, 

Suppose now that a point A and two linearly independent vectors 
a and b are given. By a plane passing through A in the direction of 
vectors a and 6 we shall mean the set of points M satisfying the 
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equation 
AM =)ha-+ wb (3) 


for all possible numerical values of the parameters 4 and u. 
Finally, if a point A and three linearly independent vectors a, 0, c 
are given, the set of points M satisfying the equation 


AM = ha + pb + vei (4) 


for all possible numerical values of three parameters A, wu, v is called 
a hyperplane passing through A in the direction of the vectors a, b, c. 

As in the case of a line, it may be easily demonstrated that all the 
points of a plane or a hyperplane enjoy equal importance in the sense 
that any one of them could assume the role of point A. 

It is important to observe that a hyperplane can be treated as 
a three-dimensional affine space. Indeed, the set L’ of all the linear 
combinations of the vectors a, b. c is a three-dimensional linear space 
(see § 178); at the same time if M, and M, are two points of the 
hyperplane determined from equation (4) with A’ =A,, p= uy, 
v =v, and A = dy, W = Ue, V = Ve, then with the ordered pair of 
points M,. M, there is associated a vector 


MM, = (hg — M)a + (be — pid + (vy — vj)e 


of L’. This association satisfies the two axioms of § 179; accordingly, 
by the definition of § 179, the hyperplane is an affine space which is 
three-dimensional because so is the linear space L’. The parameters 
A. wu. v in equation (4) are nothing but the coordinates of M in the 
affine coordinate system which is defined on the hyperplane by tak- 
ing A as the origin and the triple of vectors a, b, c as the basis. Of 
course, the same hyperplane may be represented by an equation of 
form (4) by taking any other point instead of A and any other three 
linearly independent vectors of L’ instead of the vectors a. b, c; 
such a change in equation (4) will amount to another affine coordi- 
nate system on the given hyperplane. 

In the same manner one can show that.every plane is a two-dimen- 
sional affine space and every line is a one-dimensional affine space. 

- § 182. From the definition of lines, planes and hyperplanes, the 
following propositions can be easily proved. 

(1) Given any two distinct points A and B, there is one and only 
one line passing through A and B (that is, containing these points); 
namely, this will be the line that: passes through A in the direction 
of the vector a = AB. 

(2) Given any three noncollinear points A, B, C, there is one and 
only one plane passing through the points A, B, C (namely, the plane 
passing through A in the directions of the vectors AB and AC). 

(3) Given any four noncoplanar points A, B, C, D, there is one 
and only one hyperplane passing through the points A, B, C, D 
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(namely, the hyperplane passing through A in the directions of the 
vectors AB, AC, AD). 

(4) If two distinct points A and B belong to one plane a, then all 
points of the line AB belong to a. To prove this, it is enough to 
represent a by the equation 


AM =ha-+ wb 


by taking a = AB. Then all points of the line AB are determined 
by the same equation for different values of A with p = 0. 

(5) If two distinct planes a and £ have two non-coincident points 
A, B, then all the common points of a and 6 lie on the line AB. In 
fact, if there were a point among the common points of a, B that 
does not lie on the line AB, the planes a, p must coincide, violating 
the assumption. 

(6) If three noncollinear points A, B, C lie in a hyperplane a, 
then the entire plane ABC lies in a (the proof is similar to that of 
Proposition 4). 

(7) If two distinct hyperplanes a, B have a common point, they 
intersect along a plane. 

Proof. Let e;, @2, @3 be linearly independent vectors in the hyper- 
plane a. Since the hyperplanes @ and f are distinct there is a vectore, 
in B such that e,, @,, é5, e, are linearly independent. Moreover, there 
are two more vectors e;, e, in B that constitute a linearly independent 
triple with e,. Because the space is four-dimensional, the vectors 
C1, Co, €3, €,, €s are connected by a linear equation 


Ney ao Noes + As5€3 + Ne, + Aes = 0 
in which A; 0. Similarly, 


Hye; + Poe + Mss + bye, + els = 9 
where uu, ~ 0. Set 
a= hie, + Asés = — Ayey — Agee — Ages 
b = Wye, + Mele = — Myer — Hole — Ugly 
The vectors a and 5 belong to both @ and f. On the other hand, these 


two vectors are linearly independent (because A, 0, pw, 0). 
Therefore, if A is a common point of @ and f, then the equation 


AM =ha+ pb 


determines a plane belonging to @ and B. This plane exhausts all the 
common points of the hyperplanes a and f, for otherwise a and 6 
would coincide (in view of Proposition 3). 

(8) If the plane a has a common point with the hyperplane f, 
then either « lies entirely in 6 or a and 6 intersect along a line (the 
proof is analogous to that of the preceding proposition). 


28—0779 
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§ 183. Let the equation AM = ia represent any line, and let 
M,,M., M, be three distinct points of this line and A,, A», A, the cor- 
responding values of the parameter A. We shall say that M, lies be- 
tween M, and M, if A, <<. A,g< Ag or Ag << Ag < Ay. Ifa vector 6 = 
= oa (o 0) is taken instead of a, then the same line is represented 
by the equation AM = ub, where tt = A/o. The points M,, M., Ms; 
in the new equation correspond io the values p, = A,/o, Us = 
= A,/o, ps = A,/o of the new parameter pu. It is clear that if A, lies 
between A, and Ag, then p, lies between p, and ps. This shows that 
the stated definition does not depend on the choice of the direction 
vector of the line; it may be easily shown that this definition also does 
not depend on the choice of point A. 

Having defined the “betweenness” concept, we can define a seg- 
ment, a triangle, etc. For any triangle in a plane Pasch’s axiom 
continues to hold; also true is the proposition that every line lying 
in a given plane divides the plane into two regions, etc. 

§ 184. In the affine space, we can define in a natural way the con- 
cept of parallelism of two lines, of a line and a plane, etc. Two lines 
represented by the equations 


A,M = Aa, A.M = Aa, 
are called parallel if they do not coincide and if their direction 


vectors are proportional (that is, if a, is the product of a, and a num- 
ber). The line 


A,M = ia, 
is said to be parallel to the plane 
A,M = ha, + pb, 
if the given line does not lie in the plane and if the vector a, can be 
expressed in terms of the vectors a,, b,. The line 
A,M = ia, 
is said to be parallel to the hyperplane 
A.M = ha, + pb,+ ve, 
if the given line does not lie in this hyperplane and if the vector a, 
may be expressed in terms of the vectors a,, bs, cy. Two plahes 
A,M = ha, + pb, A,M = ha, + poe 
are parallel if they do not coincide and if the vectors a,, b, may be 
expressed in terms of the vectors a,, b,. The plane | 
AyM = ha, + wd, 
is parallel to the hyperplane 
A,M = ha, + pb, + vey 
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if the given plane does not lie in this hyperplane and if the vect 
a,, 0, may be expressed in terms of the vectors a,, bo, co. Final 
two hyperplanes 


A,M = ha, +- wo, + VC, A.M = Aas + Ub, +. VC» 


are parallel if they do not coincide and if the vectors a,, b,, c, may 
expressed in terms of the vectors dg, bs, cy. The following props 
tions can be easily established. 

(1) Two lines are parallel if and only if they lie in one plane : 
do not intersect; through every point not lying on a given line th 
passes one and only one line parallel to the given line. 

(2) A line and a plane are parallel if and only if they lie in | 
hyperplane and do not intersect. 

(3) A line is parallel to a hyperplane if and only if they do 
intersect. 

(4) A plane is parallel to a hyperplane if and only if they 
not intersect. 

(5) Two hyperplanes are parallel if and only if they do not in 
sect. 

From the propositions just mentioned it is clear that the geome 
of the three-dimensional affine space, at least that portion whicl 
being developed in the present section, does not differ from the : 
presented in § 164 (see the Remark at the end of § 164). 

§ 185. The assertions of the preceding article as well as those 
§ 183 may be easily proved algebraically (in exactly the same wa} 
is done in the usual analytic geometry) if one makes use of the eq 
tions of geometric images in affine coordinates. 

Let an affine coordinate system be given. Then every first deg 
equation 


A,X, + Agt, + Azx3 + A,x,+ As= 0 


represents a hyperplane. Indeed, letting (x], x}, 23, x?) denote a sc 
tion of equation (1), this equation may be written in the form 


Ay (44 — 2) + Ap (%_— 29) + Az (%3— x§) + Ay (ty -- 2) =O 
Setting 2; — x; = u;,; we have 
A,u, + Au, + Asus + A,u,= 0 
Equation (3) has three linearly independent solutions: 
(2, Ge, As, a), (by, be, Dg, Ox) (C1y Coy Cgy Cy) 


and every solution of equation (3) may be expressed as a linear cc 
bination of the following three equations: 


ty— j= Uy = Aa, + pb; + ve; (i= 1, 2 3, 4) 
28* 
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By assigning all possible numerical values to the parameters A, wu, 
v, we obtain all solutions u; of equation (3), and hence all solu- 
tions z; of equation (1). If M is the point with coordinates x; and A 
the point with coordinates x? and a, b, c are the vectors with coordi- 
nates a;, b;, c;, then the scalar equations (4) are equivalent to one 
vector equation 


AM =ha + pb + ve (5) 


Hence we have shown that the set of points M the coordinates of 
which satisfy equation (1) coincides with the hyperplane repre- 
sented by equation (5). 

Conversely, every hyperplane is represented by a first-degree equa- 
tion of form (1). Indeed, if the hyperplane is given by an equation 
of form (5), then taking the equivalent equations (4) and eliminating 
the parameters A, wu, v, we obtain an equation of form (2), which is 
easily reduced to form (1). 

From the assertion just established and Propositions 7 and 8 of 
§ 182 it follows that (a) two consistent and independent first-degree 
equations determine a plane, and (b) three consistent and indepen- 
dent first-degree equations determine a line. 

§ 186. In the affine space we can examine hypersurfaces of the 
second order, that is, hypersurfaces which are represented by a Se- 
cond degree equation in affine coordinates. We shall not deal with 
the classification of second-order hypersurfaces; in general appearance 
it is analogous to the well known affine classification of second- 
order surfaces in the three-dimensional space. We shall confine 
ourselves to a particular case, important for later. 

Let (z,, %2, X3, Z,) be the coordinates of a variable point M and 
(x}, x}, x3, z,) the coordinates of a fixed point A. Consider the equa- 
tion 

b 

, aK. Bin (1i— V2) (L_— Th) =O (1) 
the left side of which is a quadratic form in the arguments zx, — 
—z},...,2,— x} with coefficients g;,; this form will be denoted ®. 
If we set x; = x}, equation (1) is satisfied, which means that A lies 
on the hypersurface represented by equation (1). Let M be another 
point whose coordinates satisfy equation (1). We shall displace M 
along the line originating from A. Then the difference 2; — zx} will 
undergo a proportional change and the left side of equation (4) will 
continue to vanish. Consequently, if a point M lies on the hypersur- 
face (1), all the points of the line AM lie on this hypersurface. The 
hypersurface (1) is thus composed of lines passing through A, and is 
therefore called a quadric cone with vertex A. Of course, it might 
happen that there is no point, except A, which satisfies equation (‘); 
this case occurs if M is a form having a fixed sign. In this case, the 


Minkowski Space 437 


cone is called imaginary. If, however, © changes its sign and is 
a nondegenerate form (that is, a form with variable sign whose 
determinant det g;, +40), then the cone (a) possesses infinitely many 
lines as its generators, (b) is four-dimensional, that is, does not lie 
entirely in any one hyperplane, (c) divides the space into two regions 
for one of which ® > 0 and for the other ® < 0. Such a cone is 
called a real nondegenerate quadric cone. We refrain from proving 
that a real nondegenerate cone has the properties just mentioned, 
and explain the situation by an example. Consider the equation 


(14— ary)? + (tg— 23)?-+ (x3 — x3)? — (x, — x})? = 0 (2) 


the left side of which is a quadratic form in z; — x} with coefficients 
Gi = G22 = 833 = 1, Gu — 1, Bin = 9, (i AA). This form is 
nondegenerate because det gi, = — 1 = 0 and is of variable sign 
(the form is positive if z, A 2}, x, zj, 73 = Xj, X, = 2X and 
negative if x, = x}, T, = Xj, Tz = Tj, XT, ~xX;). Consequently, equa- 
tion (2) represents a real nondegenerate quadric cone. In order to 
clearly visualize the properties of the cone represented by equati- 
on (2), it is beneficial to observe that any hypersurface x, —zj =C 
cuts this cone along the three-dimensional sphere 


(aga tg)? + (Zo — 29)? + (tg— 23)? = C? 


in the same way as a plane perpendicular to the axis of the usual 
circular cone cuts the cone in a circle. The set of points for which the 
left side of equation (2) is negative is called the interior region of 
the cone (2). The interior region is divided into two sheets for one 
of which x, > x{ and for the other x, < zi. 

§ 187. Now we shall prove a proposition which will play an espe- 
cially important role below. Let an affine coordinate system be 
given, and let the four functions 


eo 
ot fy (2, Lo, 23, Ly) 
e 
L,>= he (X4, Lo, 3, Ls) (4) 
e 
L3>= fa(r4, Lo, 3, L) 
Fd 
- Ta= fy (24, Lo, Lo, Ly) 


be given in which each of the functions is defined in the entire space; 
this amounts to defining a mapping of the space into itself because 
to every point M (z,, z2, X3, x,) there is assigned a point M’ (zi, 
Lj, 3, Z,). Assume that the mapping (1) is a one-to-one mapping 
of the space into itself (to every image point MW’ there corresponds 
just one preimage /); assume further that the mapping is a colli- 
neation, that is, for any three collinear points M@,, M,, M, the cor- 
responding images M,, M), Mare alsocollinear. Under these assump- 
tions the functions jf/,, f., fs, f, are linear, that is, they are of the 
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form 


Ly = 41424 + U2%o + V13T3 + V14T4 + Oy 
Ly = JoiX4 + Qoe%e + Fo3%3 t+ Joata + Oe 
L3 = Y31X_ + YsnXq + Aa3t3 + Qau2, + ds 
Le == 4401 + Qa%o t+ Qa3%3 t+ Qarty + Oy 


(2) 


and the determinant of the matrix Q = (q;,) does not vanish. In 
short, if a mapping is a collineation it is linear. 

We shall present the main steps of the proof omitting some minor 
details in the process. 

(1) Let us examine a one-to-one collineation of the affine space 
into itself. Let A, B, C be three noncollinear points in space and a 
the plane determined by A, B, C. Assume that the images A’, B’, C’ 
of these points are also noncollinear and let a’ be the plane through 
A’, B’, C’. Then the images of all points in @ lie in a’. Indeed, taking 
any point M in a, we draw through M two distinct lines a and 6 
in a such that a meets the lines AC and BC in two distinct points P, 
Q and b meets the lines AC and BC in two distinct points R, S. The 
mapping in question (and Proposition 4, § 182) imply that the points 
P’,Q’, R’, S’, which are images of P, Q, R,S under the given 
mapping, lie in a’. But the image M’ of M is determined by the in- 
tersection of the lines P’Q’ and R’S’; accordingly, M’ also liesin a’. 

(2) According to the definition of a collineation, the images of 
points of a line a lie on a definite line a’; we shall say that a’ cor- 
responds to a under the given mapping. If any two lines a, 6 lying 
in the plane a, which figured in the preceding item, are parallel, 
then their corresponding lines a’, b’ are parallel in a’ (because the 
mapping is one-to-one). Therefore we may adjoin points at infinity 
to the planes a and a@’ (in the same way as we did in §§ 80 and 81) 
and extend the given mapping to the augmented planes by assuming 
that the image of the point at infinity on ain @ is the point at infinity 
on a’ in a’. Thus to every point of a there corresponds a point of a’; 
to the collinear points in a there correspond points in @’ that are also 
collinear; to the line at infinity in @ there corresponds the line at 
infinity in a’; finally, there are three noncollinear points A, B, C 
in @ the images A’, B’, C’ of which are also noncollinear in a’. By 
§ 106, such a mapping is a projectivity of the augmented plane a 
into the augmented plane a’. 

(3) Assume now that under the given mapping the points A, B, C 
retain their positions, that is, they coincide with their images. In 
that case the plane a@ retains its position and is mapped projectively 
into itself. Notice that the points at infinity of the lines CA and CB 
also remain fixed, together with the points A, B, C. Denote by a the 
line passing through A and the point at infinity of the line CB, and 
by 6b the line through B and the point at infinity of the line CA. The 
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lines a and 5 remain fixed; accordingly, the point P, where these 
lines meet, also remains fixed. Thus four points A, B, C, Pine 
remain fixed and no three of these points are collinear. This in con- 
junction with Theorem 26, § 106, implies that all the points in a 
remain fixed. 

(4) Assume that A, B, C, D are four noncoplanar points in space 
which remain fixed under the given mapping of the space. Let a 
denote the hyperplane determined by A, B, C, D; we shall show that 
all the points of a remain fixed. Consider any point M in a. Let K 
be the point of intersection of the line DM and the plane ABC; the 
results of the preceding item imply that K remains fixed. Similarly, 
the point of intersection of the line CM and the plane ABD also 
remains fixed, which implies that M itself remains fixed. 

(0) Let A, B, C, D, E be five points in space that do not lie in one 
hyperplane. If these points remain fixed, then all points in space 
remain fixed. This assertion can be derived from that of item (4) in 
the same way as the result of item (4) was derived from that of 
item (3). 

(6) Consider now a collineation as given in the theorem; we shall 
represent this mapping by M’ = f (M). Let O, e,, es, e3, e, be the 
origin and basis, respectively, of the given affine coordinate system 
and let A,, A.,, A3, A, be the endpoints of the basis vectors which 
have been affixed at O. The definition of a basis implies that the five 
points O, A,, A,, A3, A, do not lie in one hyperplane; in that case 
their preimages O*, A¥, A>, Aj, Aj also do not lie in one hyperplane. 
Therefore there exists an affine coordinate system with origin O* 
and the basis consisting of the vectors a* = O*A* (i = 1, 2, 3, 4). 
We shall call this system the new system and the system given ini- 
tially the old system. Let M be any point in the space, 27 its coordi- 
nates in the newsystem, M’ the image of M under the given mapping, 
and z; the coordinates of M’ in the old system. We define another 
mapping M” = @ (M) as follows: the point M” has the same coordi- 
nates zj in the old system as M has in the new system. The mapping 
M” = @ (M) is one-to-one, and, moreover, both this mapping and 
its inverse M =  (M") are collineations (indeed, if for example M@ 
moves along a line which is given by three first-degree equations in 
the new system, then the trajectory of M” is defined by exactly the 
same equations in the old system and is, accordingly, also a line). 
Notice that M = wp (M") maps the points O, A; into the points 
O*, Ai‘. We now construct the mapping M’ = f (y (M")); in other 
words, first the point M” is mapped into the point M = » (M") 
and then M into M’ =f (M). The mapping M’ = f (yp (M")) is 
one-to-one and a collineation (because the component mapping are 
too); furthermore, M’ = f(p(M")) leaves O, A; fixed (because 
first these points go to O*, A¥ and then return to their positions). 
This and the results of item (5) imply that all the points remain’fixed 
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under the mapping M’ = f (p (M")), that is, every point M’ coin- 
cides with its preimage M”. Hence the point M’ = f(M) has exactly 
the same coordinates in the old system as M has in the new system: 
x; = x}. But according to § 180, the new coordinates x} of any point 
are linear combinations of its old coordinates z;. Hence x; are linear 
functions of z,;, that is, are of form (2). That the determinant of mat- 
rix Q does not vanish follows from the fact that formula (2) is 
uniquely invertible in view of the hypothesis of the theorem. @ 

§ 188. The one-to-one collineation of the affine space into itself 
is called the affine transformation in this space. The theorem just 
proved states that every affine transformation can be expressed in 
affine coordinates by linear formulas of form (2) with a non-vanishing 
determinant of the matrix Q. Every affine transformation has an 
inverse which is also an affine transformation; this follows from the 
theorem proved (because a collineation is represented by linear for- 
mulas, its inverse is also represented by linear formulas and is 
hence a Collineation). It is also evident, furthermore, that the product 
of two affine transformations is also an affine transformation. Therefore 
all the affine transformations of the affine space constitute a group; 
this group is referred to as the affine group of this space. The theory of 
invariants for the affine group of the n-dimensional affine space is 
called the n-dimensional affine geometry. The concepts of a line, 
plane, hyperplane, parallelism, etc. are invariants with respect to 
the affine group, and, accordingly, they are objects of affine geometry. 


7.2. Euclidean spaces and Minkowski space 


§ 189. Consider an n-dimensional (real) affine space 2[. Assume 
that with every pair of vectors z, y of this space there is associated 
a real number, denoted by zy, satisfying the following three axioms: 


(1) zy = 
(2) x (Ay a uz) = dX (xy) + pw (xz), where X, pw are any real num- 
bers. 


These two axioms imply, in particular, that 0z = O for the null 
vector 8 and any vector zx (since 0 = 0-2, it follows that 0z = x60 = 
= x (0-x) = 0 (xz) = 0). 

(3) If zy = 0 for a certain x and any y, thenx = 0. 


The quantity xy is called the scalar product of the vector z and y. 
The n-dimensional affine space endowed with a scalar product of its 
vectors is called an n-dimensional Euclidean space (we have defined 
a real Euclidean space, since %[ was assumed to be a real affine 
space and zy a real number). 

§ 190. Taking some n-dimensional Euclidean space, we choose in 
this space a system of affine coordinates with O as the origin and 
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€1, €o, . - +, €n the basis of this system. Denoting the scalar product of 
any pair of basis vectors e;, e, by ip: 


Cier = Sik (1) 


we find that by virtue of Axiom 1 we must have g;, =[g,;. Let now z, 
y be any vectors and 


() n 
t= 2 TiCi, YS p> Yrer (2) 
i=1 k=1 


be their decompositions with respect to the given basis. Take the 
scalar multiplication of the left and right sides of (2) and multiply 
the right sides termwise (this is permissible by Axiom 2). Noting the 
multiplication table (1) for the basis vectors, we} have 
LY = > BinTiVr (3) 
igh=i 
the right side of which is a bilinear form in coordinates of the vec- 
tors z, y with coefficients g;,. 
If g denotes the determinant of the matrix (g;,), Axiom 3 implies 


that g = 0 (that is, (g;,) is a nondegenerate matrix). 
Indeed, if g = 0, then a vector x  @ can be chosen such that for 


n 
its coordinates z; all the sums *) gi,t; (k = 1, 2, ..., ) will be 


= 
zero, but then zy = 0 for any y, which is ruled out by Axiom 3. 

Thus, in an n-dimensional Euclidean space the scalar product zy 
is expressed by a bilinear form in the coordinates of vectors xz, y 
and the coefficients of this form constitute a nondegenerate symmet- 
ric matrix. 

Suppose now that an n-dimensional affine space is given and we 
wish to introduce a scalar product in this space, that is, we wish 
to turn this space into a Euclidean space. To this end we choose an 
affine coordinate system in the given space, choose the numbers g;; 
satisfying the condition g;, = g,; and with any pair of vectors 2, y 
associate the number xy according to formula (3). Axioms 1 and 2 
will then be fulfilled because the matrix (g;,) chosen is symmetric 
and the right side of (3) is linear in x; and y;. In order to satisfy Axi- 
om 3, it is necessary to choose the quantities g;, such that the deter- 
minant g of the matrix (g;,) does not vanish. It is easy to see that 
this condition is sufficient as well. In fact, assume that g = 0. If 


te 


zy = 0 for any y, then (3) implies ~) PS 2int;, = O (k = 1, 2, , n) 


and because g = O, these equations mnly that xz; = Oor that xz = 0. 
Thus, if in an n- -dimensional affine space the quantity zy is defined 
in accordance with (3) by taking in the right side any bilinear form 
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with a nondegenerate symmetric matrix, xy will satisfy all the 
axioms for a scalar product. 

Remark. As shown just now, Axiom 3 is equivalent to nondegen- 
eracy of the matrix (g;,). On this account Axiom 3 is called the 
nondegeneracy condition. 

§ 191. The following important concepts are introduced in the 
Euclidean space. 

(1) The orthogonality of vectors, lines, etc. Two vectors x and y 
are called orthogonal, or perpendicular, if ry = 0. Two lines are orthog- 
onal if their direction vectors are orthogonal; a line and a plane 
are orthogonal if the direction vector of the line is orthogonal to 
every direction vector of the plane; the orthogonality of a line and 
a hyperplane is similarly defined. 

(2) The norm of a vector. The norm of a vector x, denoted by 
\|z||, is defined by 


\Iel| = V2? (1) 


where x? = xz. For the sake of definiteness we shall take the positive 
square root. However, it should be noted that the definition of 
a scalar product given above does not rule out the case z? < 0; in 
this case the vector has an imaginary norm. The case ||z|| = 0 for 
xz = 0 is not ruled out either. 

The vector zx is called a unit vector if x? = 1, imaginary-unit if 
x* = — 1, and isotropic if zc? = 0 atx 8. 

Formulas (3) of § 190 and (1) of § 191 imply 


oe a Zinter' (2) 


expressing the norm of a vector in terms of the coordinates. On the 
right side there appears a quadratic form in the coordinates of the 
vector x; this form is called the metric form of the Euclidean space. 
Because det g;, 0, the metric form is nondegenerate. 

(3) The distance%between two points. The distance between two 
points A and B is taken to be the norm of the vector AB: 


p (AY B) = || AB 


We shall denote the coordinates of points by capital letters (in order 
not to confuse them with the coordinates of vectors). Suppose that 
the coordinates of A and B are (X,, X»,,..., X,) and (Xf, X3,... 

., Xa). Then the coordinates of the vector AB are xz, = Xf — X,, 
X, = X$ — Xq, etc.; therefore by formula (2) we have 


pease) ay in (XE —X,) (XE—Xy) (3) 
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The general definition of the Euclidean space does not rule out the 
possibilities that the distance between some points may be imagi- 
nary or zero. Take a fixed point A with coordinates X? and a variable 
point M with coordinates X;. We shall find all the points M whose 
distance from A is zero; for the coordinates of these points we have 
the equation 


Py Bin (Xi — Xf) (X,— X}) = 0 (4) 


If the metric form has a definite sign, then equation (4) is satisfied 
only for X; = X}?, and in this case 9 (A, M) = 0 only if M coincides 
with A. If, however, the metric form has a variable sign, then 
equation (4) determines a real nondegenerate quadric cone with 
vertex A; this cone is called the isotropio cone at A (the isotropic 
cone is nondegenerate because the metric form is nondegenerate; 
see § 186). The lines generating the isotropic cone are known as the 
isotropic lines. Every isotropic line is characterized by the fact that 
the distance between any pair of its points is zero. 

§ 192. In the affine space every line, plane or hyperplane is an 
affine space of corresponding dimension in its own right (see § 181). 
If the affine space has been turned into a Euclidean space, that is, 
for every pair of its vectors the scalar product is defined, then by 
the same token the scalar product for every pair of vectors of the 
given line, plane or hyperplane is defined. Accordingly, the given 
line, plane or hyperplane turns into a Euclidean space of corres- 
ponding dimension provided on this line, plane or hyperplane the 
nondegeneracy condition is satisfied, which may not always be the 
case. Namely, if zy = 0 for a certain z and any y, then the non- 
degeneracy condition implies that z = 0, but it might happen that 
on some line, plane or hyperplane there is a vector +r 9 such 
that zy =.0 for any y lying on this line, plane or hyperplane. For 
example, the scalar product of any two vectors lying on the isotropic 
line is zero. Just like the lines, the planes and hyperplanes of the 
Euclidean space on which the nondegeneracy condition fails to be 
satisfied are called isotropic. 

§ 193. Suppose that e,, ..., e, is the basis for an affine coordinate 
system in which the metric form in space is of the form (2), § 191. 
We take a new basis ej. ..., e, according to the formula 


ej = 1D) Ptr&ns i==1, 2, in, det pi, ~0 (1) 
“=i 


Then the old coordinates z; of any vector x are expressed in terms 
of the new coordinates 2; thus 


y= DP wt k=12..,n (2) 
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(See § 180; the location of the new and old origins is immaterial 
because we are now considering coordinates of vectors and not of 
points; the formulas for transformation of coordinates of vectors are 
homogeneous, that is, the free terms in the right sides of these for- 
mulas are zeroes.) Replacement in metric form (2), § 191, of x,,... 

. ., Z, With their expressions in terms of z,, . . ., X, gives the metric 
form in the new coordinates. According to the theory of quadratic 
forms the coefficients p;, in the linear transformation (2) can be 
chosen (with det p;, = 0) such that in the new coordinates the 
metric form is in the canonical form, that is, this contains only the 
squares of the coordinates, the number of terms is exactly n (because 
the form is nondegenerate) and the coefficients of the terms are 
either +1 or —1. In other words, if o;, denote the coefficients of 
the transformed form, then 


07; =— +1, l — 1, rae ee 09 Nn, 
Oik — 0, l ee k, l, k= 1, 2: ee e9 rn 
In these special coordinates, 
13 79 , 4 
{| x ||? = x, +. oe + tm— Lrg — ee .— ir 


Here the first m coefficients o;; are positive, which can always be 
achieved by redesignating the coordinates. The cases when all the 
coefficients are positive (m = n) and when all are negative (m = 0) 
are not ruled out. Taking note of the fact that e;e, = o;,, we have 


9 72 79 73 
e, — ee @ = em = +1, Cm+i — ee ——— en — 4 
eye, = 0, ixtk 


that is, the basis vectors are unit or imaginary-unit and are pairwise 
orthogonal. Such a basis is called orthonormalized. We have proved 
that an orthonormal basis exists in every Euclidean space. 

The reduction of the quadratic form to a canonical form can be 
effected in an infinite number of ways; this means that there are 
infinitely many distinct orthonormal bases exist in a Euclidean 
space. According to the law of inertia of the theory of quadratic 
forms the number of negative terms in the canonical representation 
of a metric form is independent of the manner of reduction to canoni- 
cal form. This number expresses the geometrical properties of the 
given Euclidean space and is known as the index of the space. At the 
same time, the index is the number of imaginary-unit vectors in 
any orthonormal basis. 

If the index is zero, then the norm of a vector, the scalar product 
of two vectors, etc. are represented by formulas that are totally 
analogous to the well known formulas of the usual analytic geometry. 
In this case the geometrical properties of the space are essentially 
the same as those of the usual three-dimensional Euclidean space; 
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speaking precisely, they may differ only in dimension. On this 
account, the Euclidean space with zero index is called proper Eucli- 
dean and the remaining Euclidean spaces are called pseudo-Euclidean. 
The Euclidean space with index 1 is known as the Minkowski space, 
and this will be the subject of our further discussion. 

§ 194. Assume that a coordinate system with an origin O and 
orthonormal basis ée,, ..., é, has been introduced in the Minkowski 
space. The basis vectors are assumed to have been arranged in such 
a way that ef =... =e), = +1, eh = —1. Then the norm of 
a vector x with the coordinates x; is given by 


fa lP=aft ... aR 2zh (1) 

the scalar product of two vectors z, y with the coordinates z;, y; by 
LY = LY yt... t+ Lp net— CnYn (2) 

and the square of distance between two points A (X;), B (Xf) by 
p? (A, B) = (XP— X4)? +... + (XG — Xn)? (Xn— Xn)? (3) 


An isotropic cone with vertex A (Xj, ..., Xn) is represented in 
the given coordinates by the equation 


(Xy— XP... (Xn — Xn)? (Xn — Xn)? = 0 (4) 


and is real and nondegenerate. The points where the left side of (4) 
is negative constitute the interior of the isotropic cone; the interior 
of the cone is divided into two sheets for one of which X, > Xj? 
and for the other X, < X>. 

§ 195. For visualization, let us consider a few objects of the Min- 
kowski space when n = 2 and n = 3. 

(1) Let us construct a model for the two-dimensional Minkowskian 
geometry on the Euclidean plane. First of all, the points, vectors 
and linear operations over these vectors are assumed to have their 
usual significance. Choose an affine coordinate system with origin O 
and basis e,, e,; the coordinates X,, X, of any point M will also 
have their usual meaning (for example, X, is represented by a seg- 
ment which intersects the line passing through M and parallel to 
the second axis; of course, this segment must be measured by the 
scale e,). What is more, we are perfectly justified in taking the 
vectors é,, é, of the same length and perpendicular in the Euclidean 
sense. Then the coordinate system will be simply the rectangular 
Cartesian system. However, the scalar product of two vectors z, y 
with the coordinates z;, y; (i = 1, 2) is defined in the sense of Min- 
kowskian geometry by 

LY = LY, — Loo 
and the norm of vector x by 


_ me 
| z ||? = zi— x3 
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Figure 158 


The isotropic cone, whose vertex is taken at the origin for simplicity, 
is given by the equation 


X3?— X2=0 


This cone consists of two Euclidean coordinate bisectors (Fig. 158). 
The norm of vector OP on any one of these bisectors is zero; the dis- 
tance between any two points P, Q of the coordinate bisector is zero. 
The interior of the isotropic cone is defined by the inequality 
X*— X?< 0; this is composed of points lying in the interior of 
two vertical angles one of which is bounded by the upper rays of 
the bisector and the other by the lower rays: The distance between 
any point M in the interior of the isotropic cone and the origin is 
imaginary. Let p (O, M) = ai; then all the points which are at the 
same distance from O satisfy the equation 


Xij— X?=—a? 


In the sense of Minkowskian geometry, these points lie on a circle 
of imaginary radius ai, while in the Euclidean sense they lie on the 
usual hyperbola (because the last equation represent: a hyperbola 
with vertices on the second coordinate axis). The distance between 
any point N lying in the exterior of the isotropic cone and the origin 
O is a real quantity. Let p (O, N) = a; then all the points lying at 
the same distance from O satisfy the equation 


Xi— Xi=a? 
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In the Euclidean sense this equation represents a hyperbola with 
vertices on the first coordinate axis, while in the sense of Minkowskian 
geometry the same hyperbola represents a circle with real radius a. 

The vectors OM and ON with coordinates (x, 22), (Y;, Yo) are 
perpendicular in the sense of Minkowski if x,y, — r,y, = 0; in the 
Euclidean sense this relation expresses the symmetry of the directions 
of OM and ON with respect to the coordinate bisectors. In particular, 
two vectors lying on one coordinate bisector are perpendicular in the 
sense of Minkowskian geometry. 

(2) A model for the three-dimensional Minkowskian geometry can 
be constructed along the same lines as in the preceding case inthe 
three-dimensional Euclidean space. Take the usual rectangular 
coordinate system with the basis e,, e,, es. For any two vectors z, y 
with coordinates z;, y; (i = 1, 2, 3) we define the scalar product in 
the sense of Minkowski by putting 


LY = TyYy 1 ToYo — T3Y3 
Then the norm of vector z is given by 
||P =25+23—23 
the isotropic cone by 
Xi+ X,— X2=0 
and its interior by 
X?+ X2—X}<0 


From the Euclidean point of view, the isotropic cone is the usual 
cone of rotation about the third coordinate axis; its interior con- 
sists of two sheets of this cone. Any point lying in the interior of 
the isotropic cone lies at an imaginary distance from the origin. 
If this distance is called ai, then all the points lying at the same 
distance from O constitute a sphere of imaginary radius ai, and in 
the Euclidean sense this is a hyperboloid of two sheets whose equa- 
tion is 
X#+ X?— X}= —a 
The Euclidean hyperboloid of one sheet having the equation 
Xi+ X?— X?=a? 


represents a sphere of real radius a in Minkowskian geometry. 

If in the formulas expressing zy and || z | the third coordinates 
are set equal to zero, then one obtains the two-dimensional for- 
mulas of the usual vector algebra. This means that on the coordinate 
plane passing through the vectors e,, e, proper Euclidean geometry 
holds. In general, any plane that passes through the origin and does 
not contain any generator of the isotropic cone is a two-dimensional 
proper Euclidean space (because it does not contain isotropic lines). 
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Any plane passing through the origin and cutting the isotropic 
cone along two generators is a two-dimensional Minkowski space. 
The isotropic cone of Minkowski metric on this plane and the interior 
of this cone are determined by the intersection of the plane and 
the spatial isotropic cone. If the plane cutting the spatial isotropic 
cone turns into a tangent plane, then the lines generating the iso- 
tropic cone of the plane coincide and the interior of the cone vanishes. 
The isotropic cone of such a plane is degenerate. Hence, every plane 
touching the isotropic cone of the three-dimensional Minkowski 
space is an isotropic plane of this space. 

The properties of a four-dimensional Minkowski space can be 
developed in a natural analogy with the three-dimensional model 
just examined. 

§$ 195. An affine transformation of the Minkowski space under 
which the distance between any two points is the same as that be- 
tween their images will be called a motion in this space. Suppose that 
in a four-dimensional Minkowski space an affine coordinate system 
is introduced with origin O and an orthonormal basis e,, @5, @3, &, 
(e? = —1). Then every affine transformation mapping a point 
M (X;) into a point M’ (Xj) can be represented by formulas of form 
(2). § 187, this can be written in short as 


4 
iXi= DgnXe+0:, i=4, 2,3, 4 (1) 


It is easily understood that transformation (1) in general will not 
preserve the distance between points; to do so the coefficients must 
satisfy some conditions which will be obtained now. 

Let us discuss first a particular case of (1): 


= eee 2) 


Suppose that the points M (X;) and N (X?) are mapped by (2) into 
the points M’ (Xj) and N (X#’). If 7; = X# — X; are the coordi- 
nates of vector MN and x; = X}#’ — X; those of vector M’N’, then 
(2) implies x; = zx; and hence the norms of the vectors MN and M’N' 
are equal. Thus for any 0b; the transformation (2) preserves the 
distance between points; this particular case of a motion is known 
as parallel translation. Evidently, the parallel translation can be 
so chosen that any preassigned point becomes the origin. 

In another particular case of (1), where b; = 0, the origin remains 
fixed. 

Any transformation of form (1) can be obtained by a chain of the 
two transformations just examined: first the origin and the basis 
are moved into a new position by the parallel translation and then 
another transformation is applied which is expressed by formulas (1) 
in new coordinates with the same matrix (q;,) but in which the free 
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terms are zeroes. Because the parallel translation is clearly of no 
interest, formulas (1) will henceforth be assumed to be homogeneous: 
4 


Xj= > dinXh (3) 
k=1 


Let  (X;) and N (X?) be any two points, M’ (Xj) and N’ (X?’) 
their images, and let x; = X* — X; and x; = X*' — Xj be the 
coordinates of the vectors MN and M'N’. Formulas (3) yield 


4 
r= 3} Viktr (4) 


The equality of distances po (M’, N’) and o (M, N) is equivalent to 
that of the norms of vectors M’N’ and MN.. Consequently, formulas 
(3) define a motion if the coefficients q;, are chosen such that 


rptaretasy—ref=rit+73+33-—23 (5) 


The relation (5) must be fulfilled as a consequence of (4) for any 
21, Ly, Lz, %,. Denoting by o;, the coefficients of the metric form in 
orthonormalized coordinates (0); = Og. = O33 = +1, oO, = —1, 
O;, = 0 if isk), we write the left hand side of (5) as a double sum 
with coefficients o;,, making use of formula (4), 
4 4 4 4 
a+ at ay) — ty = \ Sntite= Y) On (3D) gata) (>) anes) 
i, k=1 i,k=1 a=1 p=1 
4 4 


> > OinViaInp) LoXp 
a, P=i1 i,k=1 


_— 
—, 


The right hand of (5) can also be written as a double sum: 


4 
t+ 23+ 23-2 = - CaplaXp 
a, p= 
By virtue of (5), the expressions obtained must be the same, whence 
4 

a ; OinViaWeB = Tap (a, B=1, 2, 3, 4) (6) 

i,k= 
which is the desired condition on the coefficients q,;, for the trans- 
formation (3) or (1) to be a motion. The conditions (6) can be written 
in the matrix form. As before, let Q be the matrix with elements q;,, 
the matrix Q* with elements g¢; = gia (Q* is the transpose of Q), 
and J the matrix with elements o;,. Then relations (6) can be written 
as 


4 
ay QaiP inWhs = Oap (a, B = 1, 2; 3, 4) (7) 


t 


29—0779 
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In this form they are evidently equivalent to the single matrix 


equation 
OIQ=1 (8) 
or, in the expanded form, 


G11 Gon 7381 Yat 1 0 0 0 Gi M12 943 4h 
(*. G22 732 Yan 0 1 0 0 Goi Yoo Yo3 You 
4is G23 433 G3 0 0 1 0 731 732 Y33 F3h 
Wir Foe Wah Ths 0 0 0 1 a1 a2 Wes Yas 


10 0 0 
70 1 =O 0 
~10 014 #20 
0 0 OQ 1 
Thus the affine transformation (1) is a motion if and only if its 
matrix Q satisfies condition (8). 

Notice that the nonvanishing of the determinant Q follows auto- 
matically from the preceding condition; what is more, condition (8) 
implies that (det Y)? = 4, or 


det Q = +1 (9) 


§ 197. By means of formulas (6) it can easily be shown that the 
scalar product and the orthogonality of vectors are preserved under 
a motion in the Minkowski space. Indeed, assume that the vectors 


z= N) z,€;, y = S) ye; are mapped into the vectors x = “ zie;, 
y = S Yie; (decomposed relative to the same basis) by a motion. 
Then 


yf o_o oP ae 2 o_o roo? 
LY =2yY, + 2LY,+ 2Y3— TY, = F 2 1, OpRTiVk 
4 


4 4 
ud Oin( > can) ge) (> = nate) = 2 ( -y OinViaIns) LQX@Up 


4 
= pa _ Tabratp= TY T ToYo +-XL3Y¥3— LY, = LY 
Qa, = 


Hence 2’y’ = zy. In particular, if zy = 0, then z’y’ = 0, that is, 
the images of orthogonal vectors are orthogonal. This implies a very 
important result: in the Minkowski space every motion maps an 
orthonormal basis into an orthonormal basis. 

§ 198. If under a motion a given point in space remains fixed, 
then the isotropic cone of the space with the vertex at this point 
also remains fixed (the points of the cone are displaced but remain 
on it). Indeed, assume that the origin O remains fixed. If M is any 
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point of the isotropic cone with vertex O, then p (O, M) = 0, and 
because a motion preserves the distance, it follows that for the 
image M’ of M we have op (O, M') = 0; consequently, M’ lies on the 
same isotropic cone. By analogous arguments one can show that 
under a motion the points lying in the interior of the isotropic cone 
remain there; it is not ruled out, however, that the sheets of the 
isotropic cone may interchange their position. 

§ 199. The set of all motions in the Minkowski space constitutes 
a group, since the product of two motions is a motion and the inverse 
of a motion is also a motion. 

These group properties evidently follow from the definition of 
motions. The group of motions in the Minkowski space is a sub- 
group of the affine group. From the group of all motions in the Min- 
kowski space one can, in turn, single out a subgroup of motions which 
have a certain point fixed. A still narrower group is formed by motions 
under which every sheet of the isotropic cone retains its position. 

§ 200. The transformation 


4 
Xi= > qinXnt 5s, det gi, #0, i= 1, Z, 3, A 
h=1 


which represents a motion in the Minkowski space, is known as the 
general Lorentz transformation. The general Lorentz transformation 
is characterized by condition (8), § 196, on the matrix Q = (q;;). 
The arbitrary quantities b; do not play any significant role in the 
study of the general Lorentz transformations. Therefore usually 
the general Lorentz transformation means the homogeneous trans- 
formation, free of 0;’s, 


4 
= py) GinX ks im 1,2,3,4 (1) 
i= 


with the matrix Q satisfying the same condition as before. The set 
of all general Lorentz transformations constitutes a group, called 
the general Lorentz group. 

If transformation (1) represents a motion in the Minkowski space 
under which every sheet of the isotropic cone retains its position, 
then such a transformation is simply called a Lorentz transformation. 
Besides condition (8), § 196, imposed on the matrix Q, these trans- 
formations are characterized by the fact that the point (0, 0, 0, z,), 
x, >0, is mapped into the point (x}, x,, 23, 4), 4, >>0. The Lorentz 
transformations constitute a group, the Lorentz group. 

§ 201. The Lorentz transformations (or the general Lorentz trans- 
formations) may also be interpreted geometrically. 

Let a coordinate system with origin O and orthonormal basis 
€1, €g, 3, €, (C7 = —1) be given; suppose further that a new coordi- 
nate system is introduced with the origin O’ and the orthonormal 


ea Bg 
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basis €;, €,, €3, @, (e,? = —1). Then, if 
h 
= ea Pir&r (1) 


is the decomposition of the vectors of the new basis in terms of the 
old basis and if 
4 


2 VinXn +d; (2) 


2 


express new coordinates in terms of the old coordinates, the matrix 
Q = (qin) is the inverse of the transpose of the matrix P = (p;,), 
i.e. Q = (P*)-" (see § 180). Because both the new and old bases are 
orthonormal, it follows that 


€;€, = Oi, €4€h = Oip 
in the notation of § 196. This yields 
h 4 
oo? 7 “XY 
Cin = Cie = BS Piala 2) PrRep= 
a=1 B=1 
i 4 


= >) (eas) PiaPae = >) SapPiaPap (3) 
a, B=1 a, p=! 


_— 
= 


If pz are elements of P*, that is, pg, = Prag, the last relation can 
be written as 


a _ PiaFapPBr = Sin (i,k =1, 2, 3, 4) (4) 


All these equations are equivalent to the single matrix equation 
PIP* =I (9) 
but, since P* and Q are the inverse of each other, it follows that 
P*O =F, OTP = E 
where F is the identity matrix. Premultiplication by Q* and post- 
multiplication by Q of equation (5) yields 
Q*PIP*Q = EIE =I = Q*IQ (6) 
or 
OF1O = 1 


The last relation is exactly the same as (8), § 196. Hence any trans- 
formation of coordinates that maps one orthonormal system into 
another orthonormal system is the general Lorentz transformation 
(in general, inhomogeneous). Conversely, if the basis e,, e5, es, e& 
is orthonormalized and condition (6) is fulfilled, then we find, taking 
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note of the fact that (6) implies (5) then (4) and then (3), that eje, = 
= 0;,, that is, the new basis is also orthonormalized. Hence any 
general Lorentz transformation can be treated as a transformation 
of orthonormalized coordinates. With this interpretation for general 
Lorentz transformations, among these transformations the simply 
Lorentz transformations are characterized by the fact that the basis 
vectors e,, e, lie on one sheet of the isotropic cone. 

§ 202. We conclude the present section by pointing out a striking 
connection between the Lorentz group and the group of motions in 
Lobachevskian geometry. In order to make the treatment simple, 
we confine ourselves to the case of the three-dimensional Minkowski 
space with the isotropic cone 


Xi+ X3— Xj=9 (1) 
If we cut this cone. by the plane X, = 1, we obtain the circle 
D, Gee OP Gena A= 4 (2) 


which will be denoted by k. Suppose that the homogeneous Lorentz 
transformation 


XxX; = 41X14 + Q2X0+G3X3 
X= GarX1 + GooXo + Yo3X 3 (3) 
Xx; = d3,X4+43.X2+ Qa3X3 


s given; thisJtransformation defines a motion in the Minkowski 
space that maps a point M (X,, X,, X3) into the point M’ (Xj, X;, X35) 
and leaves the origin intact. 

Let us associate a transformation of the plane X, = 1 with the 
given Lorentz transformation. Namely, if P is the point where the 
line OM meets the plane X, = 1 and if P’ is the point where the 
line OM’ meets the same plane X; = 1, then P’ will be considered 
as the image of P. It is a simple matter to express this transfor- 
mation in terms of coordinates. 

Assume that (x, y, 1) are the coordinates of P. Because O, P, M 
are collinear, we have 


Accordingly, 


Similarly, if (7’, y’, 1) are the coordinates of P’, then 


’ , 
1 Xy ,_ Xe 


ae a aaa? © 
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which in combination with formulas (3) yield 


eee Q112+ 4129 + 913 
, 931t + 32 + Is3 


y’ me 921% + Ia2y + Yas 

9312 -- I32Y + %s3 
Since det q;, 4 0, the mapping of the plane X, = 1 into itself, 
given by (4), is a projectivity (see § 112). If we take account of the 
fact that the Lorentz transformation given in space leaves the iso- 
tropic cone and its interior intact, we find that the transformation 
(4) of the plane X, = 1 leaves the circle & and its interior intact. 
' Therefore transformation (4) is a non-Euclidean motion in the Loba- 
chevskian metric defined on the plane X, = 1 in the interior of the 
absolute conic k (see § 170). We have demonstrated that every Lorentz 
transformation induces a non-Euclidean motion inside & on the plane 
X, = 1. Let us now show that given a non-Euclidean motion inside 
k, a unique Lorentz transformation inducing the given motion can 
be found. 

Assume that a non-Euclidean motion is given by formulas of the 
form (4). Then the desired Lorentz transformation must be of the 
form 


(4) 


Xi =) (1X4 + M2Xe + 913X3) 
Xo == A (Go1X4 + GooXe + G03X3) (5) 
X; = K (q31X4 + Yx2.Xo + Y33X 3) 


where the number 40. For any 4=+ 0, formulas (5) define an 
affine transformation in the space. We shall prove that if 4 is chosen 
suitably this affine transformation will become a Lorentz transfor- 
mation. 

In fact, transformation (4) leaves the circle & and its interior 
intact; this means that the affine transformation (5) does not affect 
the isotropic cone and its interior. Algebraically this means that 
(5) implies 

X24 Xj!— Xi =o (X24 X2— X3) (6 


where o is proportional to 4? with a positive proportionality factor. 
Choose A subject too = 1; then transformation (5) represents a motion 
in the Minkowski space. Notice also that q3, = 0, because otherwise 
the interior point (0, 0, 1) of the isotropic cone will be mapped by (5) 
into the exterior point (Aq,3, A@o3, 0) which is impossible. Therefore 
we can choose the sign of A such that Aq3,; >>0. Under this con- 
dition, transformation (5) leaves every sheet of the isotropic cone 
intact and hence is a Lorentz transformation. It is clear that the 
choice of 4’ is unique. 

Thus the three-dimensional homogeneous Lorentz transformations 
are in a one-to-one correspondence with motions in two-dimensional 
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Lobachevskian geometry. It can be easily verified that to the product 
of two Lorentz transformations there is assigned the product of the 
corresponding non-Euclidean motions. Hence the three-dimensional 
homogeneous Lorentz group and the group of motions in two-dimen- 
sional Lobachevskian geometry are isomorphic. 

One can analogously show that the four-dimensional homogeneous 
Lorentz group and the group of motions in three-dimensional Loba- 
chevskian geometry are isomorphic. 


7.3. The space of events of the special relativity theory 


§ 203. Consider an event M. For us the nature of this event is 
immaterial and we are only concerned with the place and the time 
of its occurrence. Suppose that M occuss in such a small part of 
space and for such a small interval of time that it can be treated 
as occurring at a definite point for a moment. Under the above as- 
sumptions event M will be called elementary. The place of occurrence 
of any elementary event is determined relative to a preassigned 
material body and time is determined according to a definite clock. 
For example, one can determine the place of every event relative 
to the earth and time according to the clock of the Pulkovo obser- 
vatory*. 

Suppose that a material body 7 is chosen relative to which the 
place of occurrence of any elementary event is determined; suppose 
that three mutually perpendicular Cartesian axes are associated 
with 7 and a scale is given relative to which the place of event M 
is characterized by the coordinates x, y, z (assuming the geometric 
properties of the real space to be Euclidean); suppose, finally, that 
a clock is given according to which the moment of occurrence of 
event M is characterized by a number ¢ (assuming ¢ to be equal to 
the number of time units from a given moment). The set composed 
of 7, the scale, the axes, the watch and the initial moment is called 
a frame of reference and the quantities x, y, z, t are called the coordi- 
nates of event M in the given reference frame. 

If the reference frame chosen is changed, then the same event M 
will have, in general, other coordinates 2’, y’, z’, t' in a new reference 
frame. If the same body 7 is taken while the axes, scale, time unit 
and the initial moment connected with 7 are changed, then the 
change in reference frame and the corresponding transformation of 
the coordinates of the events are called trivial. In contrast, the new 
reference frame and the corresponding transformation of coordinates 
of the events are nontrivial if one takes another body 7’, instead 
of T, that moves relative to 7 


* The Central Observatory of the USSR Academy of Sciences, located near 
Leningrad, 
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Of vital interest for physics is the question as to how the coordi- 
nates of events change when the change in the reference frame is non- 
trivial. Of course, such a question is sensible only for sufficiently 
specific classes of reference frames. This question is discussed below 
for the inertial frames of reference. 

§ 204. A reference frame S is called inertial if every free particle 
moves uniformly in a line with respect to the frame S. When we 
speak of a free particle we have in mind a body of small dimensions 
so distant from other bodies that their action on this body can be 
neglected. 

Let S and S’ be two inertial reference frames and M any event. 
Our aim is to obtain or characterize formulas expressing the coor- 
dinates (x, y’, z’, t’) of M in the frame S’ in terms of the coordinates 
(x, y, z, t) of the same event in frame S. 

Let us examine the solution of this problem from the point of 
view of classical physics. First of all, classical physics assumes that 
it is possible to synchronize all the clocks and hence that it is pos- 
sible to establish one time unit for all inertial reference frames; 
thus ¢ = t’. Next, it is assumed that it is possible to establish one 
scale for measurement of the lengths of segments of all the coordinate 
axes of the frames S and S’. These assumptions and the law of addition 
of velocities of classical kinematics imply that under a special 
choice of the coordinate axes in frames S and S’ the coordinates 
of anv event M change according to the formulas 


c 


SS 0) yay, 2 =o, fHt (1) 


when the frame S is changed to S’ (the coordinate axes are chosen 
such that the axis O’x’ lies on the axis Oz and the axes O’y’, O'2’ 
remain parallel to the axes Oy, Oz; v is the velocity of S’ with respect 
to S). 

Thus the assumptions of classical physics enable us to obtain the 
desired formulas easily and these formulas have a very simple form. 

It should be noted, however, that the possibility of the general 
synchronization of clocks is by no means as obvious as it might 
appear at first. One could synchronize clocks in all inertial frames 
of reference if there existed signals that could propagate instantly. 
It would have been enough to put the clocks in one inertial frame 
in a definite phase and then immediately send the signal to other 
frames and there put the clocks in the same phase at the time of 
receiving the signal; then the clocks could be unified by sending a 
second signal after a definite interval of time. In such a case all 
the inertial frames would enjoy equal privilege in the sense that the 
despatch of a signal, from any one frame and its receipt in any other 
reference frame would be done under the same phases of the clocks 
of these frames. But there are no signals in nature that get pro- 
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pagated instantly. If one uses light signals, then by the method just. 
described only an approximate synchronization of clocks can be 
made on inertial systems the velocity of which relative to other 
frames is small in comparison to the velocity of light. 

Similarly, there can be no objection in the approximate sense- 
regarding the other two assumptions which were referred to above: 
(the possibility of unification of scales and the classical law of 
addition of velocities). Accordingly, formulas (1) are true only 
approximately, provided v is small in comparison to the velocity 
of light. 

But formulas (1) contradict the experimental results of the modern. 
physics of large velocities. The prevailing situation is as follows. 
It was discovered a long time ago that the laws of mechanics are 
the same in all inertial frames of reference. This fact is not contra- 
dicted by formulas (1) if the laws of classical mechanics are properly 
interpreted, since the equations (of classical mechanics) are in- 
variant under the transformation given by formulas (1). At the same. 
time; (1) imply that the laws of electrodynamics must depend on the- 
inertial frame chosen, because the equations of electrodynamics are 
not invariant under transformation (4). First of all, the velocity 
of light must be different for different inertial frames; namely, if 
in frame S light is propagated along the z-axis with velocity c, 
then according to formulas (1) the velocity of light in S’ must be 
c — v. However, this phenomenon was not confirmed by necessary 
experiments. In light of this, in physics one accepts the postulate. 
stating that the velocity of light is independent of the choice of 
inertial frame of reference. This is the starting point for the special 
theory of relativity discovered by Lorentz, Poincaré, Minkowski 
and especially Einstein, according to which not only the laws of 
mechanics but also the laws of electrodynamics are the same in all 
inertial frames of reference. The initial assumptions of classical 
physics that led to formulas (1) are replaced in the theory of relativity 
by more precise assumptions which agree with experimental physics 
of large velocities. This leads to the replacement of formulas (1) 
with more precise formulas, which will be deduced in the following 
subsections. In the process, we shall have to make use of geometric 
concepts developed in the preceding two sections. 

§ 205. Let S be an inertial frame of reference, / any elementary 
event, and ¢, x, y, z the coordinates of VW in S (here and henceforth 
time ¢ is taken as the first coordinate to facilitate the writing of certain 
formulas). 

Denote by YY a four-dimensional affine space in which the origin O' 
and the basis a,, a,, a3, a, for the affine coordinate system are chosen 
in an arbitrary manner. With M we associate that point of 2{ which 
is determined by the coordinates ¢t, xz, y, z relative to the chosen: 
origin and basis; we shall say that this point represents an event Mo 
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in space Q. The point representing the event will be denoted by 
the same letter as the event itself. 

The four-dimensional affine space 9[ whose points represent all 
possible elementary events is called the space of events. Notice that 
the events which take place during a time interval ¢; < ¢t < ft, at 
a point of physical space which is fixed relative to the axes of S 
and has coordinates 29, Yo, 29 are represented in % by the segment 
ty <t<t,, © = 2p, Y = Yo, 2 = 2, which is evidently parallel 
to the vector a,. On this account, the coordinate axis which is direct- 
ed in the space of events along the basis vector a, is called the time 
axis. 

§ 206. We now take the first step towards solving the problem of 
transformation of coordinates of events when we move one inertial 
frame of reference to another. Suppose that another inertial refer- 
ence frame S’, besides S, is taken, and let t, x, y, z be the coordinates 
‘of any event M in S and t’, z’, y’, z’ those of the same event in S’. 
Then t’, x, y’, 2 are definite functions of t, x, y, 2: 


t' = f(t, x, y, 2) 
x’ =o(t, x,y,z 
ee (A) 
] = (t, z,Y, 2) 
= % (t, x,y, 2) 

Assume that (a) f, @, , y are defined for all values of ¢, x, y, z 
-and (b) ¢, z, y, z are uniquely obtained from (1) by prescribing any 
value to t’, z’, y’, 2. These assumptions amount to assuming that 
the events may take place relative to frames. S and S’ anywhere 
cand at any time; these assumptions also imply that the frames S, S’ 


-are inertial all the time. We shall show that 
Formulas (4) are linear, that is, are of the form 


tT = Cyt + Cyoa + Cysy + Cy42+ Ay 
L" = Cot + Coot + Cogy + Co42 + dy 
Y! = Cait + Cyr + Cg3y +- C342 -+ ds 
2! = Cyyl + Cyot + Cagy + C442 + dy 


.and, moreover, that det c;, ~ 0. 

Proof. To prove this theorem, we shall have to make one more 
physical assumption. Namely, we shall assume that at any instant 
--of time through any place in the physical space a free particle can 
fly in any direction with any velocity known in experimental physics 
(we do not assume, however, that the particle can fly with any 
arbitrary velocity, because arbitrarily large velocities have not 
been observed and such an assumption would not be justified; what 
is more, the results below will confirm that such an assumption is 
inadmissible). The velocity of the particle will mean its velocity 


(2) 
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relative to .S. Denote by C a positive constant such that any velocity 
jess than C can be achieved. 

Suppose that a free particle flies in space. Because S is an inertial 
frame, the motion of the particle in question with respect to S is 
uniform and is along a straight line. Therefore the equations of 
motion of this particle must be of the form 


XL—I%o = l(t— bb), y— Yo = M(t — to), Z— % = Nt — by) (3) 


where /, m, n are the velocity components of the flying particle, and 
(Zo, Yo. 29) is the place where the particle is at the instant ¢ = ty. 
In view of the assumptions made in the beginning of the proof, the 
‘quantities to), Zo, Yo, 29 may be arbitrary but /, m, n must be such 
that 
Pt m+ nC (4) 

The fact that the flying particle is at (z, y, z) at instant ¢ is an event, 
which is represented by the point (¢, z, y, z) in the space of events Y. 
The entire process of motion of the flying particle is represented by 
a certain line in the space of events, because ¢, z, y, z are connected 
by three independent first-order equations (3) (see § 185); we call 
this line b. Notice further that relations (3) and (4) imply 

(x— Xp)* + (Y— Yo)? + (2 — 2)? — C? (E— bo)? KO (9) 
which defines the interior of a certain real nondegenerate quadric 
cone with vertex (tf), Xp, Yo, 29) (see § 186); call this cone Ky. Because 
inequality (5) is a consequence of (3) and (4), the line } through the 
vertex of K, lies in its interior. It also follows from the assumptions 
made that every line in the space of events which passes inside the 
cone K, through its vertex may represent the process of motion of 
a free particle flying past (7%, Yo, 29) at instant fp. 

Let us now examine equations (1). By virtue of these equations, 
with every point M (t, x, y, z) in the space of events there is asso- 
‘ciated a point M’ (t', x’, y’, 2’), that is, a mapping VW = f (M) is 
defined. In view of the conditions imposed on equations (1), this 
mapping is a one-to-one mapping of the space of events into itself. 
If we now take account of the fact that the reference frame S’ is also 
inertial, we find, letting ¢, x, y, z denote the current coordinates in 
equations (3), that t’, x’, y’, z’ satisfy analogous equations, although 
with different parameters (because equations (3) define a motion of 
a free particle and this motion in S’ is uniform and rectilinear). 
This implies that if the points M lie on a line b in the space of events, 
the corresponding points M’ = f (M) also lie on some line b’. Sum- 
ming up the above discussion, we have the following: (i) for any 
point M, (ty, Xo, Yo, Zo) in the event space there is defined a cone K, 
with vertex M,, and (ii) if the line b passes through M, in the interior 
‘of Ky, then the images under the mapping M’ = f (M) of all points 
‘of b lie on the line b’. Now we shall show that whatever the line b, 
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the images of all its points also lie on one line, that is, the mapping: 
M’ -= f (M) is a collineation. 

Take three distinct points M,, M., M,; on 6b and let Ky, Ko, Kz. 
be the cones defined for M,, M,, Ms, in the same way as Ky was. 
defined for the point M,. It is now natural to assume that b does not. 
pass through the interiors of A,;. Through M, we pass a line b, in- 
side K,. The lines b and b, determine a (two-dimensional) plane 6B 
containing these lines. Through M, and Mz, we pass lines 6% and by 
parallel to b,; these lines lie in 6 and inside the respective cones Kg. 
and Ky. Since the left side of the inequality (5) is continuous, it 
follows that if the coordinates of the direction vectors of 63 and b¥ 
undergo a small change, the new direction vectors define lines also 
lying inside the cones K, and Ks. Therefore there are lines b, and bs. 
which pass through M, and M, in B and inside the cones K, and Kz. 
and are situated so that all three lines b,, b,, b3; intersect pairwise: 
in three distinct points P, Q, R of B. 

Let P’, Q’, R’ be images of P, Q, R under the mapping M’ = 
= f (M). The points P’, Q’, R’ are distinct because the given map- 
ping is one-to-one. If R’ lies on the line P’Q’, then M; = f (M;) 
(i == 1, 2, 3) also lie on the same line, and nothing more is left to be 
proved. Assume that P’, Q’, R’ are noncollinear. Then these points 
determine a plane B’. Since the lines b,, b,, bs pass inside the cones. 
K,, K.,, Ks, the images of the points of these lines lie on three lines 
bi, b;, by. The lines b', bj, b, intersect pairwise at P’, Q’, R’ and 
hence lie in B’ (see § 182); simultaneously, B’ also contains the points. 
M; = f (M;) i = 1, 2, 3). Through M, one may pass a line c, inside 
K, that does not lie in B. Repeating with respect to c, the same: 
construction as was done with respect to b,, we obtain a plane y’, 
distinct from 8’, containing M{, M;, Mj. Since B’ and y’ are distinct, 
all their common points are collinear, implying that the points 
M:, M;, Mj, are collinear and hence proving that M’ = f (M) is a 
collineation. But if M’ = f (M) is a collineation, then, according: 
to § 187, it is represented in affine coordinates by linear formulas. 
with a non-vanishing determinant. 

Remark. The above proof continues to hold if the reference frame: 
S’ is assumed to be inertial with respect to the frame S, that is, 
if it is only assumed that any rectilinear uniform motion of the 
particle (with an admissible velocity) relative to S is also rectilinear: 
and uniform relative to S’. The above proof did not make use of 
the mutuality of such a relationship between S and S’. 

We now know that the desired formulas for the transformation of 
coordinates of events are of linear form. Below we shall find the 
coefficients in these formulas by assuming the postulate regarding: 
the independence of the velocity of light from the inertial reference: 
frame chosen. But first we must add something to the concept of the- 
event space described in § 205. 
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§ 207. In defining the space of events %[, we started by taking an 
inertial reference frame S in the physical space. Then in the affine 
Space YX we chose the origin O and the basis a,, a,, a3, a, of the affine 
coordinate system; the point M representing the event is determined 
in the chosen system by the coordinates (t, z, y, z) relative to S. 
If S’ is any other inertial reference frame in which the same event 
has coordinates (t’, x’, y’, 2), then the new coordinates are expressed 
in terms of ¢, x, y, z by linear formulas (2), § 206, with a non-vanishing 
determinant. But, in view of § 180, any linear transformation of 
four variables with a nonvanishing determinant can be treated as 
the transformation of affine coordinates in the four-dimensional 
affine space. Thus there is a new affine coordinate system in » defined 
by an origin O’ and a basis aj, a, aj, a, in which the point M repre- 
senting. the event in question has the coordinates (t’, x’, y’, 2’). 
Hence with every inertial reference frame in the physical space there 
is associated a definite affine coordinate system in the event space. 

§ 208. Let M, and M be two events which are observed on an 
inertial reference frame S. Assume that M, occurs at a given place 
(29, Yo. 29) Of the physical space at a given instant of time ¢, and 
the place (z, y, z) of event M is arbitrary; let ¢ denote the time of 
occurrence of M. Suppose that if tj < ¢, the light signal sent from 
the place of event MV, at instant ft, is received at the place of event M 
exactly at instant ¢, and if t << t,, the light signal informing the 
event M is received at the place of event M, exactly at instant fo. 
Then 


02 (t= ty) + (= t0)?+ (y= Yo)? + (2 — 29)? = 0 (1) 


where c is the velocity of light, because the path described by the 
signal equals its velocity multiplied by the corresponding interval 
of time. In space XY, the events M, and Af are represented by two 
points, also denoted by the same letters M, and M, in which JZ, 
is a fixed point and M the variable point. The set of all points M 
in Y{ determined by equation (1) is a cone with vertex M, |(see 
§ 186); this cone is known as the light cone of the event space at the 
point M,. Equation (1) defines the light cone in the affine system 
O, a1, 4, 23, a, which is associated with the inertial reference frame S. 
The interior of the light cone is characterized by the inequality 


— Cc? (t — to)? + (x — Xo)? + (Y — Yo)? + (2 — 20)? <0 


This inequality in combination with the condition t +f, defines 
one sheet of the light cone which we shall call the upper sheet. To the 
upper sheet there correspond those events M to which the light 
signal informing about the event M, reaches before these events take 
place. The second sheet of the light cone corresponding to the con- 
dition t < ft, is called the lower sheet; to this sheet there correspond 
events M which precede M, and the light signal informing about the 
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event M also reaches the place of occurrence of event M, before this 
event. 

The exterior of the light cone corresponds to those events M 
which cannot be connected by information with the event M, even 
by means of light signals (this will be the case if, for example, My 
and M take place simultaneously at different places of the system S, 
that is, are such that ¢ = f,). 

§ 209. We are now in a position to discuss how to obtain coefficients 
in formulas for transformation of coordinates of events when the 
inertial reference frame is altered. Let us change to the affine system 
O', a,, @;, a3, a, corresponding to the reference frame S’. In the 
new system the points M, and M have new coordinates but the light. 
cone is defined by the equation 


H(t 24. (0 a)? (y —y)2+ (2 —HP2=0 (2) 


analogous to the preceding equation, with the same value of ec. This 
is a consequence of the postulate regarding the independence of the 
velocity of light from the inertial reference frame chosen. 

Transforming equation (2) to old coordinates t, xz, y, z by using 
formulas (2), § 206, we have 


— 02 (1 —19)2-+ (2' — 25)2-+ (y’ —y,)?+ (224)? 
— A(t—to)?-+ B(t—to) (rx —1) +... + K (2—2%)? (3) 


Here the right hand side is a quadratic form in the differences t — ty, 
X — Xo, Y— Yo, 2 — Z whose coefficients A, B, ..., K are certain 
expressions in terms of the coefficients c;, of formulas (2), § 206, 
and c. 

If the right hand side of equation (3) is equated to zero, the 
equation of the light cone in old coordinates will be obtained. But in 
old coordinates this cone is defined by equation (1); accordingly, the 
coefficients of the right side of equation (3) must be proportional 
to the coefficients of equation (1). 

Therefore equation (3) must be of the form 


— 2 (t' — 18)? + (2! — 26)2-+ (y’ — yg)? + (2’ — 25)? 
— H {—c? (t— to)? + (x— 2)? + (y— Yo)? + (2 —2)?} (4) 


where Hf is a certain expression composed of the coefficients c;, 
present in formulas (2), § 206; moreover H > 0 (as a consequence of 
the law of inertia of quadratic forms). Assume now that in one of 
the two reference frames S and S’ the linear scale and the unit of 
time are changed by the same quantity; in that case all the differences 
t — ty, X — Lp, Y — Yo. 2 — Zp are multiplied by the same number 
(simultaneously, the coefficients c;, in formulas (2), § 206, undergo 
proportional change). Therefore, under compatible linear scales and 
units of time the relation H = 1 can be made to hold in the frames 
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S and S’. Henceforth it is assumed that such a compatibility has. 
been achieved in every case. Then for any pair of points M, and M 
we must have 
—c2 (t! —18)2+ (2! — 28)? + (y! — y2)?-+ (2' — 2)? 

= — C7 (t—to)?-+ (2&— Xo)? + (Y — Yo)? + (2— 2)? (9). 
aS a consequence of formulas (2), § 206. Thus in order that formulas 
(2), § 206, express the transformation of coordinates of events under 
a change from one inertial reference frame into another, the coef- 
ficients must be chosen so that relation (5) holds identically. These 
are the necessary conditions on the coefficients of the desired for- 
mulas. What is more, these conditions happen to be sufficient as 
well; namely, as the following analysis will reveal, under these 
conditions the arbitrary choice of the coefficients implies the arbitr- 
ary choice of the possible inertial frames. 

We need not carry out any computations in order to obtain the 
conditions about which we are talking. The desired result has been 
essentially obtained in the preceding section where we examined the: 
Minkowski space; what we have to do is to be able to extract this. 
condition from there. To this end, we introduce the Minkowski metric: 
in the space of events. 

With any pair of points M,, M of the event space we associate 
the number 

0 (Mo, M)=V — c2 (t— to)? + (4— a)? + (y— Yo)? + (2— 20)? — (6) 
which will be called the distance between the points (or events) 
M,, M. Simultaneously, we define the scalar product of any pair 
of vectors M,M, M,N by taking it equal to the bilinear form in 
the coordinates of vectors M,M, M,N; the coefficients of this bilinear 
form are naturally taken to be the same as those of the quadratic: 
form present under the square root in formula (6) (see § 191). 

Formula (6) expresses the distance between the events in coordi- 
nates relative to a definite inertial reference frame S. But as shown 
by relation (5), the choice of the inertial reference frame here is 
immaterial. In other words, the Minkowski metric introduced in 
the space of events is invariant under the change from one inertial 
reference frame to another. 

The distance between two events M, and M may be imaginary, 
zero or positive. Namely, op (M,, M) is imaginary if M, and M can 
be connected by information with the help of a signal whose veloc- 
ity <c; 90 (M,, M) = 0 if the information is possible only by using 
the light signal; 9 (MV,, M) >0O if even the light signal sending 
information about one event cannot alert the other. These three 
classes of events M correspond respectively to the interior of the 
light cone with vertex M,, the surface of the cone itself, and the 
exterior of this cone (see § 208). We note in passing that the light 
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‘cone of the space of events is nothing but the isotropic cone of the 
Minkowski metric introduced in this space. 

Formula (6) implies that the norm of the first basis vector of the 
selected affine coordinate system is ci and the norms of the remaining 
basis vectors are unity. Replacing the first basis vector by an imagi- 
nary-unit vector in the same direction and leaving the remaining basis 
vectors as they are, we shall now denote the basis vectors by e,, €., €3, 
.€, (in § 207 these vectors were denoted by aj, dy, a3, a,). Thus 


eé, = (1/c) a,, e@, = a,, @3 = 43, & = 4, 


and the first coordinate of the event is now ct, instead of t. We in- 
troduce new symbols for the coordinates of the event: 


Ch SS Xa, DS Key, pS ey Se 


‘The coordinates X,; will be called the normalized coordinates of the 
event. Formula (6) yields 


0? (MW, M) = —(X4—X})? + (X2—X9)? + (Xa — X39)? + (Xy— X9)* (7) 


where Xz; and X, are normalized coordinates of the events M, and M. 
In accordance with formula (7), the scalar product of two vectors 
x, y with coordinates z,, y, is given by 


LY = —LyYy + LoYo + Loy3 + Ty (8) 
Since formulas (7) and (8) have canonical forms, the basis e,, é@5, es, 
is orthonormalized and e? = —1 (see § 193). Suppose that in the 


physical space we change from the inertial frame S to the inertial 
frame S’. Then the coordinates of the events are transformed according 
to linear formulas; we write them for normalized coordinates in the 
compact form 


Xi= NquXatdi, i=1,2,3,4 (9 
k=1 


‘This transformation amounts to a change in the space of events from 
the affine system O, e,, @5, 3, e&, associated with S to the affine system 


O'” 1, @, e;, e, associated with S’. Because the metric in the space 
of events is invariant, the basis e|, e}, e,, e, is also orthonormalized 
and e’? = —1. Hence, if in the physical space one inertial reference 


frame is replaced with another, then the coordinates of any event 
(X,, X., X3, X,) are transformed by formulas (9), which coincide 
with the formulas expressing the transformation of orthonormalized 
coordinates in the four-dimensional Minkowski space. 

Thus we have basically solved the problem posed, because the 
question of transforming orthonormalized coordinates was studied 
in the preceding section (see § 201), only one detail remains to be 
examined which will be done now. 
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§ 210. To make the presentation simple, notice that by means of 
a trivial transformation of the inertial reference frames S and S’ 
formulas (9) may be made homogeneous. Indeed, let us recall that 
the inertial reference frame is a system composed of a material 
body 7, three Cartesian axes which are closely connected with 7, 
a scale, clock, and the initial moment of reference. Moving parallel 
the Cartesian axes of one of the frames S and S’, we can make them 
located in such a way that at a certain instant the origin of the axes 
of frame S coincides with that of frame S’; we take the moment of 
observation of this event in S and S’ as the initial moment of reading 
in both of these systems. Then to the zeroes values of ¢, xz, y, z there 
correspond zero values of zt’, x’, y’, 2. Hence the free terms 0b; in 
formulas (9) become zero and we obtain 

a 


ae a ainXr (1) 


In the space of events, formulas (1) correspond to a change in the 
basis of orthonormalized coordinates without changing the origin. 
Consider the light cone with origin as the vertex. Because the first 
vectors é€,, e,; of the old and new bases are imaginary-unit vectors, 
both of them lie in the interior of the light cone. Since the upper 
sheet of the light cone corresponds to the future events relative to 
the zero moment of the time reading in S, it follows that e, is indeed 
directed towards the upper sheet; but then e; also must be directed 
towards the same sheet of the light cone. This implies that the 
transformation (1) of normalized coordinates of events corresponds 
in the space of events to the shift to the new orthonormalized basis 
under the condition that the new basis vector e, lies in the same 
sheet of the light cone as the old basis vector e,. 

In view of § 201, this assertion may be formulated as follows: 
every transformation of normalized. inertial coordinates of events 
is the four-dimensional Lorentz transformation (here the Lorentz 
transformation is to be understood in the strict sense of the word). 

§ 211. We can now immediately obtain the conditions that must 
be satisfied by the coefficients q;, if formulas (1), § 210, are to express 
a transformation of normalized inertial coordinates of events; it is 
enough to refer to the matrix relation (6), § 2014 (see also § 196). It 
should only be borne in mind that now e,, and not e, as in §§ 196-201, 
is the imaginary-unit vector. Therefore in the given case 


—1 00 0 
040 0 
J=1 09 01 0 
0004 


Thus, if formulas (4), § 210, express the transformation of nor- 
malized inertial coordinates, the matrix Q = (q;,) satisfies the con- 


30-0779 
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dition 
*IQ=1, 1 > 09 (2) 


(the condition q,, >>0 implies that e, and e, lie in one sheet of the 
light cone). 

§ 212. The matrix Q can be put in a very simple form if suitable 
trivial transformations of the inertial frames in question are per- 
formed. 

Suppose that in the inertial frame S we change to new Cartesian 
axes but the time reading and the scale remain the same. Then the 
coordinates of events undergo a trivial transformation with the 
matrix : 


1 O 0 0 

_ O Go. Gos ax 
v= O ds. 933 ss 
O din G3 Vue 


because t’ = ¢t and 2’, y’, 2 are expressed in terms of z, y, z only. 
The matrix 


Joo 923 Ya 
Q,=1 932 933 ss 
Vso Was Vhs 


is the usual three-dimensional orthogonal matrix, well known in 
analytic geometry. The transformation of coordinates with the given 
matrix Q amounts to a change from the basis e; to the basis e; in 
the space of events, and if 


4 

a NS 
Ci = £: Piner 

h=1 


then the matrix P = (p;,) = (Q*)71 (see § 180). Hence 
1 O 0 0 
QO Poo Pex Pow 
O Ps, P33 Psa 
O Pio Pas Pre 
implying that e| = e, and the vectors e;, e;, e, are expressed in terms 
of the vectors e,, és, e, only by formulas whose coefficients constitute 
the matrix 

Poe. =P23 Pos 

P,=]| Ps. P33 Ps 
Peg Pas Pas 
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Evidently, P; = (Q7)71, and, accordingly, P, is also a three-dimen- 
sional orthogonal matrix. Consequently, the vectors ¢), ¢3, e, lie 
in the hyperplane determined by the vectors e,, e3, e, and they 
may be obtained by means of the usual Euclidean motion of the 
triple of the vectors é., €3, €, aS a whole. One should note here that 
on the hyperplane e,e,e, three-dimensional Euclidean geometry is 
valid (see § 195). Conversely, if in the space of events e| = e, and 
the vectors e;, e,, eé, are obtained from the triple of vectors é., e3, & 
by a Euclidean motion in the hyperplane e,e3e,, then such a trans- 
formation corresponds to the trivial change to new Cartesian axes 
in the system S. 

Let now S and S’ be any two inertial reference frames (compatible 
in the sense of § 210) and e;, e; the corresponding basis in thespace 
of events (origins O and O’ are assumed to coincide). If e| = e,, 
then S’ is obtained from S by a trivial transformation, which is 
clearly of little interest. We shall assume that e, ~ e, (the case 
e, = —e, is impossible, see § 210). Let at denote the hyperplane 
determined by the vectors €, €3, and @’ the one determined by 
the vectors e;, e;, e;. These hyperplanes have a common point O 
and are distinct. Therefore, in view of § 182, the hyperplanes a 
and a’ intersect along a two-dimensional plane B. We leave the vectors 
e, intact and change the triple of vectors eé,, é3, 4 by a Euclidean 
motion on @ in a new position such that e,, eg lie in p. Analogously, 
leaving e, intact, we change the triple of vectors e,, e,, e, by a Eucli- 
dean motion on @’ in a position where e, and e, also lie in 8 and, 
moreover, coincide with e, and e;. The notation of vectors is kept 
unchanged. To every change in the basis e; and e; there corresponds 
a trivial transformation of frames S, S’ of the physical space. 

We now have 


C4 == Darr + Pave + Pases + Pires 

€, == Poly Pores + Poses + Paula 

e,==-8+0+e3;+0 

e, =8+0+60+.e, 
Multiplying scalarly the two sides of the first equation by the cor- 
responding sides of the third equation and noting that eje, = 0, 
€,e, = 0, e,e, = 0, e,e5 = O, e2? = 1, we see that p,, = 0. Similarly, 


we can demonstrate that Pye — 0, Pos = 9,. Dx, = 0. Cecprtine ae 
the matrix P is of the form 


Pa Pie 0 0 

Pou Po, O O 

ter 0 oO 1 0 
0 0 O 1 


30* 
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whence 


Q= (P*) t= 0 0 (1) 


KQ 

iw) 

bb 

< 

bo 

No 
orFO;°O 
Er OO°O 


Thus by a trivial change of the inertial frames S, S’, the formulas 
expressing the normalized coordinates of events can always be put 
in the form 


X= W141 W12X9 

X= GorX4 t+ Yo2Xo (2) 
X,= X3 

X,=X, 


§ 213. To determine the remaining coefficients one could use con- 
ditions (2), § 211. However, for the special frames S and S’ the desired 
transformation has such a simple form that we prefer to obtain the 
final result directly, starting with identity (5), § 209, which expresses 
the invariance of the metric of the space of events. 

Let us go back to the physical notation of the coordinates 
of events, the preceding equations can then be written in the 
form 


t= Ati Ba, 2S] Di hs, y Sy, FS 2Z (1) 
For the given case, identity (5), § 209, assumes the form 
—et + P= OP + 


Substitution of expressions (1) into the left side of the last identity 
and.comparison of coefficients of the resulting quadratic form with 
those of the right side yield 


—cA* + PD? = —¢ (2) 
—2AB + DE =0 (3) 
—?B? + B= (4) 
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Now note that from physical considerations, described in § 240 
(see also § 211), one must have A > 0. The same considerations also 
imply that EF =~ 0, and, moreover, one can assume FE > 0 (by choos- 
ing a suitable direction on the z-axis). In view of (3), we have 


D _cB 
cA 6 E- 
Denoting each of these ratios by —B, we have D = —fcA, cB = 
= —fE. These together with (2) and (4) yield 
1 
AS aa E= 
Vi’ Vi- 
from which B and D can be found. Thus 
’ ra © 0 —ffet+-2z t ’ 
oe ee eee) 


We made use of all the algebraic conditions. Accordingly, the 
parameter f is arbitrary, or, more precisely, from the point of view 
of mathematics it must satisfy only the inequality 


1— p? >0. 


This parameter has a simple physical interpretation. To discover 
this, consider a point MM in the physical space which is fixed in the 
frame S’; the coordinates z’, y’, 2’ of this point are constants. The 
point M moves with respect to the frame S; differentiation of the 
last three equations in (5) gives the velocity of M in S: 


dr dy _ jaz OU 
Got: qet: wa? 


Thus all the points which are fixed in S’ move with respect to S$ 
with one and the same velocity (Bc, 0, 0) in the direction of the 
x-axis. This velocity, common to all the points of S’, is called the 
velocity of the motion of frame S’ relative to S. Denoting by v 
the component of this velocity in the direction of the z-axis, we 
have B = v/c. Inequality (6) yields 


Se Ea (7) 
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If the physical space does not impose any other restrictions on the 
velocity with which one inertial frame of reference moves relative 
to.another, then from the point of view of physics the parameter 6 
is restricted only by inequality (6). Hence in this case there are no 
other conditions, apart from relations (2), § 211, imposed on the 
coefficients g;, of transformation (1), § 210, and the problem posed 
before us has been completely solved. 

In other words, every transformation of normalized inertial coor- 
dinates is a four-dimensional Lorentz transformation; every four- 
dimensional Lorentz transformation can be treated as a transfor- 
mation of normalized inertial coordinates. 

At the same time, one can say that the transformations of nor- 
malized inertial coordinates constitute a group which is isomorphic 
to the four-dimensional Lorentz group. The homogeneous transfor- 
mations of normalized inertial coordinates constitute a group which 
is isomorphic to the four-dimensional homogeneous Lorentz group 
and is hence isomorphic to the group of non-Euclidean motions of 
three-dimensional Lobachevskian geometry (see § 202). 

§ 214. We note a few results which follow from our discussion and 
computations. 

(1) Inequality (7), § 213, implies that the velocity with which one 
inertial reference frame moves relative to another can only be less 
than the velocity of light. 

(2) Substitution of B = v/c into formulas (5) yields 


V 
t——— 2x 


? =, slag a y’ ’ (1) 
1 


| 1=2 
If v is small in comparison to the velocity of light c, then 


, 4 


tawt, 2£amwex—vt, y=y, 2 =2 


and thus the approximate formulas of classical physics are obtained 
(see § 204). 

(3) If two events (t,, z,), (t,, 2.) occur at different points of the 
z-axis in frame S but simultaneously (t, = ¢,), the first formula in 
(1) implies that ¢; # t,, because 2, # Lp. Thus the events taking 
place simultaneously in Ky do not occur simultaneously in S’. Hence 
the general synchronization of clocks assumed in classical physics 
is impossible (in this connection see § | 204). 

(4) Suppose that a pole of length Ax’ = x, — 7, lies in the equilib- 
rium position on the z’-axis in S’, and suppose ‘that in S in which 
this pole moves it is measured at a definite moment t. The second 
equation in (1) yields 
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t vA v2 
Ar=a%,—2,= Ax Y 1-4 


Thus the length of the pole relative to S is less than what is relative 
to S’. But if the pole is rotated in S’ and put on the y-axis, then the 
third equation in (1) implies that Ay = Ay’. Therefore we can com- 
pare the lengths of rigid poles in S and S’ by putting them across 
the direction of the motion, but one cannot choose the same 
scales on all the axes of both S and S’. This implies that the as- 
sumption that it is possible to unify scales on all the axes is 
contradictory. 

(5) Suppose that in S’ a particle moves along the z’-axis with the 
velocity - 


dx’ -, 
dt’ 


The frame S’ moves with velocity v relative to the frame S. Let us 
find the velocity u = dz/dt with which the particle moves relative 
to S. To this end, we write equations which are inverse to (1): 


whence 
dx’ 
dz p+ dt’ 
dt vu dx’ 
c* dt’ 
that is, 
v+ u’ 


(2) 
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This formula replaces the classical law of addition of velocities, 
according to which one should have u = v + w’ (see § 204 in this 
connection). Notice that 


ute 
v 
1+=ye 


=C 


which means that by the law of addition of velocities (2) the velocity 
of light when added to v again yields the velocity of light. This 
shows that only formula (2), and not the classical law of addition 
of velocities, is in agreement with the postulate regarding the in- 
dependence of the velocity of light from the choice of an inertial 
reference frame.* 


* For details concerning mathematical foundations of the theory of rela- 
tivity see A. S. Eddington: The Mathematical Theory of Relativity, Cambridge 
Univ. Press, Cambridge, 1922. 
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Constant Curvature 
Geometry 


Chapter 8 


Differential Properties 
of Non-Euclidean Metric 


8.1. Metric form of the Euclidean plane 


215. The source of all the following derivations is a careful 
analysis of the structure of the formulas expressing the result of 
measuring geometrical quantities. 

First we will examine the most simple case when the measurement 
is performed on the Euclidean plane. 

Let an orthogonal Cartesian coordinate system with axes Ox and 
‘Oy be given on the plane. Then it is known from analytic geometry 
that the square of the distance As between two points M (z, y) and 
M, (x + Ax, y + Ay) is given by the formula 


As? = Az? + Ay? (1) 
Furthermore, if M, (x + 6z, y + dy) is another arbitrary point, 
the cosine of the angle m between the segments MM, and MM, is 


Azz -+- Ayby 


VV Bet Ap V ba? 4 by? 


(2) 


Finally, the area o of the rectangle with vertices P, (z, y), 
P, (« + Az, y), Ps (x, y+ Ay), P, (a + Az, y + Ay) is 


o = Ax Ay (3) 


By means of suitable limiting processes these formulas yield more 
general formulas of differential geometry, which are applicable to 
‘curvilinear images. Namely, if z = @ (t), y =» (¢) are parametric 
equations of a smooth curve, the length s of its arc, as the parameter ¢ 
runs from a to b, is given by the integral 


and the square of the differential of an arc is 
ds* = dx* + dy’? (I) 
If dy/dx and dy/5x are the slopes of two curves at the point of their 
‘intersection, then the angle @ between the curves can be found from 
dx §6x-+ dy by (II) 


CoS OS: Oo 
PV dat} dy? V 62? + 8y2 
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Finally, if & is some squarable region, its area o is given by 


= \ \ dx dy (III) 


Dy 


Formulas (I), (II), (III) characterize analytically the law of 
measuring lengths, angles and areas expressed by the axioms of 
Euclidean plane geometry. Therefore the above formulas are said 
to define the Euclidean metric. 

In writing formulas (I), (II), (III) we made use of the orthogonal 
Cartesian coordinate system. Had we used any other coordinate 
system, the expressions for ds?, cos g and o would have had another 
form. 

For example, if r, 8 are the polar coordinates of any point and 
r = g (t), 8 = » (é) are the equations of some curve, the differential 
of the arc of this curve corresponding to the given dt can be expressed 
in terms of the differentials dr = q’ (¢) dt, d8 =’ (t) dt by means 
of the expression 

ds* = dr* + r* d0? (I’) 


If dr, d@ are the variations in the polar coordinates of the point 
{r, 8) when this point undergoes an infinitesimal change along some 
curve and 6r, 60 are the variations in the polar coordinates of this 
point along some other curve, then the cosine of the angle @ between 
the curves is 

dr 6r-+r2 dO 60 


SSS ES ———————e—EEeO——E™——————eee I : 
ae V dr? r? d6? VY 5r2-+ r2662 od 
Finally, if = is a squarable region and o its area, 
o= \ | r dr d0 (IIT’) 
: 


Formulas (I’), (II’), (III’) define analytically the metric of the 
Euclidean plane in polar coordinates. 

In order to remove the peculiarities which appear in formulas for 
ds*, cos g and o on account of the given coordinate system and in 
order to discover the general structure of these formulas, we shall 
obtain these formulas in an arbitrary coordinate system. The desired 
formulas will be obtained on the basis of formulas (I), (II), (III). 

Let there be given a coordinate system (u, v) defined by the equa- 
tions x = x (u, v), y = y (u, v) which enable us to obtain the Car- 
tesian coordinates z, y of a point in the plane if the coordinates 
u, v of this point are given (on the class of admissible coordinate 
systems we impose the condition that the functions z (u, v), y (u, Vv) 


are continuously differentiable and their Jacobian i = (): 


the last condition guarantees that the relations x = z (u, v), y = 
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= y (u, v) are reversibility in the neighbourhood of any point and 
that the functions u = wu (z, y), v = v (a, y) are continuously differ- 
entiable). 

Consider a curve u = u (t), v = v (t). If dt is the change in para- 
meter ¢ and ds the differential of the arc of this curve corresponding 
to dt, then the expression for ds can be obtain in terms of du = u’(t)dt, 
dv = u'(t) dt by substituting the quantities 


dz = = du += dv 
dy =— du+ > oe dv 


in the right side of the relation 
ds? = dx* + dy? (1) 


Performing this substitution, combining the terms containing 
du, du dv, dv* and introducing the notation 
Ox \2 , oy 
(a) +(3) =4 
Ox Ox Oy Oy 
mu aw te aw? (ct) 


(3) +(H) =¢ 
ds? = EF du? + 2F dudv + Gdv? (I*) 


Here the quantities E, F, G, which are determined in the coordinate 
system (u, v) chosen by equations (a) at every point of the plane, 
are completely independent of the curve chosen through this point. 
On the other hand, the differentials du, dv depend exclusively on the 
curve along which the point having coordinates u, v is displaced. 
Thus the expression on the right-hand side of (I*) is a quadratic 
form in the arguments du, dv with coefficients E, F, G. 

Furthermore, if du, dv and 6u, dv are differentials of the coordi- 
nates u, v corresponding to the displacement of the point in two differ- 
ent directions making an angle @ with each other, by substituting: 
the quantities 


_ 2 = me OY oY 
dz = —>— du du, dy = aa du +- a5 du 


we obtain 


dx — 6u += — 8y, by = 4 bu + 


in the formula an 
dz 5x-+dy dy 
V dz?+ dy? VY 522+ by? 


cos p= 
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and taking note of (a), we obtain 


E du 6u-+ F (du 6v-+ dv du) + G du dv 


V E du?-+ 2F du dv-+G dv? Y E §u?-+ 2F 6u 6v-+G dv? 


(II*) 


Finally, a change of variables in integral (III) yields the following 
expression for area o of the region 2: 


ea 
o= | ardy= ff | Ghana | / oo, | dud 
S ° 3] Ou dv 
=|) VEGF duav ; (IIT*) 


Ws 
Thus we now have the following three formulas 
ds? = E du* + 2F du dv + G dv* (1*) 
E du 6u-+ F (du 6v+- dv §u) + G dv 6v 
V E du?+ 2F du dv-+G dv? Y E 6u2-+ 2F $u 6v-+G 8v? 


nt \ V EG— F? dudv (III*) 


cos g = 


which represent in any coordinate system the lengths, angles and 
areas on the Euclidean plane. These formulas contain as particular 
cases formulas (I)-(III) and (I’)-(III’). 

It is now easy to see that the expressions for cos and o are in 
a definite manner constructed from the quadratic form ds’. 

Namely, the numerator in the right side of formula (II*) is a 
bilinear form obtained by modifying formula (I*) and the expression 
under the square root in formula (III*) is nothing but the discrimi- 
nant of form (I*). 

Hence the metric of the Euclidean plane is defined in every coor- 
dinate system by quadratic form (1*), which on this account is called 
metrie. 

The researches carried out by mathematicians and mechanicians 
of the nineteenth century showed that the geometric systems where 
the measurement of quantities is expressed, as in the Euclidean 
plane, analytically by differential quadratic form are an extremely 
common feature of geometry. They are the topics which precisely 
make up differential geometry. For example, as is known from the 
theory of surfaces (and which will be recalled in the appropriate 
place), the lengths, angles and areas of every surface in the Euclidean 
space are measured according to formulas having exactly the same 
strueture as formulas (I*)-(III*). 
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Our immediate task will be to prove that the class of geometrie 
systems just mentioned contains non-Euclidean Lobachevskian 
geometry, that is, in this geometry also the metric is defined by a 
differential quadratic form. 


8.2. The distance between two points 
on the Lobachevskian plane 


§ 216. Since we wish to study the differential-geometric character 
of the metric for the Lobachevskian plane, we must first of all derive 
a formula giving the distance between two points in terms of their 
coordinates (in a convenient coordinate system). 

At the root of formula (1) of § 215, which expresses the Euclidean 
distance between two points in terms of their Cartesian coordinates, 
lies Pythagoras’ theorem. 

Pythagoras’ theorem is not valid in non-Euclidean Lobachevskian 
geometry, and to obtain an analogous theorem is a very difficult 
task: what is more, the coordinate systems which can be introduced 
on the Lobachevskian plane in analogy with the Cartesian system 
turn out to be inconvenient in many respects. 

Therefore we abandon the path of development of the synthetic 
theory of Lobachevsky and choose another path which will lead 
us directly to the solution of the problem posed. We point out at 
the outset that the Lobachevskian plane will not be examined in 
isolation but as an object of the Lobachevskian space. 

Let a be the plane in question (in the Lobachevskian space) and 
take a point O on this plane. There are two horospheres touching @ 
at O (they lie on the opposite sides of a); choose any one of them and 
call it ©. All of the following discussion is based on the fact that 
elementary geometry on & is Euclidean (see § 47). 

We shall now establish some special mapping of a into 2. Namely, 
with every point M on @ we associate a point M’ on & where the 
horosphere is intersected by the line through M which is parallel 
to the perpendicular to a at O (Fig. 159; the direction of parallelism 
is on the same side of a as &). It is clear that the images of all points 
of « do not fill up the horosphere completely; let us determine this 
region. 

Consider a line OA in a which passes through O; let ON be the 
perpendicular to @ at O (the point N lies on the same side of @ as 2). 
On the bisector of “~ AON mark off a segment / such that. to it. there 
corresponds the angle of parallelism II (1) = 1/4; denote by ZL the 
endpoint of this segment. 

Due to the manner in which 1 is chosen, the line u, which is per- 
pendicular to the segment OZ at the endpoint Z and which lies in 
the plane of the angle AON, is parallel to the ray OA in one direction 
and to the ray ON in the other (Fig. 159). Since the line vis parallel 
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Figure 159 


to ON, it is the axis of = and hence cuts & at some point 7’. On the 
ray OA now take any point M (distinct from O) and draw through 
it a ray parallel to ON. In the plane AON this ray passes between the 
parallel lines TZ and ON. Therefore the point M’ at which this ray 
cuts the oricycle OT lies between the points O and 7. On the other 
hand, if between the points O and T a point P’ is taken on the 
oricycle OT and a line through this point is drawn from O to NV 
parallel to the line ON, then it will be parallel to wu in the same 
direction; in the other direction this line will lean towards the ray OA 
away from the line u and, accordingly, will cut OA at some point P. 
This means that every point of the oricycle OT lying between O 
and JZ is the image of a certain point of the ray OA. Finally, it is 
clear that the point O corresponds to itself. Thus the images of all 
the points of the ray OA fill up the arc of the oricycle OT with one 
endpoint 7 excluded. 

From this we immediately conclude that the images of all the 
points of the plane @ fill up a region on the horosphere 2% which is. 
“shadowed” by the arc OT (with endpoint 7 excluded) when it 
revolves about the line ON. ) 

From the point of view of geometry on a horosphere, this region 
is nothing but the interior of a disc k with centre O and the radius 
of which is the arc OT of the oricycle. The arc OT is known as the 
radius of curvature of the Lobachevskian space. If a certain arc of 
the oricycle is taken as the unit for measuring lengths on the horo- 
sphere X, the length of arc OT will be expressed in terms of a num- 
ber R. The number R (with the scale chosen) will also be called the 
radius of curvature. 

Let us associate with the chosen scale a definite part of the space; 
for example, let it be the interior of a sphere # whose radius is the 
distance between the endpoints of the arc of the oricycle which has 
been chosen as the scale. The quantity 1/R can be treated as the 
“measure of non-Euclideanness” of the space inside &. Namely, the 
larger the number A the smaller the difference between the Loba- 
chevskian and Euclidean spaces inside &. The precise meaning of 


4&0 Constant Curvature Geometry 


this statement is this: if z is any segment inside E, then the angle of 
parallelism II (z) tends to «/2 uniformly as R-— oo (see § 230). 

In the limiting case R = od the disc é is enlarged into the entire 
horosphere %, and then = coincides with @ and the space becomes 
Euclidean. 

On the horosphere & we introduce a rectangular Cartesian coor- 
dinate system (z’, y’) with the origin at O and the scale already 
chosen. In these coordinates the boundary of & is given by 


zr’? + y'? = R? 


We shall now introduce a coordinate system on the Lobachevskian 
plane a also. Namely, to every point M of a we assign as coordinates 
the two numbers 


m3 |S. 


x’ 
a a a 


where z’, y’ are the Cartesian coordinates of the image point M’ of 
the point M on &. 

It follows from the preceding result that the coordinates of any 
point of @ satisfy the inequality 


evt+y<i 


Conversely, if two preassigned numbers z, y satisfy the last in- 
equality, then there is (just one) point on @ with the given z, y as its 
coordinates. The numbers z, y are called the Beltrami coordinates 
of VM. 

§ 217. We now formulate our problem precisely. Namely we want 
to derive a formula giving the distance between two points M, (2,, y,) 
and M, (zz, y,) of a in terms of their Beltrami coordinates z,, y, 
and Zo, Yo. 

For the convenience of the reader the desired formula is derived 
in stages. 

(1) In the preceding subsection we set up a special mapping of 
the plane @ into the interior of the disc / of the horosphere %. This 
mapping possesses the following property, which is the basis of all 
the conclusions that follow: the images of points of any line in the 
plane a constitute an arc of oricycle inside the disc k. Indeed, to 
obtain the image of a point M on a we draw through M a ray parallel 
to the ray ON up to the point of intersection with the horosphere & 
(see Fig. 159); the point of intersection M’ is the desired image of M. 
Let an arbitrary line a be given in the plane a. Through every point 
of this line draw a ray parallel to the ray ON; all the rays drawn lie 
in one plane A, parallel to the ray ON, and fill up a strip in this 
plane. What is more, all the rays drawn are normal to the horo- 
sphere =; accordingly, the plane A cuts the horosphere % normally. 
But the normal section of 2 by A is an oricycle the part of which 
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lying in the interior of k constitutes the set of the images of all points 
of a. Thus the images of all points of an arbitrary line a lying in a 
constitute an arc of the oricycle, as asserted. 

(2) Consider a motion of plane a about itself, that is, a mapping 
of a into itself such that the distance between any two points of 
this plane is equal to the distance between their images. This map- 
ping will be expressed by M* = @ (JM), where M is any point of a 
and M* its image; the mapping of @ into the interior of the disc k 
of horosphere 2, examined above, will be written MW’ =» (M). The 
two mappings M* = @(M) and M’ =w(M) induce a mapping 
M’'* = y (M’) of the interior of k into itself; here M’ is any point 
in the interior of k, point M’* its image, and M’* = y (M’) = 
=p (M*), M* = @(M), M =w"(M’'), where w-! denotes the 
inverse of ~. In other words, under a motion of the points of the 
plane a their images are displaced on the horosphere 2; this very 
displacement has been expressed by M'* = y (M’). 

Note now that under the motion M* = qg (M) the points lying 
on a certain line in a are mapped into points also lying on one line; 
in short, under the motion of plane @ about itself all its lines are 
mapped into lines. Further, as shown in item 1, under the mapping 
M’ = yw (M) the points lying on one line in @ are mapped into 
points constituting an arc of an oricycle in the interior of k; in short, 
under the mapping M’ = w(M) of plane a into the disc k the lines 
of this plane are mapped into arcs of oricycles. Combining these 
two results, we can conclude that under the mapping M’* = y (M’) 
of the disc k into itself all the arcs of oricycles lying inside k are 
mapped into arcs of oricycles. 

In the sense of elementary geometry of the horosphere 2, which 
is a Euclidean geometry, the oricycles are straight lines. Taking 
note of this fact, the preceding conclusion can be stated thus: under 
the mapping M’* = y (M’) the interior of the disc k is mapped into 
itself in such a manner that the chords of k again become its chords. 

(3) We shall define the cross ratio of four points of an oricycle in 
exactly the same way as is done for four points of a Euclidean line 
(see § 137, formula (x)). 

Let M,, M; be any two points of the horosphere 2 lying in the 
interior of the disc k and M|*, M,* their images under the mapping y. 
Let P’, Q’ and P’*, Q’* be the points where the oricycles MM; 
and M! *M.* cut the disc k and are taken in such a way that ‘the 
order of points P’, Q', M;, Mj on the oricycle M‘\M, is the same as 
the order of points p’*, O'*, “MM. *, M;* on the ‘oricycle M\*M3*. 
Then 


(P'*Q'*M\*M;*) _ (P'Q' M, M3) 
that is, the cross ratio of the points P’*, Q’*, M,*, M;* equals the 
cross ratio of the points P’, Q’, M,, M: (see § 138). 


31—0779 
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(4) The last result holds the key to the solution of our problem. 

We are looking for a formula which will enable us to calculate the 
distance between any two points M, and M, of the plane a@ if their 
Beltrami coordinates are known. 

Consider the images M, and M; of the points M@, and M, under 
the mapping M’ =» (i) of the “plane a into the interior: of the 
disc & on the horosphere (see item 2), and through M{, M) draw 
an oricycle on X; let P’, Q’ be the points of intersection of this 
oricycle with the boundary of the disc k. Let (P’Q’M{M°) be the 
cross ratio of the points P’, Q’, M‘, M; defined on in the usual 
Euclidean sense. We assert that 

The distance between any two points M, and M, of the Lobachevskian 
plane a is given by the formula 


o0(M,, M,)=c|ln (P’Q'M,M))| (*) 


where c is a positive constant which depends on the choice of the scale of 
measurement. 

Proof. First of all note that 9 (W,, M,) > O if M, and ™, are dis- 
tinct points. Indeed, if M, and M, are distinct, then P’M)/M\QO' #« 
- P'M3/M5Q’; accordingly, (P’ O'M'M: Jeu and In (P’ Q'M’ M’ ) 
= (). Next, we shall establish the ‘following facts. 

(a) Suppose that under a motion M* = q@ (M) of the plane a about 
itself, the points M,, M, are mapped into the points M*, M%. To 
the points M,, M@,, M7, M* of a there correspond the points M,,M;, 
M\*, M** on the horosphere x and to the motion M* = © (M) 
there corresponds a mapping M’* = y (M’) of the disc & into itself 
under which the points M,, M; are mapped into the points M;*, M >. 
As above, let P’, Q’ be the points of intersection of the oricycle 
M\M, with the boundary of the disc k; similarly, by means of the 
points of the oricycle M\*M;,* we determine the points P’*, Q’*. 
If the symbols P’, Q’ and ‘p'*: Q’* are taken in a suitably consistent 
way, then, by item 3 above, we have 


(P’*Q'*M*M3*) =(P'OU MM) 
immediately implying that 
pe (My, MZ)=e(M,, M2) 

(b) On the line M,M, take a third point M,; such that M, lies 
between M, and M,. To the points M,, M,, Mz there correspond 
the points M_, M), M, on the horosphere 2 lying on one oricycle 
in which M; lies between Mand Mj. Let P’, Q’ have the old maning, 
but we assume that on the ‘oricycle MM. ‘Mi: the direction of P’Q’ 
is opposite that of M\|M,M,. Under this. condition, we have 
P'M)/M \Q’ > P’M; '1M.0'; * accordingly, (P'Q'M\M;) > 1 and in 
exactly the same way 


(P'?OM3Ms)<1, (P’Q'MyM;) <1 
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We write the relations 


tt = gE _ (P'M, . P'M;\( P'M, . P'M; 
LM = aq = (a7 ; 0) (sr70' © M3Q’ ) 
= (P'Q'MqM,) (P'O'M.M,) 


whence 
In (P'Q’ MM) = In (P'Q’M,M,) + In (P'O' MM) 
Since all the cross ratios present here are greater than 1, it follows 


that their logarithms are positive and consequently coincide with 
their absolute values. Thus we can write 


[In (P'Q'MyM;)] = [In (P’Q’MyM;)| + [In (PQ MM) | 
leading to 
: e(M,, M;) = p (M,, M,) +, pe (M2, Ms) 
(c) Let a segment EE, be taken as the unit of i tee Since £,, E. 
are distinct points, it follows that c, = | In (P.Q.E|E}) | > 0 (here 


P., Qe are the points of intersection of the oricycle E' FE, with the 
boundary of the disc k). If we set c = 1/c, in («), then 


p (£4, he) = f. 


Thus according to formula (+) a definite positive number corre- 
sponds to every segment, and 

(a) to equal segments there correspond equal numbers; 

(b) if M, is a point of the segment M,M, and the numbers 

o (M,, M,) = a, p (M., M3) = b correspond to the segments M,M, 
Ghd M.M 3, then the number p (M@,, M,) = a + b corresponds to the 
segment MM; 

(c) to a certain segment LF, there corresponds the number 1. 

But we know that these conditions uniquely define the length of 
a segment (see § 20), hence we have shown that formula (*) defines 
the length of the segment M,M,. 

The main portion of the derivation of the desired formula has been 
completed; the rest is connected with elementary computations. 

(5) As in § 216, we shall denote the Beltrami coordinates of a 
point M on plane a by z, y and the Cartesian coordinates of its 
image M’ on 2 by 2’, y’; we know that then 2’ = Raz, y’ = Ry. 

Besides the given points M, (z,, y,) and M, (x2, y-) on @, the dis- 
tance between which we have to obtain, consider their images 
M; (z;, y;) and M;, (x3, y;) on X. Let M’ (z’, y’) be any point of the 
oricycle M\M;. Setting M‘M'/M'M; =i we obtain the known 
relations 

’ i+ Az, / YitAYs 
alae eC: ds 7s (1) 

Let A = A, andA = A, be the values of the parameter (4 corresponding 
to the case when M’ occupies the positions of P’ and Q’, respectively, 


13* 
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on the boundary of k. Then we have 
(P'O' MGM, )= RO" > WO" = PM > OMT I, 


In order to find A,, A. we must substitute the right-hand sides of (1) 
in the equation of the boundary of k 


zr’? + y’? = R? 


and solve the resulting quadratic equation in A. Performing this 
substitution and changing to Beltrami coordinates of the given 
points, we have 


(24+ Ax)? + (yy t+ Ayo)? — (1 +A)? =0 

Writing 

ait yi—1=Q4, 

L4Lo + YY2—1=Qy 

r+ y3—1=Q, 

for brevity, the last equation can be written in the form 
QooA* + 2Q40A + Q4, = 0 

whence 


Xr — —Qie+ V 23, — 21 1Q99 
a ae 


Choosing A,, A> er we have* 


Q?, — Q2,,2 

P' M; M' = —V 12 11°22 <1 
( @ y= i 0 V 23 g — 2241290 
Consequently, 


V 237,—21 1209 211229 

M ’ M BS fy ae ell Mies ernie Pe 2 

: ( ; 2) Qiet+ V 22 — 241209 ( 

This is the desired formula. We shall take one more step, that of 

imposing a definite condition for the choice of the constant c. The 

thing is that at the proper place a certain scale was assumed to have 

been established on %; moreover, a scale was defined on a. As long 

as these two scales are not subject to any condition, the constant c 
remains undefined. 

The choice of scales will be governed by the following condition. 
Let M be any point of a, point M’ its image on 2; assume that M 
approaches O along a line, then M”’ will approach O along an ori- 
cycle. We require that 

OM 


lim ——-= 1 
M-O OM 


-* It should be noted here that the quantities Q,,, Q;,, Q.. are negative. 
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Figure 160 


where OM is the length of the line segment and OM’ that of the arc 
of the oricycle. We shall determine c by this condition. 

For convenience in computation, assume that M’ lies on the Oz’- 
axis of the Cartesian system introduced on X. Then 


OM'=2'=Rz, OM=p(0, M)=cln t= 


(we have applied formula (2) by taking z, = 0, y, =0, 7, = 2, 
Ye = 0), and therefore 


OM _ |. i+-a = 
mo OM’ rae Rz In tax =F 
hence c = R/2. 
The final form of the formula giving non-Euclidean distance 
between two points in terms of their Beltrami coordinates is 


R V 27,—231Q¢5 
M,, M.)=-—> In Sip V Bip 812g 3 
p ; 2) 2 Qig+ V 22.— 241200 ( ) 

§ 218. We shall now describe the Beltrami coordinate system 
without using the embracing space. 

For the time being we shall use the Cartesian system on the horo- 
sphere 2, as was done in § 216 when introducing the Beltrami coor- 
dinates. 

Let Ox’ and Oy’ be two oricycles which serve as the axes of the 
Cartesian system on the horosphere 2 (Fig. 160). Under the mapping 
of the plane a onto the horosphere > the oricycles Ox’ and Oy’ have 
as their preimages two mutually perpendicular lines in plane a 
passing through O; we shall call them Oz and Oy. Inside the angle 
formed by the positive directions of the lines Oz and Oy on a take 
any point M with Beltrami coordinates z, y; its image M’ on % 
has (positive) Cartesian coordinates x’ = Raz, y’ = Ry. From M 
draw a perpendicular to the line Oz and call the foot of the per- 
pendicular M,.. From M, draw a ray parallel to the ray ON (ON has 
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the same significance as in § 216), and let M; be its point of inter- 
section with X. Now notice that (a) M, lies on,.the oricycle Oz’ 
on its positive side; (b) the points M, M’, M,, M‘ lie in one plane; 
(c) the line MM,, is perpendicular to the plane NOM,,, and, con- 
sequently, the plane MM’ M,.M; passing through this line is also 
perpendicular to the plane NOM,; (d) the last result enables us to 
conclude that the arc of the oricycle M’M;, is perpendicular to the 
oricycle Ox’. Thus the point M;, on & corresponding to the point M, 
is the foot of the perpendicular, in the sense of the geometry of a 
horosphere, which is drawn from M’ to the axis Ox’. Similarly one 
obtains the points M, and M,;, on Oy and Oy’ (the construction is 
shown in Fig. 160). Thus we have 


| OM;,=x'=Rz, OM,=y'=Ry 
Setting 
OM, = &, OM, = C | 
we shall express these quantities in terms of x and y. We shal] find &, 
and € can be found similarly. Since we know the Cartesian coordi- 
nates of M).—they are x’, 0—we also know the Beltrami coordinates 


of M,,—they are z, 0. Therefore to obtain & it is enough to use for- 
mula (3), § 217, with 7, =0, y, = 0, z, = xz, y, = 0. This yields 


1+-2 rd 


1—z 


6é=—In 


2 
Similarly, 
fy. 1% 
a ey, 
These relations yield the desired expression for the Beltrami coor- 
dinates: , | 
§ C 

| x= tanh = | ye tanh EO (1) 
In deriving these formulas z, y, £, © were assumed to be positive, 
but if § and € denote the signed segments OM,, and OM y in accord- 
ance with the usual rule, then formulas (1) express the Beltrami 
coordinates for any position of M. This is because the hyperbolic 
tangent is an odd function: tanh (—a) = — tanh a. 

We are now in a position to describe the Beltrami coordinates 
without using the space embracing the plane; two mutually per- 
pendicular axes Ox and Oy and a scale are chosen on the plane; from 
any point M perpendiculars MM, and MM , are drawn to the axes 
Ox and Oy, respectively (Fig. 161). Thus two numbers OM, = & 
and OM, =€ are determined. The Beltrami coordinates of M are 
the numbers 


= : = aS 
z= tanh =, y = tanh = 
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¥ 


Figure 161 


If on the basis of the preassigned Beltrami coordinates xz, y we 
wish to obtain the corresponding point, we must find the segments & 
and ¢ first and then mark off these segments on the respective axes 
and, finally, erect perpendiculars to the axes at the endpoints of 
these segments; the point with given coordinates x, y is the inter- 
section of these perpendiculars. 

The perpendiculars just mentioned will intersect if and only if 
the given numbers z, y satisfy the inequality ‘ 

x" + y? < 4 
we know that this condition is both necessary and sufficient in order 
for the numbers z, y to be the Beltrami coordinates for any point 
of the Lobachevskian plane (see § 216). 

A striking feature is that a line in Beltrami coordinates is defined 
by a first-degree equation. Indeed, let u be a line in the plane a 
and M a variable point on this line with the current Beltrami coor- 
dinates x, y. On the horosphere = the image of wu is the oricycle w’ 
and the image of M is the point M’ with the Cartesian coordinates 
x’, y’. Because in geometry on a horosphere the oricycle u’ plays the 
role of a line, this can be represented in Cartesian coordinates by 
a first-degree equation 


A'x' + Bty' +. pe os 0 
Setting in this equation 2’ = Rz, y’ = Ry and, further, A’R = A, 
B'R = B, C'’ =C, we obtain the equation of the given line 
Azr+By+C=0 


which is a first-degree equation (subject to the additional condition 
a* + y? < 1). | 

§ 219. Somewhat later we shall have to use a transformation of 
Beltrami coordinates. 

Suppose that two systems of Beltrami coordinates (with the same 
scale, for simplicity) are given on the Lobachevskian plane. Any 
point M of the plane has the coordinates (x, y) in one of these systems 


and (x, y) in the other. The quantities (z, y) are functions of z, y. 
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It will prove important for us that these functions (1) are continuous- 
ly differentiable, and (2) have a nonzero Jacobian. 

We shall prove these facts. Let us perform a motion of the plane 
about itself so that the new coordinate axes coincide with the old. 
Then M is mapped into the point M* = q (M). It is easy to see 
that the old coordinates (z*, y*) of M* coincide with the new coor- 
dinates of M. Thus 


e*=2, yt =y 


Let us examine once more the already known mapping of the plane 
onto the horosphere = which touches the plane at the origin of the 
old coordinate system. The motion M* = @ (M) induces a mapping 
of the interior of the disc k on the horosphere > into itself; as before, 
this will be denoted by M’* = xy (M’). 

The mapping M'* = y (M’) transforms chords of k into chords 
of this disc. This together with the result of § 138 enables us to 
conclude that this mapping in the Cartesian system (z’, y’) on 2%, 
which corresponds to the Beltrami system (z, y) on the give: plane, 
is expressed by formulas of the form 


'* = az’ + by’ +c, 
an’ + Bly’ +’ 
y'* — agx’ + boy’ + Cy 
a’n’ + B’y’ +’ 
with the condition that 
Oy 
A=|a, 


, 


a p ¥ 


= Ww © = & 
>) 
wo  - = sy 
a) 


Using the relations z’ = Rz, y’ = Ry, 2’* = Rr*¥ = Rz, y'* = 
= Ry* = Ry, formulas (*) imply that | 


a,Rz+b,Ry+c; 
a Rp Ry+y'R 
—  —s ag Ra+beRy-+ cy 
4a RiP Ry+y'R 


of —— 


(**) 


If the new notation 
a,R=a,, b R=, C=C, 
a’ R2=a, B’ AR? =, yR=y 
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so the coefficients are introduced, then formulas (+*) assume the 
orm 
a,x byy+cy 
a+ By + Y cy 
~ __ agz+ boy+tey 
I ~az+py-+Y 
with 


ao Bp y¥ 


(because A = R#A" and A’ 0). Formulas (*++*) express the new 
Beltrami coordinates of any point M in terms of its old Beltrami 
coordinates (the coefficients a,, b,, ..., y in these formulas depend 
on how the new axes are situated with respect to the old axes). We 
shall now demonstrate that the formulas (+**) are meaningful for 
all admissible values of Beltrami coordinates, that is, for all values 
of z, y satisfying 2? + y?< 1. Indeed, if az, + By, + y = 0 for 
x, +y,<1, then for those values of z, y which are sufficiently 
close to 2, Yo and satisfy 27+ y7< 1, ax+ By + yO the 
corresponding values of zx, y would be as large as possible, which is 
impossible because xz? + y? < 1. 

Thus z, y are expressed in terms of x, y by means of rational frac- 
tions the denominators of which are not zero for all admissible 
values of x, y. This implies that z, y are continuously differentiable 
with respect to z, y at all points of the Lobachevskian plane. Further, 
simple computations yield 


D(z, y) _ A 
D(z, y) (a+ By+y¥)3 


showing that at all points of the Lobachevskian plane the functions 
x, y have a nonzero Jacobian. 


8.3. Metric form of the Lobachevskian plane 


§ 220. We are now in a position to establish the principal result 
that was stated in § 217: show that the metric for the Lobachevskian 
plane is defined by a differential quadratic form. To this end, we 
shall obtain the expression giving the length of the arc of any smooth 
curve. At the foundation of the following computations lies formula 
(3), § 217, expressing the distance between two points of the Loba- 
chevskian plane in terms of their Beltrami coordinates. This formula 
will now be put in a special form. 
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Let M,, M, be two points of the Lobachevskian plane, and let 
(x, y), (x + Az, y + Ay), respectively, be their Beltrami coordinates 
and Ap the length of the segment M,M,. The quantities Ar and Ay 
are assumed to be infinitesimally small. The quantities 2,,, 015, Qa 
present in the right side of formula (3), § 217, now assume the form 


Quo = a2 + y2—1+4+2Ar+y Ay 
Qoo = 22 + y2—14+ 22 Ax+ 2y Ay + Ax2-+ Ay? 


Q,=2+y—1 
a) 


All these quantities are negative because of the basic relation z? + y*< 
< 1 connecting the Beltrami coordinates of any point. Relations 
(1) yield 


Qi _ £24 ,8255 = (Qy— 6244)% — G44 (S255 — 28245 = 0241) 
=: (a Ax + y Ay)?+ (1-- x? — y?) (Ax? + Ay?) 
= (1—y?) Az? + 2zy Ax Ay + (1— 2?) Ay? (2) 
showing that Q¢, — Q,,Q., is a positive quantity which is infini- 


tesimally small “together with Az, Ay. 
Applying formula (3), § 217, we obtain 


Ape = Rt In Qi — V_ 2, — Qy 1200 on Bua n (1 2 V 2 9 — $241 Qo 
2 Qae t+ V QF O11 29. * Qe t V Qi. 241 Q00 
= RV Sutes a (a, y, Az, Ay) (3) 


where @ is an infinitesimally small quantity of a higher order in 


comparison to VQ — Q,,Q25.. Relations (3) and (2) yield the desired 
special form for formula (3) of § 247: 


ho R-VEL BEET OR ate, y, Ae, Ay) (4) 
from which the expression for the length of an arc can be easily 
obtained. 


Suppose that a curve is defined by the parametric equations 


tc=z(t), y=yle) 


When ¢ changes on the segment t,<.t<T the variable point de- 
scribes an arc A,A of the curve so that the variable point coincides 
with the initial point A, of the arc if ¢, = ¢ and with the final point A 
if¢ = T. If the functions z (¢) and y (#) are continuous on f; <t#<T 
together with their first order derivatives and if the derivatives do 
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not vanish simultaneously at any point of this segment, then the arc 
A,A will be called smooth.* 

It is important to establish that the smoothness of a curve does 
not depend on the Beltrami coordinate system chosen. To do this, 
consider any transformation of the given Beltrami coordinates into 
new Beltrami coordinates. Let (x, y) and (z, y) be old and new coor- 
dinates respectively of any point of the plane; z, y are functions of 
x, y: 

r=2z(t,y), y=y(z, y) 
As established in § 219, these functions are continuously differenti- 
able and their Jacobian does not vanish. This implies the existence 
and continuity of the derivatives dz/dt, dy/dt: 


dz dz dz , ou dy dy dy dx . oy dy 


Ga a ay a? | dt on da Oy at 
Further if dz/dt and dy/dt do not vanish simultaneously, it follows 
that dz/dt and.dy/dt also do not vanish simultaneously, because 


1. 
iS iasan 


| ax Ox 
| “Or. SOY 
Y |~40 
oy oy 
oz Oy 


Therefore the smoothness property which was assumed to be fulfilled 


in the (x, y) system will also be fulfilled in any other system (z, y). 
In defining the length of the arc A,A we proceed along the same 
lines as is done in defining the length of the are of the curve in 
Euclidean geometry. We divide the segment {,<t<T in any 
manner by the points ¢,, ..., ¢, arranged in increasing order: 


‘ij bom Gy tee be ee ec 


To every point ¢; there corresponds a point A; on the arc A,A. Con- 
struct a polygonal line A,A,A,...An,-,A and denote its length 
by o. Thus to every division of the segment tj<t< T there corre- 
sponds a positive number o, the length of thecorresponding polygonal 
line. 

Suppose now that any sequence of divisions of the segment t,< 
<t<T is taken such that the maximum length of the parts of the 
segment tends to zero. If the corresponding sequence of numbers o 
tends to a definite limit s which is independent of the sequence of 
divisions of tj<t<T chosen, then this limit, that is, the number 
s will be called the length of the arc A,A. 


— dx \? dy \2 . 
* The conditions (F) + (2) = 0 here has the same sense as in Eucli- 


dean differential geometry. 
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Setting 
A,Aj+,= Ap; 
x (ti44) — x (t;) = Azy, Yy (t144) — y (ti) =Ayy 
and using formula (4), the length of a polygonal line is given by 


n—-1 n—1 ee 
; V (4—y3) (Axg)* + 2ajysAziAys + (1— 23) (Ayi)? 
a 
1=0 i=0 
n—-1i 
+ >| a (xj, UTE Az, Ayi) 
im 
and passing to limit we obtain 
T Se eee 
s=R | AE a a a dt (5) 
—xr“—y 


to 


where the dashes denote differentiation with respect to t.* 

The integral in the right side of (5) exists because the functions 
z(t), y (t), x’ (t), y’ (t) are continuous. If the upper limit in the 
integral of formula (5) is variable, then this formula expresses the 
arc of the curve as a function of 7: 


s=s(T) 
The differential of the arc is given by 
_ p_VU—y) da? + day de dy + (1— aay? 
Rosine TO gy 
or 


1— y*) dx?+ 2zry dzd 1— x?) dy? 
de— Re Coe eee (6) 


Thus the square of the differential of the arc is a quadratic form 
in the differentials dz and dy. If we set 


R2(4—y? R2 
qo = E (2, y), Toate =F y) 
R2(1— 22 
Goa = G(z, y) (7) 


* To prove that 2a (z;, y;, Az;, Ay;) > 0, it is enough to notice that 
Q; = a (x;, y; Az;, Ay;) is a small quantity of the second order in comparison 
to At; = t;4, — t;. More precisely, if the entire curve lies in the domain 1 — 


— 2? — y2? >e>0, then the ratio | a; |/At7 is bounded above by a number 
that depends on e and on the upper bounds for the quantities | x’ (t) |, | y’ (¢#) |. 
This follows from the definition of a; according to formula (3) and from the 
expressions for Az;, Ay; in terms of At; according to Lagrange’s formula. 
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formula (6) can be written in the form 
ds? = E dz? + 2F dx dy + G dy’ (8) 


The quadratic form E dz* + 2F dz dy + G dy’ defines the length of 
curves in the Lobachevskian plane. On this account it will be called 
the metric form for the Lobachevskian plane. 

§ 221. We shall now derive a formula for the angle between two 
curves. As shown in § 218, the equation 


Az + By +C=0 (1) 


represents a line in the Beltrami coordinates. If a point M, (z,, y;) 
lies on this line, its coordinates must satisfy equation (1), that is, 
we must have 

Az, + By, + C=0 (2) 


Subtracting (2) from (41), we obtain 


y— y= k @ — X) 
where k = — A/B. 

The quantity & in the last equation will be called the direction 
parameter of the line. 

The angle between any two curves is naturally defined as the angle 
between their tangents. Since a line in Beltrami coordinates is 
represented by a first degree equation, it follows that the equation of 
the tangent in these coordinates has exactly the same form as the 
equation of the tangent in the Cartesian coordinates in the Eucli- 
dean plane, and its direction parameter is expressed in exactly the 
same way as the slope of the tangent in Euclidean geometry. 

Indeed, let a curve be given in the parametric form: 


z=g(t), y=ry(t) 


On this curve take two points M and M’ corresponding to the two 
values ¢ and z#’ of the parameter. The equation of the secant MM’ in 
Beltrami coordinates is evidently of the form 

A—@(t) oY — (2) 

pt)—@Pt) = p(t’) —P (t) 
Dividing the denominators of both sides by t’ — t and then taking 
the limits as t’— ¢, the equation of the tangent is obtained in the 
form 


X—9@(t) _ Y¥—vi(t) 


TC i 
and the direction parameter 
ka?) _ ay 


g(t) dz 
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Let us take any two curves whose directions of which at the common 
point M (a, y) are given by the parameters hk, = dy/dz, k, = dy/6z. 
We shall prove that the angle @ between these curves is expressed 
by a formula with exactly the same structure as formula (II*) of 
§ 215, giving the Euclidean angle in an arbitrary coordinate system: 


E dz 6z-+-F (dx dy + dy 6x) +G dy &y (3) 

V E dz?+ 2F dx dy +G dy? Y E $z?2-+ 2F dz by +G Sy? 

We shall first establish that the right side of this formula remains 
invariant umder a transformation of Beltrami coordinates. 


Consider a new Beltrami coordinate system (z, y), besides the 
coordinate system (z, y), whose origin and direction of axes are 
arbitrary. We represent the metric formula for the Lobachevskian 
plane in new coordinates: 


dst= E dx?+2F dx dy + G dy? 
Since ds? does not depend on the coordinate system, we must have 
the identity 
E dz?+-2F dz dy+G dy? = E dx?+ 2F dx dy +G dy? (4) 


Assuming that the old and new coordinates are connected by the 
formulas 


cos @ = 


and replacing x and y in the right side of identity (4) by their ex- 
pressions in terms of z, y, we obtain 
Elda? + 2F dx dy +G dy»=[ E (= \ EN) eae +6 ( (=) az 2 
" ax Oz 
Ox Ot Ox Oy Ox Oy Oy oy ee 
| een 1 <7 eee . oe G—= =. 
+2[z = + F (= a ae =) + Ox pes 
=) thd Oy 
E (|= 2F — G y2 
But the quantities dz, dy, being differentials of duaas vari- 
ables, can assume arbitrary values; therefore the coefficients of the 
differential quadratic form on the left side of the last identity are 
equal to the corresponding coefficients on the right side of the same 
identity: 
= Ox oy 
E=E |—= 2F — G 


) 
Ox Ox | 
Foe pre 4 4) Bea (5) 
Ox Oy dy Ox 
J 


G=E (=) 4297 oe a = +6(2)" 
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The numerator in the right side of formula (3) is a bilinear form 
E dx 8x + F (dx dy + dy 5x) + G dy by 


that is, a homogeneous form linear in the two systems of variables 
dx, dy and 6z, dy. It is easy to see that this form remains invariant 
under a transformation of Beltrami coordinates, that is 


E dx 6x + F (dx dy + dy 6x) + G dy by 
=F dz dx + F (dx dy + dy 6x) + Gdy by = (5a) 


Indeed, replacing the quantities EZ, F, G on the left side by their 
expressions given by (5), using the relations 


daa drt eedy, = dys 4 dz 4 Lay (5b) 
Ox Oy 4! Ox Oy 

ba = bn 4 = By, by = 4 624+ 4 by (5c) 
Ox oy Ox Oy 


and performing some simple computations, we obtain the right side 
of formula (5a) and show the validity of this formula. However, 
identity (Da) can be obtained very easily without using the expres- 
sions for £, F, G in terms of EL, F, G under condition (4); that is, 
without using formulas (5). The thing is that relation (4) holds iden- 
tically, as a consequence of formula (5b), for any dz, dy. Therefore 
(or, if one likes, as a consequence of formula (5c)) 


E 622-4 2F or by + G 6y2 = E 622 +2F 62 by +Gby2 —(4a) 
E (dz + 8x)? + 2F (dz + 82) (dy + 5y) + G (dy +- 8y)? 
_ = E (dx + 62z)*+ 2F (dx + 62) (dy + dy) + G (dy + dy)? — (4b) 


Subtraction of (4) and (4a) from (4b) results in (5a). 

We have proved the invariance of the numerator in the right side 
of formula (3). The invariance of the denominator is expressed by 
the relations (4) and (4a). 

Thus the right side of formula (3) remains invariant under a change 
of Beltrami coordinates. 

Suppose that we are givena point M with Beltrami coordinates xz, y 
and two curves passing through M having direction parameters 

dy dy 
k= re k 
In order to show that (3) gives the angle @ between the given curves, 
we introduce a new system of Beltrami coordinates with M as the 
origin. In the new coordinate system FE, F, G will have new values 


as will the direction parameters of the given curves (the ratios of 
differentials of new coordinates) but the quantity in the right side 
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of (3) remains unchanged. We avoid making matters more complicated 
by retaining the old symbols for the quantities in question. 

We now havez = 0, y = Oat M. Application of formula (7), § 220, 
yields the following values for E, F, G at M: 


E= fh, f= 0, G = R 
and formula (3) assumes the form 
dz dx-+-dy by 
V dz? dy? VY 627+ by? 
Consider the horosphere 2 which touches our plane at M, that is, at 
the origin of the new coordinate system; we map the plane onto the 
horosphere as we did in § 216. To every point of the plane with 


Beltrami coordinates (x, y) there corresponds a point on & with the 
Cartesian coordinates (z’, y’), and 


COS @ = 


(*) 


a , 


z y 


ae a ae 2 


Replacing the arguments in the right side of formula (+) by the last 

formulas, we obtain 
dz’ §x'+dy’ dy’ 

V dx’?-+-dy’? Y 52’? by”? 
This formula coincides with Euclidean formula (II), § 215, making 
clear that this gives the angle between the images on 2 of two given 
curves. But at the point of contact of = with our place the angle 
between any two curves in the plane equals the angle between their 
images on the horosphere. Consequently, formula («*), and hence 
formula (*), gives the angle between the two given curves on the 
Lobachevskian plane. Thus it is proved that at any point and in any 
Beltrami coordinates the angle is given by formula (38). 

§ 222. Finally, we examine the question of determining areas. 

In the Lobachevskian plane we shall consider all possible finite 
regions which are bounded by smooth closed or piecewise smooth 
closed curves. Assume that with every such region a positive num- 
ber is associated such that 

(a) equal numbers are associated with congruent regions; 

(b) if the region Q is divided by a piecewise smooth curve into 
two regions 9, and Q,, the number associated with 9 equals the 
sum of the numbers associated with Q, and Q,. 

In other words, one can say that a positive function of region 


o = f (Q) 


is defined which (a) assumes equal values on congruent regions, 
(b) has the additive property, that is, 


f (Qy Se Q.) =f (Q;) a f (Q2,) 


(*#) 


cos = 
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(here Q, + , denotes a region composed of the points of Q, and Q, 
as well as the points of the dividing curve). 

We shall also define the concept of continuity for a function of 
region, but to do so we must first define the convergence of sequences 
of regions. 

With every point of the bounded region Q as centres draw discs of 
radius e. The set of interior points of all such discs will be called an 
e-neighbourhood of Q. The e-neighbourhood of the boundary of the 
region is similarly defined. Let 9; denote the set of all points of 2 
except those which belong to the e-neighbourhood of its boundary. 
Suppose that an infinite sequence of bounded regions Q,, 0., ... 

-, Q,, ... is given. We shall say that the sequence Sig heaps ae 

., Q,,... converges to the region Q if for any ¢ > O a number NV 
can be found such that for any nN the region ®, is enclosed in 
the e-neighbourhood of 2 and it itself encloses Qs. 

The region function f (Q) will naturally be called continuous if 
for any region @ and a sequence of regions Q, converging to it the 


relation 


holds. For the positive region function conditions (a) and (b) imply 
its continuity, but we shall not prove this statement. In order to 
simplify things we shall simply assume that the positive region 
functions examined below are continuous. 

The area of the region Q in the Lobachevskian plane is the value 
assumed on this region by a positive function f (Q) satisfying condi- 
tions (a) and (b). 

Here it will be natural to raise the question as to how far condi- 
tions (a) and (b) determine a positive function f (Q2). This question is 
answered by the following theorem. 

Theorem. Jf @ (Q) is a positive region function satisfying conditions 
(a) and (b), then any other positive region function satisfying the same 
conditions can be expressed in the form ko (Q), where k is a positive 
constant. 

Thus, according to the definition just given, the areas of all the 
regions are determined to within a constant factor. This factor can 
be fixed if a certain region Q, is given a unit area; then the area of 
any region can be put in the form 


a as P rn 
where o (92) is an arbitrary region function satisfying conditions 
(a) and (b). 

Let us prove the above theorem. Note that the propositions of § 48 
imply the validity of this theorem for triangles; namely, if f (2) is 
a positive region function satisfying conditions (a) and (b), A is 
32-0779 
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a triangle and D (A) the defect of this triangle, then 
f (A) = k'D (A) (1) 


where the constant k’ does not depend on the choice of A. If @ (Q) is 
any other positive region function also satisfying conditions (a) 
and (b), then, similarly, 
p (A) = kD (A) (2) 
If we set 
k'/k" =k 
we have from (1) and (2) 
f (A) = k@ (A) (3) 
Evidently a similar relation connects the values assumed by the 


functions f (Q) and @ (82) on arbitrary polygons. Indeed, taking any 
polygon S, divide this in some manner into triangles Aj, A, paste canal ee 


S=A,+A,+...+ A, 
Applying relation (3) to triangles: 
f (Ay) = ke (Ay), «~~, fF (An) = ke (Az) 
and summing up the results obtained, we find that 


f (Ay) + f (Ag) +... + f (An) = & lp (Ay) +... + @ (A,)I 


But because the functions f and @ are additive, the last relation can 
be put in the form 


f(A, + Ag+... + An) = kp (Ay +... + An) 


or 
f(S) = kg (S) 

Suppose that Q is now an arbitrary region. We choose a sequence 

of polygons Q,, Q,,..., Q,,... converging to 92 in the above de- 


fined sense (that such a choice is possible will not be proved here). As 
shown just now, f (Q,) = ko (Q,) for each of these polygons. Pas- 
sing to limit asm— oc and noting that f and @ are continuous func- 
tions, we find that 

f (Q) = kp (Q) 


that is, conditions (a) and (b) indeed determine a positive region 
function to within a constant factor. The existence of a function with 
these properties remains to be proved. 

We shall demonstrate that the double integral 


#(Q)-= | | V EG—Fdzdy (4) 
“9” 
is a continuous positive region function satisfying conditions (a) 


and (b). 
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First of all notice that because of the basic relation x?+ y? < 14 

for Beltrami coordinates, the integrand 

——______ R2 
is positive and continuous at all points of the Lobachevskian plane. 
This implies that the integral on the right side of (4) exists for any 
bounded region 9 and has a positive value. 

Further, if the functions FE, F and G are fixed, that is, if a definite 
Beltrami coordinate system is chosen, then the value of integral (4) is 
determined only by the region of integration. What is important, 
however, is that in reality this value does not depend on the Beltrami 
coordinate system chosen. To prove this, consider, apart from the 
given Beltrami system (z, y), a new Beltrami system (z, y), and let 
E, F, G and E, F,G be the coefficients of the metric form of the 
Lobachevskian plane in the old and new coordinates, respectively. 


Using formulas (5), § 221, and performing some simple computa- 
tions, we have 


ee ae 22 

E F E Fl} ox oy 5 

Fool |r Gl|ay a ») 
Ox ay 


If we form the analogue of (4) in the new coordinates and make use 
of (5) and of the formula for a change of variables in a multiple 
integral, we obtain 


ee, ee 

=—_—_—_—_——- reas eee? Ox dy ee 

[| VEG—Pdzay= || VEG—P| 4, “ay [42 
° : 6x = oy 


— | ( VEG—Fedzd 
i ea 


showing that integral (4) remains invariant under a change of coor- 
dinates. 

Now we shall prove that the region function f (Q) defined by (4) 
satisfies conditions (a) and (b). 

Let Q and Q’ be two congruent regions. We have to show that 
f (Q) = f (Q’). Because Q and Q’ are congruent, there is a motion of 
the plane under which Q is superposed on Q’. Suppose that under 
this motion the coordinate axes Ox, Oy assume the positions O’z’, 
O’y’. Apart from the old Beltrami coordinate system zx, y, consider a 
new system x’, y’ with axes O’z’ and O’y', and suppose that 


ds* = E dx* + 2F dx dy +G dy’ 


32* 
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and 
ds? = FE’ dx’? + 2Fdz' dy’ + G’ dy” 


are two representations for the metric form for the Lobachevskian 
plane in the old and new system, respectively. Let M be any point of 
Q and M’ the point into which M is mapped when 2 is superposed 
on 2’. It is easily seen that the old coordinates of M are the same as 
the new coordinates of M’ and the values of E, F, G at M are respec- 
tively equal to the values of EZ’, F’, G’ at M’. Therefore 


\ \ V EG — F? dz dy = \ \ V E'G’ —F° de’ dy’ 
Q Q? 


But we have seen that the value of integral (4) considered over some 
region does not depend on the coordinate system chosen; thus 


jie F® dz’ dy’ = eral F? dx dy 


whence 
|| Vie—F Fe dz dy= || VEG—F? dz dy 
(2’ 02 


We have thus shown that the function 
4(Q)= \ J V EG— F? dx dy 
Q 


satisfies condition (a). That this function also satisfies condition (b) 
is a Straightforward corollary of the additivity property of the inte- 
gral: if the region Q is divided into two regions 9, and Q,, then 


ir piel Tt aa Poet) | aa F? dx dy 


or 
f (Q,+Q,) = f (823) + f (225) 


We agreed above to call the area of 9 the value of the positive 
function f (2) satisfying conditions (a) and (b). In accordance with 
this definition and the above theorem, the area of a region may be 
expressed by the formula 


f(Q)=k \ | VEG—F az dy (6) 
Q 


where k is a constant which is fixed by the choice of the unit of mea- 
surement of area. 
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The unit of measurement of area will now be put in a definite 
connection with that of length. 

In Euclidean geometry the connection between the unit of areas 
and that of lengths is established by choosing the unit for area as 
a square whose side is the linear unit. Something similar wil] be 
done in Lobachevskian geometry. 

Consider once again the horosphere & which touches the plane at 
the origin of the chosen Beltrami coordinate system; to the Beltrami 
coordinates (x, y) on the plane there correspond the Cartesian coordi- 
nates (z’, y’) on > 

Let Q’ be a square on & (square in the sense of Euclidean geometry 
of the horosphere +) having one vertex at the origin, one side on the 
positive semiaxis Ox’, and another side on the positive semiaxis Oy’. 
Let a be the length of the side of this square. To Q’ there corresponds 
on the plane a certain quadrilateral Q (explicitly, Q is the preimage 
of Q’ under a mapping of the plane onto 2, which was defined in § 216). 

Denote by S (Q’) the Euclidean area of Q’ [S (Q’) = a?] and by 
S (Q) the area of the quadrilateral Q for a certain area unit on the 
plane. The unit of areas chosen will be subject to the condition 


With this condition we shall find & in formula (6). Note that the 
(closed) region Q’ on 2 is determined in the Cartesian coordinates 
(x’, y') by the inequalities O< 27’ <a,O0< y’ < a. Because to the 
point (x’, y’) on & there corresponds on the plane a point with Belt- 
rami coordinates x = x'/R, y=y’/R, it follows that the (closed) 
region Q is determined in Beltrami coordinates by the inequalities 


0<t<qQ, ONU<y 


Thus we have 


“R 
{ R2 dx dy 
(1—2?— 92372 


oft 8 


S(Q)=k | | V EG—F? dx dy =: k 
Q 


which yields, after elementary calculations, 


(Q) k R R R2dzd 
e © Lt Y — jr 
im soy slime | | aoasape 


Hence 
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Thus with the unit of area chosen the area of any region Q is given 
by the formula 
S(Q)= || V EG— F2dz dy 
“9 
Notice that the area of a triangle A is then given by 
S (A) = R?D (A) 


where D (A) is the defect (this formula may be compared with for- 
mula (I’), § 48). 
§ 223. Formulas 


ds? = FE dx*+-2F dx dy+G dy? (1) 
E dz 6x+ F (dz by + dy 6x) +G dy by 


SQ = ———_—___ ] 
pe V E dz?-+2F dz dy +G dy? Y E $x?-+ 2F dz Sy +G by? (1) 
S(Q)= \ \ V EG— F? dx dy (III) 
Q 
the first of which in the expanded form is 
ds? = R? (14 — y?) dx?-++ 2ry dz dy + (1— x?) dy? (x) 


(1—z?— 2)? 


give in Beltrami coordinates the lengths, angles and areas on the 
Lobachevskian plane. 

In their structure, these formulas completely coincide with formu- 
las (I*), (I1*), (III*) of § 215 giving the values of geometrical quanti- 
ties on the Euclidean plane. Of course, the values of the coefficients 
E, F, G in formulas (1*)-(II1*) of § 215 are different from those of the 
coefficients FE, F, G in formulas (I)- (III) of the present article. 

Because the quantities LE, F, G in formulas (II) and (ITI) are the 
coefficients of form («), the form (x) is said to define the metric for 
the Lobachevskian plane. 

§ 224. Hitherto we have exclusively used Beltrami coordinates. 
Now the class of admissible coordinate systems will be enlarged. 
Starting with a given Beltrami coordinate system (x, y), we introduce 
new coordinates by means of two relations of the form 


u=UuU(r, yy) %v=v(z, y) (*) 


provided that the functions wu (z, y), v (x, y) are continuously differ- 
entiable and have a nonvanishing Jacobian for all values of z, y 
such that 2? + y* < 1. The quantities (u, v) will be treated as the 
new coordinates ofa point M (z, y). The conditions that the func- 
tions in question are continuously differentiable and that their 
Jacobian does not vanish are imposed so that the definition of a smooth 
curve given in § 220 for Beltrami systems remains valid in the 
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new coordinate system. Moreover, under these conditions, the equa- 
tions (*) are reversible and their inversion yields the functions 

x= 2 (Uu, Vv), y =yu, v) (+«) 
which are continuously differentiable and which have a nonvanishing 
Jacobian. The direction of a smooth curve wu = u (t), v = v (t) is 
given in the coordinates (wu, v) by the ratio dv/du; indeed, relations (++) 
imply that | 


and, hence, the direction parameter k = dy/dz is known if the ratio 
dv/du is. ‘ 

Writing formulas (I), (II), (IIT), § 223, in the new variables (u, v) 
yields formulas of exactly the same structure (but with different 
E, F, G): 


ds* = EF du2-+-2F du dv+ G dv? (T) 
E du 6u- F (du 6v-+ dv 6u) + G dv 8v 
6S: O° SS SS ({I) 
V E du?+ 2F du dv+G dv? Y E §u2-+- 2F §u 6v-+G 6v? 
S(D)= | V EG— F? du dv (IIT) 
“D 


which express the differential of an arc, the angle between curves and 
the area of a region in the system (u, v). In order to use these formu- 
las it is enough to know only the coefficients of the quadratic form(I), 
that is, E = E(u, v), F = Fu, v), G=G(u, v). On account of 
this, the quadratic form (I) is said to define the metric for the Loba- 
chevskian plane in (uw, v) coordinates. 

Let us examine one important example of the transformation of 
coordinates: 

E tanh (n/R) 
+= tanh : Y = cosh (E/R) (E/R) (1) 
where (€, ») are the new coordinates. If z, y satisfy the inequality 
vt y*? < 1, then equations (1) are uniquely reversible; accordingly, 
they define a transformation of coordinates on the entire Lobachev- 
skian plane. Replacing z, y in the metric form 
= (1— y?) dx?+- 2zry dz dy +-(1— x?) dy? 
ds* = R2 ~ “fay 


by the right-hand sides of relations (1) and performing some simple 
computations, we obtain the metric form for the Lobachevskian 
plane in &, » coordinates: 


ds? = cosh? 5. .d&?+- dr? (2) 
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Figure 162 


Therefore, formulas (II) and (III) yield 
cosh? (y/R)-d& 6&-+ dy dy 
Y cosh? (n/R)-d&2?-+-dn? Y cosh? (n/R)-5&2+ by? 


S (D) = \ \ cosh (n/R)-d& dy 
D 


cos @ = 


In metric form (2) the term with the product d& dy does not appear. 
Notice that in the metric form 


ds? = EF du? + 2F du dv + G dv 


in general (u, v) coordinates, F will vanish if and only if the family of 
coordinate curves 
u = const., Vv = const. 


is orthogonal. Indeed, the directions of coordinate curves are charac- 
terized by the differentials dv, du = 0 and dv = O, du, with dv in 
the first case and du in the second being arbitrary variables. From 
this and (II) for the angle @ between the curves u = const., v = 
= const., we have 
F 
COS & VEG 

Hence if » = n/2, then F = O, and conversely. 

The absence of the term d& dy in form (2) therefore implies the or- 
thogonality of the family of coordinate curves & = const., n = const. 

Let us give a geometrical description for the coordinates &, n. 
Consider two mutually perpendicular axes Ox, Oy which are used to 
define the Beltrami coordinates z, y (Fig. 162). Taking an arbitrary 
point M (zx, y) in the plane, draw a perpendicular from M to Ox 
and denote the foot of this perpendicular by M,.. A comparison of the 
first of formulas (1), z = tanh (€/R), and the first of formulas (4) 
in § 218 reveals that they are identical. Accordingly, § = OM, 
and we can conclude that the equation — = c (c is constant) represents 
a line perpendicular to the Oz-axis. For this curve formula (2) 
gives ds* = dy* or ds = + dyn, the integration of which yields 
M,M = + 7-4 (a is constant). Setting y = 0 in the second of 
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the formulas (1), we find that y = 0. This implies that when ™ lies. 
on the Oz-axis one must have n = 0. Accordingly, a =O and 
M,M = +74. Notice finally that the second of formulas (1) shows. 
that y >O if y >O and jy < Oif y < 0. Thus y expresses the signed 
segment M.M according to the usual convention. The quantities (&, n). 
are known as the first coordinates of M; the quantities (€, ¢), in 
terms of which the Beltrami coordinates (x, y) were expressed in 
§ 218 (see also Fig. 162), the second coordinates of M. In Lobachevskian 
geometry always yn + C. 

It is easy to understand that the coordinate curves § = const. are 
lines perpendicular to the Oz-axis and the coordinate curves n = 
= const. are equidistants orthogonal to them. 


‘ 
¢ 


8.4. Intrinsic geometry of a surface 
and the Beltrami problem 


§ 225. By intrinsic geometry of a certain surface is meant the set. 
of those properties of this surface which can be discovered by means. 
of measurements that can be performed on the surface itself. 

Euclidean planimetry is evidently a particular case of intrinsic: 
geometry understood in the above sense. 

The results obtained in the previous sections naturally lead to the 
question: Is it possible to treat Lobachevskian planimetry from the 
known point of view as an intrinsic geometry of a certain surface in 
the Euclidean space? 

This question, raised in Beltrami’s work “The Interpretation of 
Non-Euclidean Geometry” (1868), will be the subject of our discussion 
in the following subsections. 

We begin with some simple facts of differential geometry. Although 
the majority (if not all) of them is well known, we act in this way 
in order to make our terminology clear and thus save the reader from 
possible misunderstanding. 

First of all we shall make clear the precise meaning of the word 
“surface”. 

We shall confine ourselves to the most simple case of a surface 
without self-intersection which may be defined as a set of points of 
space (for the present the space is Euclidean). 

Let a point set S be givenin the Euclidean space. If M, is any point. 
of S, then by a neighbourhood of M, in S we shall mean the subset 
U (M,) of this set which is the intersection of S with a neighbourhood 
of M, in the Euclidean space. The definition to follow requires the 
presence of neighbourhoods U (M) of M having some definite pro- 
perties. 

In order to describe these properties, take an orthogonal Cartesian 
coordinate system with origin O and the axes Oz, Oy, Oz. Furthermore, 
imagine a plane with the two-dimensional Cartesian coordinate sys- 
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tem having axes u, v (henceforth this plane will be called the u, 
v-plane). 

The set S will be called a surface if for any of its points M, there is 
aneighbourhood U (Mp >) such that its points have coordinates 
representable by the equations 


x= xu, v) 


y=ylu, v) (a) 
z= 2(u, v) 


such that 

(1) x(u, v), y (u, v), z (u, Vv) are functions which are defined and 
single-valued in a region D of the wu, v-plane; 

(2) to every pair of numbers wu, v belonging to D equations (a) as- 
sign a point with coordinates z, y, z belonging to the neighbourhood 
U (M,) (to distinct pairs of numbers uw, v equations (a) assign distinct 
points, that is, equations (a) define a one-to-one correspondence 
between the points of D and the points of the neighbourhood U (M,)); 

(3) in D the functions z (u, v), y (u, Vv), 2 (u, Vv) are continuous, have 
continuous first partial derivatives, and the rank of the matrix 


Ox oy 02 
“Ou Ou Ou 

@x Oy oz (*) 
“6p. 0U-—~—« 


is two. 

The significance of the last condition will be explained later. 

For the sake of visualization, it may be assumed without loss of 
generality that D is a simply connected region in the plane (u, v). 
Then the corresponding neighbourhood U (M,) of any point M, 
will also be a simply connected region on the surface S. 

Sometimes the neighbourhoods to which we have referred are 
called coordinate neighbourhoods. We shall not make our presenta- 
tion more complicated by using this adjective, but by neighbourhoods 
of points of a surface below we shall mean neighbourhoods of this 
very form. 

In some cases the entire surface is the neighbourhood of any of its 
points (for instance, a plane or a paraboloid). In the general case, 
a surface is the collection of a finite or infinite system of regions of the 
form mentioned above. Thus in defining a surface we allow the set of 
its points to have on the whole a complicated structure, but near every 
point its structure must be canonized in a definite respect. 

In order to make the concept of a surface more convenient for 
application, it is useful to add to its definition one more connected- 
ness condition. This condition may be stated, for example, in the 
following form. 
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Let U and V be neighbourhoods of two points of a surface. We 
shall say that these two neighbourhoods are connected by a chain 
of neighbourhoods if on the surface there are points and their neigh- 
bourhoods U,, U.,,..., U, such that U, has a common part with U, 
U, has a common part with V and U;,, U,+, have a common part 
for any k = 1, 2,..., n—41. A surface will be called connected if any 
two neighbourhoods on this surfacecan be connected by a chain of 
neighbourhoods. 

Consider a region U of the surface S that is represented by equa- 
tions of form (a). Every point M of U is determined from equations (a) 
by prescribing two numbers u and v. Therefore wu, v will be called the 
coordinates of M on the surface and we shall use the notation M (u, v), 
which is common in analytic geometry. These coordinates are often 
called intrinsic. ‘s 

Starting with the u, v coordinates, infinitely many other intrinsic 
coordinate systems can be introduced in U. In order to do this, one 
need only) form certain equations 


u=u(u.v), v=v(u, v) 


which enable us to determine a new pair of numbers u, v for every 
pair wu, v; the right sides of these equations must be subjected to exactly 
the same conditions stated in § 224 for equations («). 

We defined a surface by means of three equations (a). These equa- 
tions can be replaced by one vector equation 


r=r (u, v) (B) 
the left side of which contains the radius vector r of point M on the 


surface (that is, the vector OM) and the right side contains the vector 
function with components z (u, v), y (u, v), 2 (U, V). 

If one uses equation (B) then the geometrical significance of con- 
dition (3) mentioned above in the definition of a surface can be easily 
explained. Namely, first of all the existence and continuity of the 
vectors 

or or 


tu oy rT 


are required and secondly that r, x r, ~ 0, because the components 
of this vector product are the determinants of matrix («). The last 
result implies that the vectors r, and r, are noncollinear; they then 
define a tangent plane to the surface. 

Let us now consider equations of the form 


u =u (t), v = v (t) 


These equations define a curve on the surface (the trajectory of the 
point M (u, v) ast varies). The direction of this curve in the space is 
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given by the vector 


ar du dv 
a leap To ar 


The direction of the curve is evidently defined if the ratio of 
differentials, du ~ dv, is given. Therefore du — dv will be referred to 
as the direction parameter. 

Introducing the notation 


r= £, Et; =f, m=G 
common in differential geometry we can find the square of the diffe- 
rential of an arc of the curve on the surface by setting 
ds? = dr? = (ry du-+r, dv)? = E du?+ 2F du dv+G dv? 
What is more, if du — dv and 6u ~ 6v are parameters of two direc- 


tions corresponding to tangent vectors dr and Sr to the surface, the 
angle m between these directions is given by 


cee ate) ee 
_ Varyor _ ds 6s 


7 E du 6u-+ F (du 6v-+-dv 6u)+G dv 6v 
V E du?+2F du dv-+G dv? Y E §u?+ 2F bu 6v-+G Sv? 


Finally, it is known from elementary analysis that if the region U on 
a surface corresponds to the region D on the plane (u, v), then the 
area of U is given by the formula 
cee \ | V EG—F? du av 
(D) 
Thus we have three basic relations: 
ds? = E du*+ 2F du dv-+ G dv? (I) 
E du 6u-+ F (du 6v-++ dv 6u)+ G dv 6v 


Eg erred street ag alee acne cts Winslade eae ee I 
a V E du?+2F du dv+G dv? Y E 6u?+ 2F bu 6v-+G bv? oe 
Gis \ \ V £G— F2 du dv (II) 


(D) 


expressing the differential of an arc, the angle between two curves 
and the area of a region in the coordinates system u, v in terms of 
the functions E (u, v), F (u,v), G (u, v). These formulas show that the 
lengths, angles and areas on a surface are completely determined 
by the coefficients of the quadratic form 


ds* = E du* + 2F du dv + Gdv* (I) 


Therefore form (1) is said to define the metric of a surface and is known 
as metric. 
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It is clear that when the coordinate system is changed the coeffi- 
cients of the metric form change accordingly as do the differentials 
of coordinates corresponding to the displacement of a point along the 
curve lying on the surface. If E, /, G are the coefficients of the metric 


form in one system of intrinsic coordinates and FE, F, G are the 
coefficients in another system, and if du, dv and du, du are the differ- 
entials of the old and new coordinates defined by one and the same 
element of the curve, then 


E du?+2F dudv+G dv? = E du2+2F du dv+G dv? 


because the left and right sides represent the same quantity ds’. 
If we know the formulas for transformation of coordinates and also 


E, F, G, then £, F, G can be easily found, Notice that the relation 
between E, F, G and E, F, G is obtained formally by algebraic com- 


putations. Therefore the computation of E, Ff, G when E, F, G are 
given can be performed by using formulas (5) of § 221, where the 
same question was settled algebraically. 

If the coefficients of the forms are connected by relations (5), § 221, 
then we shall say that these two forms are mapped into each other 
by the transformation of coordinates. Such forms are called equi- 
valent. 

In light of this definition one can state that the metric of every 
surface in distinct intrinsic coordinates is defined by distinct metric 
forms, but all these forms are equivalent. 

§ 226. Consider a region U on a surface S and a region U’ on anot- 
her surface S’. Assume that between the points of U and U’ there is 
a one-to-one correspondence which is continuous in both directions. 
Then we shall also have a correspondence between the curves in U 
and the curves in U’; namely, to every curve Z in U there is assigned 
a curve L’ in U’ which is composed of points corresponding to the 
points of ZL. In.exactly the same way, to every region V inside U 
there is assigned on U’ a region V’ composed of points corresponding 
to the points of V. A figure A’ (for instance, a curve) in U’ which cor- 
responds to A in U will becalled the image of A. 


If every smooth arc 1 in U has for its image in U’ a smooth arc I’ 
having the same length as l, then the correspondence is called isometric 
or simply an isometry. The regions U and U’ between which an isomet- 
ric correspondence can be set up are called isometric to each other. 


In order to obtain an analytic criterion for two regions to be iso- 
metric assume that intrinsic coordinates u, v have been introduced 
in U. In U" we shall introduce intrinsic coordinates in a special 
manner which will be related with the u, v system in U. Namely, 
to every point M’ in U’ we assign as their coordinates two numbers 
which are equal to coordinates (u, v) on U of that point M in U 
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which corresponds to M’. In other words, the coordinate system in U’ 
is introduced in such a manner that the corresponding points of U 
and U’ have numerically equal coordinates. 

Let E du?+2F du dv+G dv* and E’ du?+2F’ du dv + G’ dv? 
be the metric forms of U and U’ in the given coordinates. Consider 
the respective elements of two curves in U and U’. They are charac- 
terized by the same differentials du and dv, and because of isometry 
we must have 


E du? + 2F du dv+G dv? = E’ du?+2F’ du dv + G’ dv® (*) 
Since no conditions have been imposed on the pair of corresponding 


elements of two curves in U and U’, the quantities du and dv in (*) 
are completely arbitrary. Accordingly, equation (*) yields 


E=E, F=F', G=@ 


Therefore U and U’ have the same metric forms in the given (u, v)- 
coordinates. The converse statement that if two surfaces have the 
same metric forms, then they are isometric is evident. (Notice that in 
arbitrary coordinates the metric forms of isometric surfaces may not 
coincide but they will be equivalent.) 

From formulas (I)-(IITI) of § 225 it follows that in the case of iso- 
metry, besides the lengths of corresponding arcs being equal, the 
angles between corresponding directions and the areas of corresponding 
regions are also equal. 

Therefore all those properties of a surface which may be obtained 
by performing measurements on this surface are identical for isomet- 
ric surfaces. This enables us to say that isometric surfaces have 
a common intrinsic geometry. The intrinsic geometry which is com- 
mon for a collection of isometric surfaces is defined by one metric 
form. 

In order to see how to construct infinitely many distinct surfaces 
with a common intrinsic geometry, the reader should imagine that 
a surface is physically made of an elastic but inextensible material. 
Deform this surface so that there do not result any folds or cracks. 
Because the material is inextensible, the surfaces thus resulting are 
isometric among themselves and accordingly will have a common 
intrinsic geometry. 

For example, by giving a cylindrical form to a sheet of paper, we 
can visually demonstrate that a part of the plane and a part of the 
cylinder have the same intrinsic geometry. However, if we try to 
put the sheet of the paper on a sphere or on a saddle (hyperbolic para- 
boloid), then in the first case folds appear while in the second case 
there appear cracks. This situation visually expresses the fact that 
the intrinstic geometry of every part of the sphere or the saddle is 
considerably different than geometry in any part of the plane. 

The continuous deformation of a surface under which its intrin- 
sic geometry is preserved is called bending. 
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Let us return to the subject-matter of § 224. There we defined the 
metric form of the Lobachevskian plane and obtained formulas (I)- 
(III) giving the lengths of curves, magnitudes of angles and areas of 
regions. The structure of these formulas is completely identical with 
that of formulas (I)-(III) of § 225. Therefore a natural question arises 
as to whether in the Euclidean space there is a surface whose metric 
form is equivalent to the metric form for the Lobachevskian plane. 
One may expect that the intrinsic geometry of such a surface coincides 
with Lobachevskian plane geometry, that is, it contains in the sys- 
tem of propositions all the axioms of Lobachevskian plane geometry. 

If this question is formulated precisely in terms of isometry, then 
we can see that it leads to two different problems: 

(1) Find a surface for each point of which there is a neighbourhood 
which is isometric to a certain region in’ the Lobachevskian plane. 

One cannot yet assert about this surface that its geometry in the 
large is identical with the geometry of the Lobachevskian plane. 

(For example, every point of a right circular cylinder has a neigh- 
bourhood which can be unfolded and superposed'on a part of the 
Euclidean plane. But the geometry of a circular cylinder is in the 
large considerably different from the geometry of the plane.) 

We shall say that on a surface which satisfies the conditions of the 
problem Lobachevskian geometry holds “in the small”. 

(2) Find a surface on which an isometry can be defined that maps 
this surface onto the entire Lobachevskian plane. 

The intrinsic geometry of such a surface must be a realization of 
non-Euclidean plane geometry inside the Euclidean space. An 
affirmative answer to the second problem would have immediately 
implied the logical consistency of the two-dimensional non-Euclidean 
system. This was the very aim of Beltrami, to whom goes the credit, 
as mentioned above, for formulating these problems. But Beltrami 
solved only the first problem. As regards the second, it subsequently 
turned out that it has no solution. Namely, Hilbert showed that there 
is no surface in the Euclidean space with the desired property”. 

The results of Beltrami, which are of geometric interest in their 
own right irrespective of the proof of the consistency of Lobachevskian.: 
geometry, will be presented in sufficient detail. 


8.5. Geometry on a surface of constant curvature 


§ 227. Our aim is to find, if possible, in the Euclidean space 
a surface for every point of which there exists a neighbourhood that 
is isometric to a region of the Lobachevskian plane. 


* D. Hilbert: Foundations of Geometry, Appendix 5. It is worth pointing 
out that this theorem of Hilbert deals with surfaces whose current radius vectors 
are twice continuously differentiable with respect to the intrinsic coordinates 


(u, v). 
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Assuming that such a surface exists, we denote it by S. We try to 
study the properties of S; this will enable us to show the existence of 
such a surface along the way. 

Let M,, M, be any two points of S. According to the hypothesis, 
for each of these points there is a neighbourhood on S which is iso- 
metric to a part of the Lobachevskian plane. Denote the neighbour- 
hoods of M,, M, by U,, Uz, respectively. Assume that U, is isomet- 
rically mapped onto the region U, in the Lobachevskian plane and 
M, is mapped into the point M;, inside U|; similarly, U; denotes the 
region in the Lobachevskian plane obtained by an isometry of U,, 
and M; in the point corresponding to M, under this isomet- 
Ty. 

In the Lobachevskian plane, inside U, there is another region U, 
which covers M; and which is of such small dimensions that when 
this region is displaced congruently, under which Mj coincides 


with M;, it covers a part of U;, of the plane lying completely inside 
U;. Furthermore, when _ JU, is displaced to the new position U,, 


any given direction at M, can be made to coincide with a given 
direction at M; (this property of the set of motions was called in 


§ 45 the transitivity of linear elements). Denote now by U, and U, 


the regions on S which correspond to U; and VU’, in the Lobachevskian 
plane under the isometry of U, and U, onto U; and U}. 


Because the regions U, and U; are isometric, the regions U, and U, 
must also be isometric. In this way, given a point M, of S, there 
always exists a neighbourhood of this point which can be isometri- 
cally mapped onto a part of S such that M, is mapped into another 
preassigned point /, of the same surface. Moreover, the above dis- 
cussions show that any given direction on S emanating from ™M, can 
be mapped into a given direction emanating from M,. 

If the isometric regions of S are called congruent from the point 
of view of their intrinsic geometry and the terminology of § 45 is 
used, then the above result can be formulated in this form: the 
surface S admits of a set of motions which is transitive with respect 
to the linear elements. 

Two features must be borne in mind: 

(1) The isometric regions on S as images of the emanating Eucli- 
dean space are not congruent in general. 

In the present case we are dealing with motions in the sense of 
the intrinsic geometry of the surface but by no means with motions 
in the sense of Euclidean geometry in space. 

(2) The surface S in the large may not possess the property of 
moving about itself so freely as to make the set of motions transitive 
with respect to linear elements, even if they are considered from 
the point of view of intrinsic geometry. 
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In the present case we are dealing not with motions of the entire 
surface about itself but motions of sufficiently small pieces about 
the surface. 

Even with these reservations one can discover a clear analogy 
between the surface S whose intrinsic geometry “in the small” is 
Lobachevskian and the surfaces on which elementary geometry is 
realized in the sense defined in § 45. 

To visualize the motion in the sense of intrinsic geometry, imagine 
a piece of elastic but inextensible film placed tightly over the sur- 
face. The displacement of this piece along the surface represents 
a motion in the sense of intrinsic geometry if in every new position 
the piece being displaced is tightly affixed to the surface. The sur- 
face S in question must be bent in such a way that a piece of the 
inextensible elastic film affixed at any of ‘its places could be freely 
displaced, without tearing off, along the surface and could rotate 
about any of its points; however, the length of the piece admitting of 
such a displacement may depend on the points between which the 
piece is displaced. 

We confirm our discussion to the class of surfaces satisfying the 
additional condition of “third order smoothness’. This means that 
the right sides of equations (a) of § 225 are assumed to be continuous 
triply differentiable functions. To such surfaces one may apply the 
classical theory of surfaces. 

Taking into account Gauss’ theorem on the invariance of the total 
curvature under isometries*, we can conclude on the basis of the 
above discussion that surface S has necessarily the same total cur- 
vature at all its points. Such a surface is known as a surface of con- 
stant curvature. 

We shall now prove the following. 

Theorem. Every surface of constant curvature admits of a set of 
motions understood in the sense of intrinsic geometry which is transitive 
with respect to linear elements. 

We prepare the ground by performing some necessary computations. 
Let S be any surface of constant curvature. On this surface take 
a point VM, and through this point draw a geodesic curve I. Starting 
at M, mark off an arc of length uw on I’, and through its final point 
draw a geodesic of length v perpendicular to I’. Let the final point of 
the geodesic be denoted by M. In a neighbourhood U (M,) of M, 
the quantities u, v may be treated as the coordinates of M. Namely, 
u, v will be semigeodesic coordinates in the neighbourhood U (M,). 
In the uw, v system the metric form is ds? = E du® + dv’. 


* The total curvature of the surface at a given point is the product of the 
principal curvatures at this point: K = 1/R,R,. The proof of Gauss’ theorem 
as well as other results of the theory of surfaces used in the present subsection 


can be found in A. V. Pogorelov: Differential Geometry, Noordhoff, Groningen, 
1959. | 
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We shall call l (v = OQ) the basis geodesic of the coordinate system 
u, v and M, (u = 0, v = 0) the initial point or simply the origin. 
Because the coordinate wu is the length of an arc of the curve I, it 
follows that ds? = du? for v = 0. A comparison of this with ds? = 
= E du*, which results from the metric form when v = 0, yields 


E (u, 0) = 1 
Notice further that since I’ is a geodesic, it follows that the geodesic 
curvature must vanish along I’, that is, 1/o = 0. Using the formula 


Eye 8 eg 
a = V EG Plt 


which is known from the theory of surfaces and which expresses the 
geodesic curvature of the coordinate curve v = const., we have, 
noting that 1/p, = 0, 


2 _ = FEy+2EFy—EEy 
uf 2(6—-F)_ = 


for v = 0. But in the semigeodesic system F (u, v) = 0; thus the 


last relation yields 
E(u: 0) = 0 


We shall now determine the function E (u, v) from the condition that 
the surface with the metric form 


ds? = E du*-+-dv? 


has a constant total curvature. 
It is known that the total curvature of a surface is given in the 


semigeodesic coordinates by the equation 
_— 

KkK= — ae VE 

VE Ov? 


Thus we have to solve the differential equation 


OVE. KVE=0 (a) 


Ov? 


subject to the initial conditions 
E(u, 0)=1, Ey (u, 0) =0 (B) 
and K is constant. 


We consider three cases. 
(a) K =O. The solution of (a) is 


VE = 9 (u) v+ 4 (uv) 
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Using the initial conditions (B), we find p(u) =1 and (u) = 0. 
Thus the metric form is of the form 

ds? = du? +. dv® (A) 


(b) K > 0. Integrating equation (a) as a linear second-order equa- 
tion, we have the general solution 


VE = 9 (u) cos (V Kv) + 9 (u) sin (V Kv) 


In order to satisfy the initial conditions (f) the’ arbitrary func- 
tions of integration must be taken as @ (uw) =1 and » (u) = 0. 
Thus the metric form is 


ds? = cos? (V Kv) du? + dv? (B) 
(c) K <0. In this case the general solution of equation (a) is 
VE=9 (u) eV—¥+ wp (ue V—% 
Using the initial conditions we have 
VE (u, 0) = g (u)+ (u) = 1 
(VE (u, 9), = (g (wy) — p(w) V —K = 0 


whence 
4 
9 (4) = p(lu=>z 
and 
_ V-—Kv , ,-V—Kov ee 
VE =+—* —_. = cosh (V — Kv) 
Thus the metric form is 


ds? = cosh? (VY — Kv) du? + dv? (C) 


We thus find that in the semigeodesic coordinates with a basis 
geodesic the metric form of the surface of constant curvature K is 
defined uniquely only by the numerical value of K. 

We now take any two points M, and M, of surface S and take each 
of them as the origin of a semigeodesic coordinate system. The direc- 
tions of basis geodesics can be chosen in a totally arbitrary manner. 
Let U, be the region of existence of the semigeodesic system with M, 
as the origin and U, the region of existence of the semigeodesic sys- 
tem with M, as the origin. 

If the positive number ¢ is sufficiently small, then for —e<cu< 
< +e, —e<vu<-+e the point of the first system with coordi- 

nates (u, v) belongs to U, and the point of the second system with 
coordinates (u, v) belongs to U,. 

Let Q, and Q, be the regions defined in the first and second coor- 
dinate systems, respectively, by the inequalities —excu<+¢, 
33 
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i-—<(u< +e (in their shape Q, and Q, are like squares). The 
computations just performed show that the metric form of Q, in the 
first coordinate system coincides with the metric form of Q, in the 
second. Therefore, if we set up a correspondence between the 
points of these two regions by equating the coordinates, then this 
correspondence will be an isometry. Therefore from the point of 
view of intrinsic geometry of the surface S the regions Q, and Q, 
are congruent. Since the choice of the basis geodesics in the coordi- 
nate systems used in the present argument is arbitrary, it follows that 
the set of congruent displacements on S is transitive with respect 
to the linear elements. @ 

The investigation of the metric form of the surface of constant 
curvature enables us to state also the following theorem: 


If two surfaces have the same constant curvature, then every suffi- 
ciently small part of one of them can be isometrically mapped onto 
a part of the other. Two surfaces having the same constant curvature have 
the same intrinsic geometry in small parts. 


Note that two surfaces having distinct constant curvatures can- 
not be isometric. In fact, if these surfaces were to have the same met- 
ric forms in a certain coordinate system, then the computations of 
total curvatures of these surfaces would have resulted in the same 
constants. 

§ 228. On the basis of the results so far presented, we may con- 
clude that in the investigation of the intrinsic geometry in the small 
of a surface of a given constant curvature it is enough to study a cer- 
tain representation of this class. 

We consider three possible values for the total curvature K = 
= const.: K =0, K >0O and K< 0. 

_ (a) The most simple surface of constant zero curvature is the plane. 
The intrinsic geometry of the plane is Euclidean plane geometry. 
this geometry is defined by the metric form 


ds? = du? —- dv” (*) 


Since the metric form of any surface of zero curvature can be reduced 
to form (*), every sufficiently small part of such a surface can be 
isometrically mapped, or to use an alternative term, unfolded on 
the plane. On account of this the surfaces of zero curvature are called 
developable. At the same time, developable surfaces can be visual- 
ized as surfaces obtained in the process of bending the plane ora part 
of the plane or as surfaces formed by deforming parts of the plane. 

For example, the parabolic cylinder is obtained by bending the 
entire plane. Its intrinsic geometry in the large is identical to 
Euclidean plane geometry. 

<The right circular cylinder is obtained by bending a plane strip. 
our must also join pairwise the points lying on the boundary of 
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this strip. In the small parts the circular cylinder has intrinsic Eucli- 
dean geometry, but its geometry in the large differs considerably 
from the geometry of the Euclidean plane. 

The same thing can be said regarding a cone, which can be conveni- 
ently used to demonstrate motion in the sense of intrinsic geometry 
and to explain the significance of the conditions in theorems concern- 
ing this concept. 

Let D be the part of a circular cone which is covered once by a plane 
disc with centre at M (the reader can imagine the cone in the form 
of a wooden model and the disc as made of paper). Every other part 
of the cone that can be covered by the same disc is isometric to D. 
Thus the motion of the disc about the cone is a motion in the sense 
of intrinsic geometry. That the motions in.the sense of the intrinsic 
geometry of the cone are not identical to the motions in space is 
visually expressed by the deformation of the disc when it moves 
about the cone. 

Displacing the disc, we can make its centre, originally at M, 
coincide with any point M’ of the cone. However, if M’ is assigned 
close to the vertex of the cone, then the size of the disc should be 
accordingly restricted. In any case, if the distance of M’ from the 
vertex is less than the radius of the disc, then the disc does not find 
any place on the cone when the centre coincides with M’; what is 
more, it should be noted that the part of the cone close to the vertex 
can be wrapped by the disc several times (therefore in theorems on 
motion on surfaces there figures the displacement of a sufficiently 
small part of it). 

(b) The simplest surface having positive constant curvature K > 


> 0 is the sphere with radius R = 1// K. 

Take the centre of the sphere at the origin of the orthogonal Carte- 
sian coordinate system in space and introduce on the sphere intrin- 
sic coordinates u, v by taking them equal to the geographical coordi- 
nates (that is, the longitude and latitude) multiplied by R. Every 
point on the sphere is determined by the equations 


x= Rceos—— cos — 
a R R 


7 u v 
y= #sin=> COS => 


_ Vv 
z= RKsin =- 


Then for any part of the sphere not containing the northern and 
southern poles for which v = + 1/2 aR, we have 


ds? = dz? -+ dy? + dz? = cos? a du? + du2 
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\ 
| aa | = y 
| u 
] 
(4) (b) 
Figure 163 


and setting R — 1// K, we have 
ds? = cos? (V Kv) du? + dv* 


which is exactly the same as expression (B) of the preceding subsec- 
tion. 

Thus the u, v system is a semigeodesic system for which the 
basis curve is the equator in the plane z = 0. By bending a part 
of the sphere we can obtain infinitely many other surfaces having 
positive constant curvature. 

(c) One of the simplest surfaces with negative constant curvature 
K <0 is the pseudosphere. 

We shall now describe this surface. Consider a plane curve, 
called a tractrix, characterized by the following property: the length 
of the segment on the tangent to this curve from the point of contact 
to the point of intersection with a definite line is a constant. 

In order not to spend time on long calculations, we ask the reader 
to find some of the properties of a tractrix without proof by using 
Fig. 163a, where this curve has been drawn. 

In Fig. 163a the segment with constant length on the tangent line 
is denoted by a and the line along which the final point of the segment 
slides by uw. It is clear that a tractrix has a point of return situated 
at a distance a from uw; this is the point of the tractrix farthest from uw. 
From the point of return there issue two branches symmetrical to 
each other and each of which becomes closer to uw without bound. This 
line is therefore an asymptote of the tractrix. It is also clear that at 
nonsingular points the tractrix has convexity towards the asymptote. 
A surface obtained by rotating the tractrix about the asymptote is 
called a pseudosphere (Fig. 163b). 

A pseudosphere has two parts composed of regular points; each of 
these parts in stretching to infinity moves towards the axis of rota- 
tion. The two parts are joined to each other along the edge of return. 
In accordance with our definition of a surface (see § 225), we must 
assume the edge of return as not belonging to the surface. Hence- 
forth, in speaking about a pseudosphere we shall mean one of its two 
regular parts. We will now show that at every point the pseudosphere 
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has a negative constant curvature. For this it is sufficient to prove 
that the curvature of a pseudosphere is a negative constant along 
a certain meridian of it. 

Choose an orthogonal Cartesian system (z, y, z) such that the 
x-axis coincides with the axis of rotation of the pseudosphere and 
the plane x = O contains the edge of return. Consider the meridian 
of the pseudosphere located in the first quadrant of the zy-plane and 
assume that its equation is y =f (x). For every z >O we have 
a>y->0; what is more, since the point of the tractrix moves 
closer to the z-axis as z increases, it follows that y’ < 0, and since 
the tractrix is convex towards the x-axis, we have y” > 0. 

Taking M to be any point of the meridian y = f (x), we construct 
an outward normal to the pseudosphere at this point. Noting that the 
principal directions of the surface of rotation are the directions of 
its meridian and latitude, we shall compute the principal curva- 
tures of the pseudosphere at M. 

The normal to the pseudosphere is directed towards the concavity 
of the curve y = f (zx); therefore the principal curvature 1/R, corres- 
ponding to the direction of the meridian is positive and is equal to 
the curvature of this meridian, that is, 


a sn 
R, (4+y)3? 


The curvature of the latitude is 1/y; accordingly, the second princi- 
pal curvature 1/R, can be found by the formula 


1  cos@ 

Ry y 
where ¢ is the angle between the normal and the segment y. This 
angle is evidently the angle of inclination of the tangent to the 


x-axis; accordingly, tan g = y’ and cos g = — (1 + y’*)"1/?, Hence 
ee ee 
Re yV ta 


The total curvature K = 1/R,R, at the points of the meridian 
y = f (x) can now be expressed by the formula 


ip 
ve (1) 


Draw a tangent to the curve y = f (x) at the point M (z, y) and 
denote by (X, 0) the coordinates of the point of intersection of this 
tangent with the z-axis. Setting Y = 0 on the equation 


Y—y=y' (X —2) 


k=— 


we find 
X—y = — yly’ 
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By the definition of a tractrix, 


X—xr=—acos @ (a = const.) 
Thus 
y/y’ = acoso 
Replacing cos qm by the expression cos gq = — (1 + y’*)"/?, we 
obtain the differential equation of the tractrix: 
Ta, 

vy ity" _ — da (2) 

whence 


y"? (a2 — y?) = y? 
y” (a2— y*) =y (1+ y"?) 
The last two relations yield 


on y*®(1+y") 
7— y 
whence, noting (1), we get 
eres an 
aoe y? (1+ y"?) 
Using equation (2), we finally have 
K = — 1/a 


This shows that at all points the pseudosphere has the same nega- 
tive curvature —1/a?, where a is the parameter of the tractrix whose 
rotation generates the pseudosphere. Evidently, there exists a pseu- 
dosphere with some preassigned negative curvature. To obtain the 
meridian of the pseudosphere with a given curvature, one need only 
integrate equation (2) for the given value of the parameter a. In 
view of the previous result, we can assert that in the neighbourhood of 
any point of the pseudosphere the metric form in semigeodesic coordi- 
nates (with the basis geodesic) is of the form 


ds? = cosh? (VY —Kv) du? + dv? 


(formula (C), § 227). 

By bending a piece of the pseudosphere, we can obtain infinitely 
many other surfaces with negative constant curvature. 

Thus given any K (—oo < K < + oo), there exists a surface of 
constant curvature K in the Euclidean space. 

As regards the solution to the Beltrami problem, we arrive at 
the following conclusion: if in the Euclidean space there exist sur- 
faces on which Lobachevskian geometry in the small is realized, 
then one of these surfaces will be either a sphere or a plane or a pseu- 
dosphere. 
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Notice that semigeodesic coordinates are introduced on the sur- 
face in exactly the same way as the first coordinates in the Lobachev- 
skian plane (see § 224), Therefore in semigeodesic coordinates the 
metric form of the surface with Lobachevskian intrinsic geometry 
must coincide with the metric form of the Lobachevskian plane in 
the first coordinates. At the end of. § 224 the metric form of the Loba- 
chevskian plane was expressed in terms of the first coordinates &, n: 


ds? = cosh? + d+ dye (+x) 


It remains for us to compare this expression with the metric forms 
of a sphere, the plane and a pseudosphere, which, as is known, have 
in semigeodesic coordinates the forms 


ds* = cos*(V Kv) du?,+ dv 
ds* = du* + dv? | 
ds* = cosh?(V —Kv) du? + dv? 
respectively. We see that (**) coincides with the last of these forms 


(at 1/R = V —K). 

Thus Beltrami’s theorem follows: 

In the neighbourhood of every point of a pseudosphere Lobachevskian 
geometry holds. 


Let us cut the pseudosphere along a certain meridian; this will 
result in a simply connected region D bounded by the edge of return 
and the boundaries of the cut. Let D’ be the region in the Lobachev- 
skian plane that is isometric to D. We shall now give a description 
of D’* in terms of Lobachevskian geometry. Since meridians are 
geodesics of the pseudosphere, it follows that under an isometry 
that maps D onto D’ the meridians are mapped into a system of 
lines. This will be a system of lines parallel to each other in the sense 
of Lobachevsky. The last result follows from the asymptotic close- 
ness of the meridians and hence of their images. The images of 
latitudes will evidently be orthogonal trajectories of the above 
system of parallel lines, that is, will be oricycles (precisely, arcs of 
oricycles). 

Thus D’ is bounded by two rays of the parabolic pencil (see § 39) 
and the arc of the oricycle orthogonal to this pencil. In Fig. 164, 
this region has been shaded. 

Using an artificial device, one can realize a larger part of the 
L obachevskian plane in the Euclidean space. To do this, imagine 
a countable set of equal and coincident pseudospheres. These pseudo- 
spheres are located in a definite order; namely, on the pseudosphere, 
denoted by A, there is superposed pseudosphere A,, on it pseudo- 


* We should have shown the existence of D’, but this question is omitted 
from discussion. 
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Figure 164 


sphere A,, etc. Moreover, the pseudosphere A , itself issuperposed on 
the pseudosphere A_,, A_, on A_., and so on. Now let us cut all the 
pseudospheres along a common meridian. For an observer who looks 
at the cut from the side of the axis one rim of thecut of every pseu- 
dosphere is the left side, while the other rim is the right side. Join 
the left rim of each A, with the right rim of each A,4,. Then a sur- 
face & is obtained that can be imagined as an infinite tape which is 
tightly wrapped around a pseudospherical mould. The surface % 
is evidently isometric to the part of the Lobachevskian plane which 
is situated on the side of concavity of a certain oricycle. 

In other words, the part of the Lobachevskian plane that lies on 
the side of concavity of the oricycle can be realized in the Euclidean 
space in the form of an infinite wrapper (or, to use a common term, 
enveloping surface) of the pseudosphere. 

As noted, Hilbert proved that in the Euclidean space there is no 
surface isometric to the entire Lobachevskian plane. Thus the attempt 
by Beltrami to realize non-Euclidean plane geometry in the form of 
intrinsic geometry of a certain surface could not but fail. 

In spite of this fact, the researches of Beltrami are ofa great prin- 
cipal value. 

First of all, even a partial realization of non-Euclidean plane geo- 
metry in the Euclidean space changed the skeptical attitude of geo- 
meters towards the works of Lobachevsky. Therefore the discoveries 
of Beltrami played an important role in the general development of 
science. 

Secondly, due to the works of Beltrami, Euclidean plane geomet- 
ry, Lobachevskian plane geometry and the geometry on a sphere were 
united in a general differential-geometric setting. Namely, it was 
discovered that all these geometric systems are realized on surfaces 
of constant curvature K and correspond to the cases K = 0, K <0 
or K > 0. 

What has been said makes clear the analytic source of the close 
relationship that exists between Lobachevskian geometry and spheri- 
cal geometry. 
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Indeed, the metric form of the sphere 


ds? = cos? (V Kv) du? + dv? (*) 
and the metric form of the pseudosphere 
ds? = cosh? (VY —Kv) du? + dv’ (+*) 


are distinct in the real region. But if / K or VY —K are allowed to 
take imaginary values, then, as is known, 


cos (V Kv) = cosh (V —Kv) 


Thus, if / K is replaced by V —K, the forms (s#) and (*«) go over to 
each other. 


8.6. Derivation of basic metric relations 
in Lobachevskian geometry 


§ 229. In the present section we shall obtain a number of metric 
propositions for Lobachevskian geometry which were sidetracked 
from the main line of our presentation. 

We shall not encounter any major difficulties. Having obtained 
the main metric formulas of Lobachevskian geometry (§§ 216-222), 
all other problems of a metric nature arising in this geometry can easi- 
ly be solved by applying the formulas obtained. 

As a basis of our computations, we shall take a system of Beltrami 
coordinates (x, y). We know that (see § 216) Beltrami coordinates of 
any point in the Lobachevskian plane satisfy the inequality 

et+y<i (+) 

Consider a Euclidean plane 2 with an orthogonal Cartesian coor- 
dinate system (xz, y). Inequality (*) defines on 2 the interior of a unit 
disc k,. To any point of the Lobachevskian plane having Beltrami 
coordinates (z, y) assign a point of & (lying in the interior of k,) 
having for its Cartesian coordinates the same numbers zg, y. In this 
manner we establish a special mapping of the entire Lobachevskian 
plane into the interior of k,; under this mapping the images of 
Lobachevskian lines will be chords of k, (of course, with endpoints 
excluded). 

Let us introduce an artificial metric in the interior of k,. Namely, 
for the distance between two interior points of 4, take the number 
which is the distance between their preimages on the Lobachevskian 
plane, for the magnitude of the angle between two chords a and b take 
the number which is the magnitude of the angle between Lobachevski- 
an lines that are preimages of the chords a and b; the areas of regions 
are similarly defined. In practical terms this means that the com- 
putation of the main geometric quantities must be performed in 
Cartesian coordinates by using formulas of Lobachevskian geometry 
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Figure 165 


which express the respective formulas in terms of Beltrami coordi- 
nates. 

In this way we obtain a realization of the Lobachevskian plane in 
the interior of the Euclidean disc k,. We shall be using this realiza- 
tion below. 

It is worth noting that our conclusion will be of a general nature, 
that is, will not depend on the realization chosen. This is clear 
because relation («*) as well as the basic metric formulas of Lobachev- 
skian geometry were derived by us from the axioms of Lobachevski- 
an geometry irrespective of the objects on which these axioms are 
realized.* 

§ 230. We shall now express the function II(/) in terms of elemen- 
tary transcendental functions. 

Let any line a and a point O at a distance / > 0 from this line 
be given in the Lobachevskian plane. From O draw the perpendicu- 
lar OP to a and through O draw aline b parallel to a. The acute angle 
a between the lines 6 and OP iscalled the angle of parallelism for the 
segment OP = land is a function of I, that is, a = II(J) (see § 33). 
We shall show that an extremely simple formula expresses II(/) 
in terms of elementary transcendental functions of l. 

We take the origin of Beltrami coordinates at O and direct the 
Ox-axis along the segment OP; point P will then have Beltrami coor- 
dinates x = 2,, y = O. By the result of § 218, the line a is given by 
the equation z = tanh (1/R) = z, = const.; accordingly, under the 
mapping of the objects of the Lobachevskian plane into the interior 
of k,, the line a is mapped into a chord perpendicular to the Oz-axis 
(Fig. 165), the line b is mapped into a chord which meets the chord a 


* We cannot, however, claim to have proved that the system of axioms of 
two-dimensional Lobachevskian geometry is complete (for the concept of the 
completeness of a system of axioms see § 75). To do so, one should derive the 
basic metric formulas of Lobachevskian geometry without using axioms having 
a spatial character. Such a derivation was given by H. Liebmann: Elementare 
Ableitung der nichteuklidischen Trigonometrie, Berichte der Gesellschaft der 
Wiss. Leipzig, 1907. A simpler derivation was discovered by A. V. Pogorelov 
and is presented in his book Osnovaniya Gheometrii (Foundations of Geometry), 
Nauka, 1968 (in Russian). 
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Figure 166 Figure 167 


on the boundary of the disc k, (this follows from the definition of 
parallelism of lines in Lobachevskian geometry). It was shown in 
§ 221 that the formula giving the angle ‘between two directions at 
some point M in the Lobachevskian plane coincides with the Eucli- 
dean formula (II), § 215, provided M coincides with the origin. This 
means that the Euclidean angle between the chord b and the seg- 
ment OP is a. 

We have the pall ieanteloononibigie relation x, = cos a. Besides 
this, we also have z, = tanh (l/R) (see the first of formulas (4) of 
§ 218). The last two relations yield cos @ = tanh (J/R), or after simple 
calculations, tan (a@/2) = e~/R,. Noting that a = II(l), we obtain 
the formula of Lobachevsky: 


I] (2) = 2 arc tan e~"/R 


§ 231. We shall now establish relations between sides and angles 
of a non-Euclidean triangle. First consider a right angled triangle 
ABC with legs CB =a, CA = b, hypotenuse AB =—c and with 
acute angles CAB =a, CBA = 8. Take the origin of Beltrami coor- 
dinates at A and the z-axis along the leg AC (Fig. 166). Let z,, y, 
be the coordinates of C and z,, y, of B. We have x, = tanh (b/R), 
y, = 0, x, = x, and we try to obtain y, from formula (3), § 2147. 
Setting 0 (B, C) = ain this formula, we have 


R {—2x?+-y, V1—2 R ,_ 1+ y, cosh (b/R) 
a = — ln —— = — ln 
Hence, 
___ tanh (a/R) 
2"~ cosh (b/R) 


Application of the Euclidean relation y, = x, tan @ to the triangle 
ABC, treating it as an object of Euclidean geometry, yields the 
following formula of Lohachevskian geometry: 


tanh = sinh = tana (1) 


(a relationship between two legs and one acute angle). 
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Notice now that the Euclidean length c, of the segment AB is 
expressed by the formula c, = tanh (c/R) in terms of the length c 
of this segment in the sense of Lobachevskian geometry (for the proof 
of this, one has only to direct the x-axis from A along the segment AB 
and use the first of formulas (1), § 218). Using this fact, we see that 
the Euclidean formula b, = c, cosa immediately yields a formula 
for Lobachevskian geometry: 


b c 
tanh 7 >= tanh Fr COs & (2) 


(a relationship between the hypotenuse, the leg and the adjacent 
acute angle). 

Let the coordinate axes be now located with respect to the trian- 
gle ABC as in Fig. 167. We express the angle £ by formula (8), § 221. 
First, for the coefficients L, Ff, G substitute the coordinates of B; 
namely, x = tanh (c/R), y = O in formula (7), § 220. Then formu- 
la (3), § 221, yields 


dx §z-+- ( 1— tanh? | dy 5y 
/ ac it (1—tanh?—— ) ay? Y/ $22 (1— tanh? Sy? 


Assuming that dz, dy correspond to the displacement along the Oz- 
axis (dy = 0) and 6z, dy to the displacement along the line BC 


cos fp = 


(Sy/5x = — tan B,, where B, is the Euclidean magnitude of the 
angle ABC) and setting 
c 1 
1—tanh?> = cosh? (c/R) 


we obtain from the last formula 
1 


tan? B, 
V 1+ are 1 cosh? (c/R) 
A comparison of this formula with the known formula cos p = 
= (1 + tan? B)"1/* yields 


cos Bp = 


cosh = tan B = tan B, (*) 


Notice that at the centre of the disc k, the Euclidean angles coin- 
cide with the Lobachevskian angles; therefore, a, = a and tan B, = 
— cota, = cota. This and formula (+) yield a new relation for 
Lobachevskian trigonometry: 


cosh = tan B = cota (3) 


(a relationship between the hypotenuse and two acute angles). 
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Figure 168 


Formula (3) establishes a relationship between the linear magni- 
tude and the angular magnitudes. There is no analogue of this formu- 
la in Euclidean geometry because there similarity of figures holds. 

Let us go back to the triangle shown in Fig. 166. We oe the 
Euclidean relation c? = x? + y?, wheré c, = tanh (c/R), 
= tanh (b/R) and y, = tanh (a/R)/cosh (b/R). After some sale 
calculations this yields 


cosh > = cosh = -cosh -_ (4) 


(a relationship between the hypotenuse and two legs). 
We mention two more formulas which can easily be derived by the 
reader himself: 
. a ° Cc ° 
sinh a sinh FF sina (5) 
(a relationship between the hypotenuse, a leg and the opposite acute 
angle) and 


cosh 7 sinB =cosa (6) 


(a relationship between a leg and two acute angles). 

§ 232. Let ABC now be any triangle in the Lobachevskian plane. 
If we draw the altitude h (as shown in Fig. 168) and use formula (4), 
we obtain 

Coie CO Conk tar) 
7 = ‘cosh (c,/R) cosh (¢./R) 
(the segments c, and c, have been shown in Fig. 168). This yields 


cosh (b/R) es cosh (b/R) ash ($+) 


a 
cosh — = R 


R cosh (c,/R) vale “R’~ cosh (c,/R) 
= b ~~ _ = sinh -~. i 
= cosh = (cosh Ri = sinh z tanh 7 
But in view of (2) this gives 


tanh + = + tanh —_ cosa 
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The last two results yield 
a b Cc : bs c 
cosh —- = cosh —- cosh Fz — sinh-=> sinh F cosa (A) 


§ 233. Formulas (1)-(6) as well as formula (A) were already estab- 
lished in § 61. However, there these formulas were obtained only 
for a special model for Lobachevskian geometry. Here formulas (1)-(6) 
and (A) have been proved by using axioms of Lobachevskian geomet- 
ry without making any assumptions regarding the nature of geomet- 
rical elements. Thus we have proved formulas (1)-(6) and (A) for 
any model for Lobachevskian geometry. 

In § 62 we had compared formula (A) with the basic formula of 
spherical trigonometry 


cos > = COs — cos > +-sin — sin = cos & (B) 

Formula (B) becomes formula (A) if Ris replaced by Ri (i = V —1). 
This implies that Lobachevskian trigonometry can be treated as 
trigonometry on a sphere having an imaginary radius. Such a relati- 
onship between Lobachevskian formulas and formulas of spherical 
trigonometry is explained comprehensively from the point of view 
of differential geometry. Lobachevskian geometry is a geometry of 
negative constant curvature K = — 1/R*, whereas geometry on 
a sphere is a geometry of positive constant curvature K = 1/R*. When 
R is replaced by Ri, the metric form of a sphere becomes the metric 
form of the Lobachevskian plane. At the same time all the metric 
relationships of spherical geometry become the cooresponding rela- 
tionships of Lobachevskian geometry. 


Chapter 9 
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9.1. Two-dimensional manifolds 
with differential-geometric metric 


§ 234. We know that every surface in the Euclidean space has 
a completely defined intrinsic geometry. But-on its part, intrinsic 
geometry by no means defines the surface on which this geometry 
holds. Indeed, by means of bending one can obtain infinitely many 
surfaces that are distinct in their form but have a common intrinsic 
geometry. 

Thus the structure of the spatial location of points of a surface is 
to a large extent coincidental for its intrinsic geometry. And in any 
case, if the metric form of a surface is known for a certain system of 
intrinsic coordinates, then all the results concerning the intrinsic 
geometry of this surface can be obtained without appealing to the 
embracing space. Therefore there arises the thought of generalizing 
the concept of intrinsic geometry so as to completely disengage it 
from the embracing space. 

The benefit of such a generalization can be easily seen if one reviews 
the subject matter of the preceding section. We know that the metric 
of the Lobachevskian plane, just as the metric of every surface in 
the Euclidean space, is defined by a quadratic form. In an abstract 
form the Lobachevskian plane exists—it was proved at the end of 
Chapter 3. But it is not possible to superpose the entire Lobachevski- 
an plane on a surface in the Euclidean space. For the given case, like 
many other geometric questions, the framework of the classical theo- 
ry of surfaces turns out to be insufficient. 

If we enlarge these frameworks, we arrive at such a wide concept 
of geometry that one scheme can include the most varied geometric 
systems, including the Lobachevskian system. 

§ 235. Let a set R be given (the concrete nature of its elements is 
immaterial for us). The elements of this set will be called points 
and denoted by z, y, z, etc. Suppose that for every pair of points z, 
y there is defined their distance, which is a number 0 (z, y). The set R 
together with the distance between its points will be called a met- 
ric space if the function po (z, y) satisfies the following three condi- 
tions: 

(1) p (xz, z) = 0 

(2) 9 (z, y) =e (y, ) >O for x # y 

(3) p (z, y) + p(y, 2) =p (2, 2) 
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These conditions are known as the axioms of the metric space, and 
the last of these is called the triangle axiom. 

Although these axioms demand very little of the function 0 (z, y), 
they enable us to establish a number of important notions and 
theorems for any metric space. For example, one can define the 
concept of a converging sequence of points for any metric space: the 
sequence 2,, Ly, -.-, Lp, . . . converges to a point aif p (xz,, a)—> 0. 
It can easily be shown that a sequence cannot converge to two distinct 
points. Indeed, suppose that Lp @, L_—> b, where a = Db. Since 

0 (a, b) > 0, by the second axiom, it follows that for sufficiently 
ae n, 0 (ta, a) < (1/2) 9 (a, b) and p (a,, 0) < (1/2) p (a, 5D). 
Therefore 0 (a, Zn) + P (Ln, b) < pC (a, b), which contradicts the third 
axiom. 

Next, one can define in a natural manner the concept of a conti- 
nuous mapping of one metric space into another: the mapping z’ == f(z) 
of the space R into another space R’ (that is, the correspondence of 
every point z of R with some point 2’ of R’) is called continuous at 
a point a if every sequence 2,, Zo, ..., Xn, -. . converging to a is 
mapped into a sequence f (x,), f (2), ...; f (@n), . . - converging to 
the point f (a): symbolically, 


lim f (t,) = f (lim z,) 


If the mapping xz’ = f (z) is continuous at every point of A, then it 
is called continuous in the entire space, or simply continuous. 

To cite examples of a metric space, we can mention in the first place 
the Euclidean plane (as well as the Euclidean space) and the Loba- 
chevskian plane (as well as the Lobachevskian space). Next, consider 
a surface S in the Euclidean space (assuming it to be defined as in 
§ 225). It can be shown that any two points z, y of S may be joined 
on this surface by a smooth or piecewise smooth arc; such an arc is 
necessarily rectifiable, that is, has a definite length. Now if for the 
intrinsic distance p (z, y) between two points z, y of S we take the 
lower bound of the length of curves joining z, y on this surface, then 
o (x, y) will satisfy Axioms 1-3 (the proof of this fact is omitted). 
Thus any surface with a definite intrinsic distance between its points 
is a metric space. 

We find that the concept of a metric space embraces all the geomet- 
rical systems known to us. To underline how general this concept is 
we notice that on any set one can define a distance between pairs of 
points which satisfies Axioms 1-3. 

Take any set M with elements z, y, z,.... Assume that o (z, y) = 
= O0ifx=vy, 0 (z, y) =1 if z = y. Axioms 1-3 are then obviously 
satisfied, and therefore the set M with the distance defined is a met- 
ric space. | 

That the concept of a metric space is so general shows that for the 
development of a meaningful geometrical theory Axioms 1-3 are 
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inadequate. We shall now add a number of new, strong conditions 
to Axioms 1-3. This will result in a sufficiently concrete and at the 
same time very general class of metric spaces which will be called 
(two-dimensional) Riemannian manifolds, or manifolds with a differ- 
ential-geometric metric. 

These conditions are as follows. 

(a) By an e-neighbourhood (¢ > 0) or simply a neighbourhood of 
a point a of a metric space we shall mean the set of all its points x 
for which po (xz, a) < 8. 

We require that forevery point a of the space there exist a neigh- 
bourhood U that can be mapped into the Euclidean plane by means 
of a mapping which is one-to-one and continuous in both directions. 

We introduce a coordinate system in U; namely, by the coordina- 
tes u, v of a point z in U we mean the Cartesian coordinates of that 
point of the Euclidean plane which corresponds to x under the above 
mapping. The continuity condition imposed on this mapping means 
the following: if x, is a fixed point with coordinates uo, vo and zx 
a variable point with coordinates u, v, then w— Uy, and v— Uy 
imply that o (x, x,)—> 0, and, conversely po (x, z))—> O implies that 
u—> Uy, and v—- Up. 

(b) Let two neighbourhoods with coordinate systems defined in 
them have a common part. We require that in the common part of 
the two neighbourhoods coordinates of any point given in one neigh- 
bourhood can be uniquely expressed in terms of coordinates of this 
point considered as a point of the second neighbourhood by invertible 
equations the right sides of which have continuous partial derivatives 
and a nonvanishing Jacobian. 

A metric space with these two conditions will be called a two- 
dimensional smooth manifold. For a smooth manifold the concepts of 
a smooth curve and direction can be defined. 

By a closed smooth arc or briefly a segment in the neighbourhood U 
of a manifold S we shall mean the set of points of this neighbourhood 
the coordinates of which are given by the equations 


u = u (b), v = v (2) 


where t lies in a closed interval a <t<f ifl (i) for c<t<f the 
functions wu (tf), v (t) are continuous and have continuous derivatives, 
(ii) for no ¢ do the derivatives w’ (t), v’ (¢) vanish simultaneously, 
and (iii) for two different values of ¢ the functions wu (tf) and v (t) do 
not both assume equal values simultaneously. The points of the 
segment corresponding to the values ¢ = a and t = f will be called 
its endpoints. 

Obviously, the above properties of equations defining a segment 
are preserved when one changes to coordinates of any other neighbour- 
hood containing this segment. 
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Thus because in the definition of a segment the choice of the neigh- 
bourhood covering this segment is immaterial, the concept of 
a segment is an invariant concept. 

We shall say that at every point a smooth arc has a direction 
which is given by the ratio of differentials du = w’ (t) dt, dv = 
=v’ (t) dt (it is important here that wu’ (¢) and v’ (¢) do not vanish 
simultaneously, because otherwise the ratio du — dv may become 
undefined). In a new coordinate system (u*, v*) the direction of the 
Same curve is given by the ratio of the differentials 


fe) * 0 * * * 
du* = = du -+- 7 dv, duv* = = du -- — dv 


A finite system of smooth segments (lying, in general, in different 
neighbourhoods of the manifold) is called a piecewise smooth arc if 
in a suitable labelling of these segments the final point of the first 
coincides with the initial point of the second, the final point of the 
second coincides with the initial point of the third, etc. The initial 
point of the first segment and the final point of the last segment are 
called the endpoints of the piecewise smooth arc. 

If at the common endpoints the adjacent segments have the same 
direction, then in this case the system of segments constitutes a smooth 
arc, which should be called closed because it has endpoints (which 
are the free endpoints of the first and last segments). 

Similarly, one can define the concept of an open smooth arc and 
a piecewise smooth arc consisting of a countable number of segments 
i, (n = 0, +1, +2, ...) joined in such a way that the final point 
of the segment i, coincides with the initial point of the segment 
in+, An open smooth arc will simply be called a curve. 

(c) One can define the concept of a rectifiable arc and its length 
in a metric space in the same way as is done in the Euclidean space.* 
We require that every fixed closed arc of any smooth curve u = 
= u(t), v =v (t) be rectifiable and that the length of the arc on 
this smooth curve with one endpoint fixed and the other variable 
the function (u (¢), v (t)) be a differentiable function of the parame- 
ter 7. 

(d) We finally require that in every neighbourhood with a given 
coordinate system (u, v) there exist three continuous functions E = 


* Let a continuous arc LZ be given in space R, that is, let there be given 
a continuous image of the segment a <¢ <B the points of which (the image) 
are labelled by a suitable notation of their preimages from the segment a < 
<t<f and are assumed to be ordered in increasing labels. Consider any sys- 
tem of points m=t <t, Mtg <<... <t,-1. <t, = 68 of the segment a< 
<t < 6; to this system there corresponds a system of points zg, 21, ..., Lp-1, 
z, on L. Form the sum ye 0 (xj, T3413). If the set of all sums (considered as 


_— 


a set of numbers) is bounded, then the arc ZL is said to be rectifiable; the upper 
bound of this set is the length of L. 
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= EF (u, v), F = F (u, v), G = G (u, v) by means of which the differ- 
ential of the arc of the smooth curve wu = u (t), v = v (t) is defined 
by the formula 


ds? = FE du® + 2F dudv + Gdv*, where du = w’ (t) dt, dv = 
= v* (t) dt 


A metric space satisfying all the above conditions is known as the 
two-dimensional differential-geometric, or two-dimensional Riemannian, 
manifold. By the way, to make this concept more convenient for 
application it is desirable to impose one more condition of connected- 
ness besides those mentioned above; this can be stated in exactly the 
same form as the one for a surface (see § 225).., 

§ 236. The quantity @ defined by 


E du §u-+ F (du §v-+ dv 6u) + G dv 6v 
COS OSS Ee 
V E du?-+2F du dv+G dv? Y E §u?-+ 2F 6u 6v-+G $v? 
will be called the angle between the directions du — dv and du ~ 
— 6v. The quantity on the right side is invariant under a change of 
coordinates (which can be proved as in § 221); accordingly, the 
coordinate system chosen in defining the angle is immaterial. 
Finally, the area of a region D of a manifold S is defined as the 
value of the integral 


o= \ V EG— FAdu dv 


where the integral is taken over D. That the area is invariant was 
shown in § 222. 

Thus lengths, angles and areas on any differential-geometric 
manifold are found by using exactly the same formulas as for a sur- 
face (see § 225, formula (I) (II), (III)). 

Further, by the total curvature of a manifold at any point we can 
mean the quantity K which is found by the formula expressing the 
total curvature of a surface in terms of the coefficients of its metric 
form; the geodesic curvature of a curve can be similarly defined. 
However, in computing these quantities one has to differentiate twice 
the coefficients EL, F, G of the metric form and the right sides of 
equations of the curve u = u(t), v = v(t). Therefore we must 
subject the concept of a smooth manifold and its metric to addition- 
al smoothness conditions; namely, we shall assume that the func- 
tions £, F, G are continuously differentiable up to the second order 
and the admissible transformations of coordinates up to the third 
order. 
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With these“additional conditions a differential-geometric mani- 
fold is called regular.* Geodesics can be defined in the usual way on 
a regular manifold: either as extremals of the variational problem 


min \ ds or aS curves with zero geodesic curvature. In order to find 


these geodesics we can use the known system of differential equa- 
tions: - 


4 Z 1) au av 1 
Pet at (ae) +2 {of eat foot (47) =0 


y | y 2 
d2v du \2 du dv dv \2 
flit (3) +24 sof ee +{ 05] (ar) =0 


The family of geodesics coincides with the family of integral curves of 
this system. This implies that in a given direction only one geodesic 
passes through every point of a regular manifold. 

For the geometry of manifolds the geodesics play the role of lines. 

We have extended all the objects of intrinsic geometry of a surface 
to the case of a two-dimensional abstract differential-geometric 
manifold. Thus we have introduced a concept which is in any case 
wider than the concept of the intrinsic geometry of a surface in the 
Euclidean space because it embraces, for example, Lobachevskian 
plane geometry also. 

We have defined a differential-geometric manifold by making use 
of the concept of a metric space with a number of additional condi- 
tions. These conditions were expressed in analytic terms; let us try 
to find their geometrical meaning. 

Take any point M, (up, v,) of the manifold with the metric form 
E du? + 2F du dv + Gdv*. Let E,, Fy, Go, be the values of E, 
F, G at M,. The following statements can be proved by performing 
computations, which will be omitted here. 

Let M (u, v) and M’ (u + Au, v + Av) be two points of the mani- 
fold and 9 (M, M’) their distance. If M and M’ tend to M5, then 

Ce ee Ct ee (+) 
V Eo Au?-+ 2Fo Au Av-+ Go Av? 


In the Euclidean plane EF we now take an oblique Cartesian coordi- 
nate system (u, v) whose scale vectors e,, e, are chosen subject to the 


* If we change to new coordinates u = u (u, v), v = v (u, v), the functions 
E, F, G in the new coordinates are expressed in terms of E, F, G and du/du, 
du/dv, dv/du, dv/dv (see formulas (5), § 221); accordingly, the smoothness of 
functions u (u, v), v (uw, v) must be higher by one than those of E, F, G. 
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re Ae ok ’ é.|= VG ’ COS (@,, @€ — 

| 1 V 0 | 2| V 0 ( 1 2) V E.Go 
If M* (u, v) and M* (u-+ Au, v + Av) are two points of the plane £, 
then their Euclidean distance pg (M*, M*’) is given by the formula 


On (M*, M*')=Y E, Au2?-+ 2Fy Au Av-+ Gy Av? 


Using this result and (+) one can conclude the following. 

For every point M, of the manifold there is a neighbourhood which 
can be mapped into the Euclidean plane E such that if M and M’ 
are two points of the neighbourhood and M*, M*’ their images, then 


o(M, M’)=p,(M*, M*’)+(M, M’)e(M, M’) 


where yn (M, M") is an infinitesimal quantity together with p (M,, M) 
and p(M,, M’). 

In other words p (MM, M’) differs from pg (M*, M*’) by a quantity 
which is an infinitesimal of higher order in comparison to the dimen- 
sions of the neighbourhood. 

This is the result which contains the main geometric meaning of 
conditions defining a Riemannian manifold. One can say that these 
conditions enable us to select a class of metric spaces which have 
Euclidean character in an infinitely small part. 

The ideas presented here are well illustrated by the subject mat- 
ter of §§ 220-222, where differential-geometric properties of the 
Lobachevskian plane were established by mapping it into the 
Euclidean plane in the form of a horosphere. 

§ 237. Let a differential-geometric (Riemannian) manifold be 
given. Take any region H on it. It can be easily shown that # itself is 
a differential-geometric manifold. This manifold is a part of another 
wider manifold; if we were given only H, then we could “extend” it, 
that is, include it in another manifold, namely the original manifold. 

In the investigation of intrinsic geometry of manifolds it is desir- 
able to reject those which can be “extended”, because otherwise such 
an investigation would get drowned in a mass of uninteresting rela- 
tive frequencies. 

Taking note of what has been said, we require the manifolds to be 
complete (which, however, is a far stronger condition than the non 
extensibility). The formulation of this condition requires the concept 
of a fundamental sequence; from the course of elementary analysis 
the reader is familiar with this concept for Euclidean geometry. 

A sequence of points 2,, 2g, ..., Zn, -..- iS called fundamental 
if 9 (Yn, Lm) tends to zero as n and m increase without bound. In the 


* These conditions are fulfilled because the positive-definiteness of the met- 
ric form implies that Ey >0, Gy > 0, and FZ < E,Go. 
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Euclidean plane every fundamental sequence converges, that is, if 
lim 9 (%n, Zm) = 0, then there exists a point z such that 


n—> oo 
m— oo 


lim 9 (z,, z) = 0. In elementary analysis, this property of the 


Euclidean plane is known as the general convergence principle. 
For an arbitrary differential-geometric manifold the general con- 
vergence principle may not hold. To see this, it suffices to consider 
the following simple example. 
In the Euclidean plane take a sequence of points z7,, %5,.. .,2%yn,--- 
which converges to the point z: limz, =z. This sequence is 


Nl -+ 0O 
simultaneously a fundamental sequence. Let us delete the point zx 
from the plane without changing the metric of the remaining part. 
In the manifold thus obtained the points x,, 72, ..., Zp, ... still 
constitute a fundamental sequence, but now this sequence has no 
limit. 

Differential-geometric manifolds in which there exist fundamental 
sequences without limits are called incomplete. A complete manifold 
cannot be extended. 

We shall not examine incomplete manifolds below. 

§ 238. By defining a two-dimensional differential-geometric ma- 
nifold, we have obtained an important generalization of the concept 
of a surface and its intrinsic geometry. Let us explain its meaning 
and advantages. 

In the classical surface theory, surfaces are regarded as objects of 
the Euclidean space. If a certain surface has the extrinsic equation 


r=r(u, v) 


then its intrinsic geometry is defined by the quadratic form ds? = 
= FE du? + 2F du dv + G dv’ in which the coefficients 


2 2 
Lat. LSet... Gr; 


are completely determined. Thus every surface has a definite metric 
or intrinsic geometry. In other words, the intrinsic geometry of 
a surface is defined by the peculiarities of location of its points in 
space. If using the theory of surfaces we wish to realize an intrinsic 
geometry with given properties, then we must look for a surface with 
the required intrinsic geometry, that is, a surface whose points are 
so located in space that the given metric just corresponds to this 
location. However, due to the nature of the problem of investi- 
gating the intrinsic geometry of a surface the spatial structure of 
a surface is not interesting. 

When we examine the intrinsic geometry of an abstract mani- 
fold, which need not be thought of as being inside any space, we 
need not bother about the form of the surface as a spatial object. 
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We simplify our investigation by not having to be:ctoncerned with 
properties foreign to the figures under study. 

On the other hand, the problem of finding a surface whose metric 
satisfies definite properties may not possess a solution, that is, 
there may not be a surface in the space with the given metric. But 
it may happen that this metric is realized on a certain abstract 
manifold, since the metric of an abstract manifold may be defined 
according to our convenience with a great degree of arbitrariness. 
The Beltrami problem can serve as a good example for this; many 
other examples will be given in the following pages. 

The next section will be devoted to two-dimensional manifolds of 
constant curvature, that is, manifolds whose total curvature is the 
same at all points (the definition of total curvature of a manifold 
is given in § 236). 

Because of their many properties, manifolds of constant curvature 
should be examined in the first place. It is enough to mention that 
only for these manifolds, among all the two-dimensional differen- 
tial-geometric manifolds, sufficiently small pieces can be moved 
about. If two isometric regions of a manifold are treated as congruent, 
then the above statement can be formulated more precisely as fol- 
lows. 

Only manifolds of constant curvature admit of congruent dis- 
placements of their sufficiently small parts (that is, isometries of their 
parts into other parts) so that the collection of such displacements is 
transitive with respect to linear elements. To show this, the reader 
should go back to § 227, where exactly the same assertion was 
proved for a surface. Because the arguments of § 227 were presented 
exclusively for the concepts of the intrinsic geometry of a surface, 
they are directly applicable to metrized abstract manifolds. 

What is more, on the basis of the results of § 227, we can assert 
that in the small parts of every manifold of constant curvature K 
Euclidean geometry is valid if K = 0, Lobachevskian geometry if 
K <0 and spherical geometry if K > 0. 

Thus abstract manifolds of constant curvature, just like surfaces, 
fall into three classes if considered in the small. 

But if we examine these manifolds “in the large’, we discover 
a wealth of properties, which would have been impossible to do 
within the framework of the elementary theory of surfaces. 


9.2. Parabolic spatial forms 


§ 239. A complete differential-geometric manifold of constant 
curvature is called the spatial form of the geometry of a given constant 
curvature (the completeness condition was stated in § 237). Two 
spatial forms of the geometry of a given constant curvature will be 
called equivalent if they are of the same topological type, that is, 
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Figure 169 


if they admit of a mapping of one into another which is one-to-one 
and continuous in both directions. Visually, this means that spatial 
forms can be deformed without “cracking” and “glueing”. 

Such a condition results in a natural classification of all spatial 
forms in an easily visible set of classes of equivalent forms; every 
class is characterized by pointing out a certain representative. 

Since we do not wish to give a complete topological classification 
of two-dimensional manifolds, we only mention that all two-dimen- 
sional manifolds can be classified as open or closed. A manifold is said 
to be closed if a convergent sequence can be chosen from any infinite 
set of its points (that is, if the Bolzano-Weierstrass principle holds 
for this manifold). A manifold which is not closed is said to be open. 

Examples of closed manifolds are a sphere and a torus, while 
those of open manifolds are the plane, a region in the plane, or any re- 
gion on a sphere which does not cover the entire sphere. 

Henceforth, geometry of constant curvature K will be called 
parabolic if K = 0, elliptic if K >O and hyperbolic if K < 0. 

§ 240. Among parabolic spatial forms the Euclidean plane must 
be mentioned in the first place (as examples of forms equivalent to it 
one may mention the parabolic cylinder, the connected part of the 
hyperbolic cylinder, a horosphere in the Lobachevskian space). 

Apart from the Euclidean plane (and forms equivalent to it), 
there are four more spatial forms in parabolic geometry; their topo- 
logical representatives are an ordinary cylinder, a one-sided cylinder, 
a torus and a one-sided torus. We shall examine them in this order. 

We divide the plane into equal strips by a system of parallel 
lines {a} (Fig. 169) and choose a direction in the plane; for example, 
the direction of the perpendicular to lines {a} (the possibility of 
choosing direction along lines {a} themselves is ruled out). In any 
strip take an arbitrary point M. Moving the strip selected in the 
given direction, it can be superposed on any other strip; the point M 
then assumes a new position which will again be denoted by M. The 
set of all points obtained in this manner from M will be denoted 
by {M}. Every set of points {M} will be regarded as an element 
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B B 
Figure 170 


(“point”) of a new set R. We introduce a metric in R: if r = {M} 
and y = {N} be two points of R, then for their distance p (z, y) we 
take the minimum of Euclidean distances between points of the 
set {/} and the set {VV}. By definition, p (z, y) =o (y, z). Let 
us eee if o (z, y) satisfies all the axioms of a metric space (see 
§ 235). 

(4) If the sets {147} and {N} coincide, then the minimum Euclide- 
an distance between points of {7} and those of {N} is zero; accord- 
ingly, 9 (z, y) = O for z= y. 

(2) If the sets {M} and {N} are distinct, then the minimum 
Euclidean distance between the points of {7} and those of {N} is 
greater than zero; this and the definition of op (x, y) imply that 
eo (xz, y) =e ty, 2) >O0 for xr y. 

(3) Let z = {M}, y = {N} and z = {P} be any three points of R. 
Let NV, be a point of {NV}. There are points M, and P, in the sets {M} 
and {P}, respectively, such that p (z, y) = M,N, and p(y, 2) = 
= N,P,, where M,N, and N,P, are Euclidean distances. For Euclide- 
an distances we have M,N, + N,P, > M,P,; but M,P, > 0 (a, 2) 
and hence p (z, y) + p(y, z) > ¢ (z, 2). 

Thus A turns out to be a metric space. 

The function p (z, y) is defined in such a way that a sufficiently small 
é-neighbourhood of any point xz = {M} of R is isometric to the 
e-neighbourhood of the point M of the Euclidean plane; this means 
that R is a two-dimensional manifold with zero curvature. 

Further, since the Euclidean plane is complete, R is also complete. 
Thus & has a certain parabolic spatial form. 

In order to aid our discussion with visualization, imagine the 
plane as an infinite tape wrapped around a circular cylinder such that 
every strip wraps the cylinder just once. Then all the points of 
any set {M} coincide with one point of the cylinder. Thus it is estab- 
lished visually that the circular cylinder is a spatial form of parabol- 
ic geometry equivalent to the manifold R examined before. 

We shall arrive at the same conclusion if we simply identify all 
points of every set {M} (in particular, points lying “opposite each 
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other” on various boundaries of a certain strip). It is clear that by 
Joining pairwise the points lying on distinct boundaries of a strip 
(as shown in Fig. 170, where points joined have been denoted by the 
same letter) one obtains a “pipe”. 

Thus we have found a class of spatial forms of geometry of zero 
curvature the topological type of which is represented by a circular 
cylinder. 

Let us go back to the plane divided by parallel lines {a} into equal 
strips; take another line b perpendicular to lines {a} (Fig. 171). 
Let M be any point in a certain strip. We move the chosen strip 
along b in a way such that it coincides with the adjacent strip; M will 
then have a new position. We reflect the point obtained in the line b 
and again denote the image by M. Continuation of the process gives 
an infinite set of points {/}. 

Every set of points {M} will be taken as an element of a metric 
space R: as in the preceding case, for the distance p (x, y) between 
two points z = {M} and y = {N} of R take the minimum of Euclid- 
ean distances between the points of the set {MM} and those of {NV}. 
It is easily seen that R has the spatial form of a geometry of zero 
curvature 

We shall obtain the same spatial form if by taking one strip we 
identify its boundary points lying in one set {M} (the identification of 
points is shown in Fig. 172, where the points identified are denoted 
by the same letter). The manifold thus obtained is known as a one- 
sided cylinder. 

Instead of an infinite strip of the plane, consider now the set of 
points lying in the interior of a rectangle ABCD and the points that 
lie on its sides ABand CD excluding the points A, B, C, D themselves 
(thus the segments AD and BC are completely excluded). It can be 
easily proved that such a set is topologically equivalent to the infi- 
nite strip of the plane bounded by two parallel lines (that is, it can 
be mapped into this strip by a mapping which is one-to-one and 
continuous in both directions). Now identify pairwise the points of 
the segments AB and CD which are located symmetrically with re- 
spect to the centre of the rectangle (A is joined with C and B withD; 


Figure 171 Figure 172 
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Figure 173 Figure 174 


in Fig. 173 the arrows indicate the directions of AB and CD which 
must coincide after these segments have been joined). We thus obtain 
a manifold with Euclidean metric which is tapologically equivalent 
to the one-sided cylinder (this, however, is not a spatial form because 
it is incomplete); it is called a Mobius strip. 

In reality, we can join the opposite sides of the rectangle described 
above by taking a strip of paper and thus construct a model for the 
Mobius strip (Fig. 174). Using this model, one can easily see that the 
surface thus obtained is one-sided: it cannot be pointed in two col- 
ours so that the colours mix only at the boundary. The model for the 
Mobius strip to a certain extent makes clear our idea about a one- 
sided cylinder and also justifies this name. 

Thus we have obtained a third class of parabolic spatial forms 
represented by a one-sided cylinder and topologically equivalent to 
the Mobius strip. 

Consider now two systems of parallel lines, {a} and {bd}, in the 
plane which divide the plane into equal rectangles (Fig. 175). Take 
an arbitrary point M in one of them. By displacing the chosen rectan- 
gle in the directions of the lines {a} and {b}, we can make it coincide 
with any other rectangle; the point M will then assume infinitely 
many new positions each of which will again be denoted by M. 
This results in an infinite set {M}; we shall treat it as an element of 
a new set R. In complete analogy with the preceding, we introduce 
a metric in A: if x = {M} and y = {N} are two points of R, then 
o (z, y) is the minimum of the Euclidean distances between the 
points of {17} and those of {NV}. This metric space is a complete 
manifold with zero constant curvature, that is, a spatial form of 
parabolic geometry. 

A visual representation of this form is given by the rectangle with 
the points of opposite sides being pairwise identified (Fig. 176, where 
arrows indicate directions of the sides which must coincide when these 
sides are identified; because all the vertices of the rectangle become 
one point, they have been denoted by the same letter). Notice now 
that when two opposite sides of the rectangle are identified, this re- 
sults in a “pipe”; the identification of the other two sides yields a to- 
rus (Fig. 177). 
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Thus the topological type of the new class of spatial forms is 
represented by a torus (therefore they are called ring-shaped). 

Let us go back to the plane divided into equal rectangles by lines 
{a} and {b}, but now, in addition, draw a middle line between 
neighbouring lines {b} in every strip (Fig. 178). Let M be any point 
in one of the rectangles. By moving the chosen rectangle along the 
strip between two lines {a} and by superposing it successively on all 
other rectangles of this strip, we obtain infinitely many new posi- 
tions for M; all these points will be denoted by the same letter M. 
Now we move every rectangle of the strip in question along the lines 
{b} into the adjacent strip and we reflect the point chosen in the 
midline of the rectangle (passing between the lines {b}); all the points 
thus obtained will again be denoted by M. This process will be con- 
tinued indefinitely. The sets of points {M} will be treated as elements 
of a new metric space R, where the metric is defined in exactly the 
same way as in all the preceding cases. 

We thus obtain a parabolic spatial form represented by a rectangle 
in which the points of opposite sides are pairwise identified in the 
manner shown in Fig. 179. This manifold is known as a one-sided 
torus. 

Let us try to make a model for the one-sided torus. 

By joining two horizontal sides of the rectangle drawn in Fig. 179, 
we shall obtain a “pipe”, but then in order to join the vertical sides 
of the rectangle as required by Fig. 179 we must pass one end of this 
pipe through the wall and join with the other end from within 
(Fig. 180). It is impossible to conceive a one-sided torus in the space 
in the form of a nonselfintersecting surface. 

Parabolic spatial forms represented by a one-sided torus are called 
one-sided ring-shaped forms. 

We have now established that there exist manifolds of zero curva- 
ture which are topologically equivalent to both an ordinary and 
a one-sided torus. This result was obtained only due to the fact that 
we introduced the concept of an abstract differential-geometric mani- 
fold. No regular surface in the Euclidean space having the topologi- 


Figure 175 Figure 176 
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cal type of-an ordinary or one-sided torus canhave a natural metric 
of everywhere zero curvature. Thus we would not have been able to 
discover ring-shaped parabolic forms had we remained within the 
framework of the Euclidean surface theory. 

§ 241. We have found five classes of spatial forms of parabolic 
geometry the topological representatives of which are 

(1) the plane, 

(2) the circular cylinder, 

(3) the one-sided cylinder, 

(4) the torus, 

(5) the one-sided torus. 

Among these manifolds three are open (the first, second and third), 
while two are closed (the fourth and fifth); besides, there are three 
two-sided (the first, second and fourth) and two one-sided (the third 
and fifth). It is proved in topology that all these manifolds are topo- 
logically distinct. 

Apart from the five manifolds mentioned, no other manifold can 
have parabolic geometry, that is, it cannot be metrized parabolically 
with the completeness condition being satisfied. The proof of this 
is sketched in Klein’s Vorlesungen tiber nicht-euklidische Geometrie, 
Chapter 9. Of course, every region of the plane, cylinder, etc. is 
a metrized manifold with geometry of constant curvature, but the 
completeness condition is not satisfied in all these cases. By their 
definition, all parabolic forms have the same geometry in small parts 
as the Euclidean plane. But in the large every parabolic form has 
its own geometric system in which the role of points is played by 
elements of the manifold of the given form and that of lines by the 
geodesics of this manifold. The mutual relationships between points 
and lines are governed by all of Hilbert’s axiom only for the geomet- 
ric system of the first of the five parabolic forms. For the geometric 
systems of the remaining four forms completely different proposi- 
tions turn out to be true, the majority of them being different from 
Euclidean propositions. 
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For example, in the geometry of a cylinder the geodesics of which 
are helices and circles orthogonal to the generators the statement 
that only one line passes through two points is false. 


9.3. Elliptic spatial forms 


§ 242. There are two classes of elliptic spatial forms; their repre- 
sentatives are (4) the sphere and (2) the elliptic plane. 

The fact that the sphere is a spatial form of elliptic geometry 
can be immediately seen since the total curvature at all points of 
the sphere of radius r is 1/r?. Therefore the sphere, as a surface of the 
Euclidean space, has a metric of positive constant curvature. 

We shall now show that there is a complete differential-geometric 
manifold of positive constant curvature, which is topologically 
not equivalent to the sphere. 

Let a sphere S of radius r be given in the Euclidean space. Consid- 
er aiset R the elements of which are pairs of antipodal points of S. 
We introduce a metric in R; namely, if c={M,, M,} and y = 
= {N,, N.} are two elements of R (here M,, M, and N,, N,. are 
two pairs of antipodal points of S$), then for the distance op (z, y) 
we take the minimum of the distances on S between the points of 
the pair {M,, M,} and those of the pair {N,, N,}. 

It can be easily shown (by using arguments analogous to the ones 
employed in the beginning of § 240) that o (xz, y) satisfies Axioms 1-3 
of § 235, that is, R is a metric space. 

Next, it is evident that for every point z = {M,, M,} of R there 
exists an e-neighbourhood which is isometric to the e-neighbourhood 
of M, (or M,) on S. Accordingly, R is a_ differential-geometric 
manifold of positive constant curvature. Finally, the completeness 
of S implies the completeness of R. 

In this way, Ris a spatial form of geometry of positive curvature. 
This form (as well as those equivalent to it) is called the elliptic 
plane. 

The sphere and the elliptic plane are topologically not equivalent. 
To see this, notice that a sphere has the following property: every 
simple closed curve lying on the sphere divides the sphere into two 
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parts. This property must be preserved under a topological mapping 
of the sphere (that is, under a mapping of the sphere onto another 
mat*ifold which is one-to-one and continuous in both directions). But 
the elliptic plane does not possess this property. Indeed, consider 
a set of pairs of antipodal points of a great circle of the sphere S; call 
it L. The set L, being a subset of R, is topologically equivalent to the 
circle. Accordingly, L is a simple closed curve on the elliptic plane R. 
But ZL does not divide R into two parts because any two pairs of 
antipodal points of the sphere not belonging to L (that is, any two 
points of R not lying on L) can be mapped continuously into each 
other by bypassing L. This shows that the sphere and the elliptic 
plane are topologically distinct. 

Thus we have found two spatial forms of.geometry of positive 
curvature defining two distinct classes of forms; both these forms are 
distinct. 

There are no other elliptic forms; however, the proof of this fact 
is not elementary and will be omitted. 

§ 243. Here we shall describe two new representations for the 
elliptic plane. 

(1) Let 7 be the set whose elements are all the lines passing 
through the centre of asphere S (that is, 7 denotes a bundle of lines 
which is concentric with S). We introduce a metric in 7 by setting 
o (x, y) = ar, where a is the smallest angle between the lines z and y 
and r the radius of S. 

if with every line of T we associate a pair of antipodal points of S, 
where this line meets the sphere, we obtain an isometric mapping 
of T into R. This means that the bundle 7 with the metric introduced 
is a new representation of the elliptic plane. 

(2) Let us complete the Euclidean space by adding elements at 
infinity in the same way as is done in projective geometry (see § 80). 
In space take any plane @ and treat it as the projective plane, that is, 
having regard to points at infinity. We introduce a metric in the 
projective plane a. 

To this end, take a bundle of lines 7 whose centre does not lie in a. 
With every line uw of T associate a point z of a lying on wu. This asso- 
ciation is one-to-one (it is important here that the plane has been 
completed by adding points at infinity; due to this, to lines of the 
bundle which are parallel to a there correspond points at infinity of 
these lines). For the distance 0 (z, y) between the two points zx, y of a 
take the distance between those elements of 7 which correspond to 
the points x, y (the metric of 7 has been defined above). It is clear 
that with such a definition of distances on the plane @ the correspon- 
dence between the points of @ and the lines of T is isometric. There- 
fore the projective plane metrized in the above manner is a spatial 
form~equivalent to 7. We thus obtain a new representation for the 
elliptic plane in the form of the metrized projective plane. 
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§ 244. Let us attempt to construct a topological model forthe 
projective plane in the form of a surface in the Euclidean space topo- 
logically equivalent to it. 

In the Euclidean plane a@ take three nonconcurrent lines. These 
lines divide @ into seven regions, labelled in Fig. 181 by J’, I’’, 
II’, II", III’, III", IV. lf the points at infinity are added to a, 
then the distinct regions J’ and J” are joined to give a connected 
region; it will be denoted by the roman numeral J and called a tri- 
angle because it is bounded by the segments of three lines. Similarly, 
IT’ and JI" are joined into one triangle JJ and JJI’ and IJI” into one 
triangle JJ. Thus the plane augmented by points at infinity is divid- 
ed by the three lines into four triangles J, JJ, III, IV. Notice now 
that if triangle JV is deleted from the manifold, the remaining region 
will be topologically equivalent to the Mobius strip. 

This will become visually clear if the triangles J, JJ, [JJ are drawn 
as in Fig. 182. The reader can easily see that the scheme according to 
which the triangles J, JJ, JJJ are joined in Fig. 182 is not different 
from the one used to join the triangles having the same numbers in 
Fig. 181. The vertices A, B of triangle JJ should be viewed as iden- 
tified with the vertices denoted by the same letters for triangle JIJ. 
It is evident that under such an identification triangles J, JJ, III 
constitute a Mobius strip the contour of which consists of straight 
links CA, AB, BC. The plane augmented by points at infinity is 
obtained by adjoining the contour of the Mobius strip to the contour 
of triangle JV. 

It is known that a triangle is topologically equivalent to a part 
of the sphere that remains after a circular holehas been made in the 
sphere. Thus if the contour CABC of the Mobius strip is jointed with 
the contour of triangle JV, this results in a surface which is topologi- 
cally equivalent to the one that is obtained by gluing the Mobius 
strip to the sphere with one hole. This surface is one-sided. In the 
three-dimensional Euclidean space it is impossible to form such 
a surface without selfintersection. The projective plane viewed as 
a sphere with one hole which has been glued to the Mobius strip 


Spatial Forms in Constant Curvature Geometry 047 


enables us to visualize the peculiarities of the mutual location of the 
projective lines on the projective plane. This easily shows, for 
example, that a projective line does not divide the projective plane 
into two parts. 

One can see this if a disc is cut out from the projective plane with- 
out touching the given line a; the remaining part of the plane will 
be a Mobius strip containing the line a, which for visualization is 
assumed to coincide with the midline of this Mobius strip, but 
a closed cut of the Mobius strip along the midline does not divide it 
into two parts; this can be found using a simple model made of paper. 

§ 245. To the two elliptic spatial forms there correspond two geo- 
metric systems: geometry on the sphere and geometry on the elliptic 
plane. The geometry on the elliptic plane is nothing but a two- 
dimensional Riemannian geometry (see §§ 63-67). On this account 
the elliptic plane is also referred to as the Riemannian plane. 


9.4. Hyperbolic spatial forms 


§ 246. In contrast to elliptic geometry, which has two classes of 
topologically equivalent spatial forms, and parabolic geometry, 
for which there are five classes, hyperbolic geometry can be real- 
ized, with the completeness condition being satisfied, on an infinite 
set of topologically distinct two-dimensional manifolds. Even among 
closed manifolds there are infinitely many such manifolds on which 
the metric of constant curvature K < 0 can be defined. 

The results obtained in §§ 216-222 and §§ 227-228 enable us to 
assert that every plane in an axiomatically developed Lobachevskian 
space is a differential-geometric manifold of negative constant 
curvature; this manifold is complete, and the proof of this fact is 
exactly the same as that of the completeness of the Euclidean plane 
(one has to use the axioms of absolute geometry only). We can there- 
fore assert that the Lobachevskian plane is one of the hyperbolic 
spatial forms. The class defined by it is characterized thus: its 
representatives are the complete differential-geometric manifolds of 
negative constant curvature which are topologically equivalent to 
the usual (Euclidean) plane. All these manifolds are known as 
hyperbolic planes. 

§ 247. Assuming a certain hyperbolic plane given, we shall show 
how to construct infinitely many other hyperbolic forms. First we 
shall examine closed forms. 

We shall employ a method for constructing two-dimensional closed 
manifolds known from elementary topology. For some time we shall 
discuss the topic from a purely topological point of view, that is, con- 
figurations will admit of any continuous deformations, although the 
metric properties might be violated in the process. Moreover, in 
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orde to simplify the presentation we shall use visually descriptive 
devices. 

Imagine a square made of a thin rubber band (Fig. 183). By joining 
its sides, denoted by a, so that the directions of these sides marked 
by arrows coincide, we transform this square intoa pipe. Then by 
joining the boundaries of the holes of the pipe a torus is obtained 
(Fig. 184). Thus a torus can be regarded as a square in which the 
opposite sides are glued pairwise so that their directions, marked 
by arrows in Fig. 183, coincide and all the four vertices are joined 
to one point (in Fig. 183 the sides which are joined are denoted by 
one letter, and all four vertices have been denoted by one letter A; 
in Fig. 184, where the torus has been shown, the notations have the 
same meaning as in Fig. 183). 

Suppose that a hole is bored in the torus so that the torus becomes 

a “handle” (Fig. 185). Suppose that the boundary of this hole passes 
through A. Then on the original square the boundary of the hole is 
represented by a closed curve c that passes through A (Fig. 186). 
Tearing off the curve c at A and somewhat deforming the figure shown 
in Fig. 186, we can transform it into a pentagon shown in Fig. 187. 
Conversely, by gluing the sides, denoted by a, of this pentagon so 
that their directions marked by arrows coincide, and, similarly, 
by gluing the sides denoted by b and leaving the free side c as the 
boundary of the figure, we again obtain a handle. 
* Tf we join the boundaries of two handles, we get a “pretzel” 
(Fig. 188). At the same time, it may be evidently regarded as an 
octagon whose sides have been glued pairwise in the manner shown 
‘in Fig. 189, where the sides joined have been denoted by the same 
letters and their directions, which coincide, by arrows. Indeed, such 
an octagon results from two pentagons, representing handles, when 
they are joined along the free sides. 

In the same way in which a torus, a surface of the first kind, is 
obtained by joining the sides of a square pairwise, and a “pretzel”, 
a surface of the second kind, is obtained by joining pairwise the sides 
of an octagon, every two-sided closed surface of the pth kind may be 
obtained by joining pairwise the sides of a 4p-gon in a definite man- 
‘ner, which is shown in Figs. 190-and 194 for the particular case p = 3. 
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We shall now take up the construction of closed spatial forms of 
hyperbolic geometry. We shall show first of all that there exists 
a form which is topologically equivalent to a surface of kind p = 2 
(that is, to a “pretzel”). 

In the Lobachevskian plane take a point O and draw through it 
four lines so that they form a proper star. Marking off congruent 
segments of length r on both sides from O on these lines and joining 
their ends by rectilinear segments, we obtain a proper octagon Px. 
We exclude from consideration those points of the Lobachevskian 
plane which are exterior to this octagon, and join its sides pairwise 
according to the scheme of Fig. 189. It is assumed that when the sides 
are joined, those points which divide these sides into the same ratio 
are also joined pairwise. Let R denote the set whose elements are (1) 
the interior points of the octagon Px, (2) the pairs of joined points 
of the sides and (3) the eight vertices (joined) of the octagon. Assu- 
ming that all points of the Lobachevskian plane representing some 
element x of R are denoted by one letter M, we shall express this 
element symbolically by z = {M}. The distance between two points 
P and Q of the Lobachevskian plane will be denoted by d (P, Q). 

We introduce a metric in R. Namely, if z = {M}, y = {N} are 
two elements of A, then for the distance 0 (z, y) take the smallest of 
the following two numbers: 


d,=d(M, N), d, = min ld (M, T,) + d(N, T,)l 


where 7, and 7, are any two identified points. Thus 2 is turned into 
a metric space which is topologically equivalent to the “pretzel”. 
We can think of R as a “pretzel” on which the artificial metric has 
been defined by covering the “pretzel” by the octagon P, (that is, by 
means of the mapping of P, into the “pretzel”). This metric will be the 
usual Lobachevskian metric in every sufficiently small neighbour- 
hood of any point of the “pretzel” except possibly the neighbourhood 
of that point at which all the vertices of the octagon coincide. 
This point will be a singular point of the metrized “pretzel” if the 
sum of the interior angles of the octagon differs from four right angles. 
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For the metric defined by us on the “pretzel” to be regular, we must 
m ke use of such an octagon the sum of the interior angles of which 
is equal to four right angles. 

Thus the question of a regular hyperbolic metrization of the 
“pretzel” reduces to that of the existence in Lobachevskian geometry 
of a proper octagon with the desired angle-sum. This problem has 
a positive solution. 

Indeed, let S (r) denote the angle-sum of the octagon P3,; here r 
denotes the distance from the vertex of the octagon to its centre 
(this quantity figured in the construction of Ps). Notice that in the 
Lobachevskian plane the angle-sum of an infinitely decreasing trian- 
gle tends to x. Therefore S (r)— 6n as r— O (that is, S (r) tends to 
the angle-sum of the Euclidean octagon). This implies that S (r.) > 
>2n for a sufficiently small r = ry. On the other hand, if 6 (r) 
denotes the half of an angle of the octagon P, and 6 = 6 (r) the half of 
the side of this octagon, then evidently B (r) < II (6 (r)), where Ilis 
the Lobachevsky’s function. 

Since 6 (r)—> co as r— oo (see Lemma II, § 30) and II (6)—> Oas 
5— oo, the last inequality implies that S (r) = 16B (r)— 0. 
Therefore S (r) < 2n for sufficiently large r. 

Since S (r) is a continuous function, there is an r = r, such that 
S (r,) = 2x, proving the desired result. 

If one takes note of the fact that every quadrilateral in the Loba- 
chevskian plane has an angle-sum less than 27, it is easy to under- 
stand that it is impossible to construct by our method a hyperbolic 
metric which would be defined everywhere on a torus. It can be proved 
that the torus (a surface of kind p = 1) is not at all a topological 
representative of the spatial form of hyperbolic geometry. 

In contrast, every two-sided closed surface of kind p > 2, like the 
case p = 2 just examined, can be hyperbolically metrized. This im- 
mediately follows from the fact that in the Lobachevskian plane 
there is a proper 4p-gon having the angle-sum 27. 
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Analogous considerations enable us to establish that every one- 
sided closed surface, except the projective pjane and the one-sided 
torus, also admits of hyperbolic metrization.* What has been said 
in the present subsection can be summed up in the following. 

Theorem. There are infinitely many distinct classes of closed hyperbol- 
ic spatial forms; their topological representatives are all closed surfaces 
except those which represent parabolic or elliptic spatial forms. 

§ 248. We shall say only a few words about open spatial forms of 
hyperbolic geometry. There are an infinite number of such forms. To 
make this clear, it is enough to mention some examples. 

On the Lobachevskian plane, consider an infinite strip P, bounded 
by two parallel lines. Let P, be another exactly the same strip. If 
the lines bounding P, are identified with those bounding P, and the 
interior points of these strips are treated as distinct, then a manifold 
is obtained which is homeomorphic to the cylinder with a hyperbolic 
metric defined everywhere! on it; the completeness condition is 
evidently fulfilled. One may also act in a different manner: take 
two copies of the strip on the Lobachevskian plane bounded by two 
divergent lines, superpose one of them on the other and identify the 
coinciding boundaries. Then again a cylinder is obtained which 
can be metrized hyperbolically. 

By the way, hyperbolically metrized manifolds obtained in two 
different ways have the same intrinsic geometry in the small, are of 
the same topological type, and are complete, but their metric prop- 
erties in the large are essentially distinct (one of them is a pipe 
which expands indefinitely on one side and contracts indefinitely 
on the other side, while the second is a pipe that expands indefinitely 


* One-sided closed surfaces are obtained rrom 2n-gons by identifying their 
sides pairwise by means of a special technique; for the particular case n = 2, 
this technique was demonstrated in § 240 in the construction of a one-sided 
torus. A brief discussion concerning the topology of closed surfaces sufficient 
for the present question, and also photographs of models of some one-sided closed 
surfaces in the Euclidean space (having selfintersection, of course) can be found 
. a ire and ¢.Cohn-Vossen: Geometry and the Jmagination, Chelsea, New 

ork, ‘ 
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on both sides). If one considers two “triangles” with indefinitely 
extending sides which are superposed on each other (such figures 
obviously exist in the Lobachevskian plane) and identifies points on 
their boundaries, then a complete hyperbolically metrized open 
manifold of a new topological type is obtained. 

This technique can be repeated without end. But in this way one 
cannot obtain, for example, a hyperbolic metric on the sphere; if 
we identify points on the boundary of two coincident discs in the 
Lobachevskian plane, we would obtain a sphere with hyperbolic 
metric but with a singular curve. In the present case our technique 
does not give a manifold with a metric defined everywhere, since the 
Lobachevskian plane (like the Euclidean plane) is not symmetrical 
with respect to the circle. 

§ 249. Let us sum up the results of our investigation. We obtained 
an infinite number of different manifolds on which geometry of con- 
stant curvature is valid. All manifolds having a metric of the given 
constant curvature have a common geometry in the small. Each of 
them admits about them of congruent, in the sense of its geome- 
try, displacements of their sufficiently small pieces, and the set 
of these displacements is transitive with respect to linear elements. 
But metrized manifolds of different topological types have different 
geometries in the large. To each of them there corresponds its own 
system of theorems expressing the properties of objects belonging 
to this manifold. The class of such geometries is a natural general- 
ization of the geometries of Euclid, Lobachevsky and Riemann. 

In the present section we studied exclusively two-dimensional 
geometries. A discussion of non-Euclidean geometries of dimension 
n> 3 can be found in Klein’s Vorlesungen tiber nicht-euklidische 
Geometrie. See also P. K. Rashevsky: Riemannian Geometry and 
Tensor Analysis, Nauka, Moscow, 1967 (in Russian), and E. Cartan: 
Legons sur la géométrie des espaces de Riemann, Gauthier-Villars, 
Paris, 1951. 
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